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EXISTENCE OF NONNEGATIVE SOLUTIONS TO STOCHASTIC
THIN-FILM EQUATIONS IN TWO SPACE DIMENSIONS

STEFAN METZGER AND GÜNTHER GRÜN

Abstract. We prove the existence of martingale solutions to stochastic thin-film equa-
tions in the physically relevant space dimension d = 2. Conceptually, we rely on a
stochastic Faedo-Galerkin approach using tensor-product linear finite elements in space.
Augmenting the physical energy on the approximate level by a curvature term weighted
by positive powers of the spatial discretization parameter h, we combine Itô’s formula
with inverse estimates and appropriate stopping time arguments to derive stochastic
counterparts of the energy and entropy estimates known from the deterministic setting.
In the limit h ց 0, we prove our strictly positive finite element solutions to converge to-
wards nonnegative martingale solutions — making use of compactness arguments based
on Jakubowski’s generalization of Skorokhod’s theorem and subtle exhaustion arguments
to identify third-order spatial derivatives in the flux terms.

1. Introduction

We are concerned with stochastic thin-film equations of the generic form

du = − div {m(u)∇(∆u− F ′(u))} dt+ div {
√
m(u)dW } (1.1)

on a space-time cylinder O × (0, T ] where O is a bounded rectangular domain in R
2.

Such kind of equations have been introduced to model dewetting of unstable liquid films
under the influence of thermal fluctuations. Here, the mobility m(·) may be chosen as
m(u) = u3 + βu2, a prototypical example for the effective interface potential F (u) is
F (u) = u−8 − u−2 + 1. It is based on a 6 − 12 Lennard–Jones pair potential and it
models disjoining/conjoining van der Waals interactions. Numerical simulations in 1D
have shown (see [21, 47]) that discrepancies with respect to time scales of dewetting
between physical experiment and deterministic numerical simulation can be overcome if
appropriately scaled noise terms are considered. The equations used for those models
come along with a number of intrinsic difficulties. First, the degeneracy of the mobility
m(·) in u = 0, secondly the singular behaviour of the effective interface potential at u = 0,
and thirdly the fact that even in the deterministic case it is still an open problem whether
solutions are continuous or bounded if the spatial dimension is at least d = 2. This is in
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2 S. METZGER AND G. GRÜN

sharp contrast to the one-dimensional case where Sobolev embedding results are the key
to establish Hölder continuity in space and time.

The scope of the present work is threefold. First, we wish to establish the existence of
martingale solutions for a model problem with quadratic mobility m(u) = u2. Secondly,
we shall address the case that the stochastic integral in (1.1) is to be understood in the
sense of Stratonovich. It turns out that the correction term necessary to rewrite the
Stratonovich integral as an Itô integral can be included into the frame of the generic form
(1.1) just as a modification of the potential F (·). In particular, this modification does not
affect the structural conditions formulated on F in the Itô-case, provided some natural
hypotheses on the decay parameters of the corresponding Wiener processes are met.

Growing interest in stochastic thin-film equations with Stratonovich noise arose with
the work of Gess and Gnann [31] who proved existence of solutions to stochastic versions
of thin-film equations driven only by surface tension, i.e. with F (·) ≡ 0. Using a novel
approximation scheme, Dareiotis, Gess, Gnann, and the second author of this paper
[16] extended this result to stochastic thin-film equations with conservative nonlinear
multiplicative noise, covering in particular the case of a no-slip condition at the liquid-
solid interface which corresponds to m(u) = u3. While the results of [31] and of [16] still
do not allow for compactly supported initial data, Klein and the second author of this
paper use the 1D-predecessor of this work (see [28]) to construct nonnegative solutions
to initial data with compact support [46]. In this spirit, the present paper may similarly
serve as a starting point to obtain solutions to equations with compactly supported initial
data in the 2D setting.

Note that Davidovitch et al. [17] derived stochastic thin-film equations for surface ten-
sion driven flow to study numerically the influence of thermal noise on the spreading
behaviour. For mathematically rigorous results on the noise impact on free boundary
propagation, see [27, 20, 40, 30, 2] and the references therein which are preliminary stud-
ies devoted to stochastic second order degenerate parabolic equations of porous-media
and of parabolic p-Laplace-type. However, it is worth mentioning that the techniques of
[27, 40] are expected to be universal in the sense that they are based on energy methods
developed in [15, 43, 1, 12, 26, 25] which work for general classes of degenerate parabolic
equations of second and higher order.

Finally, as the third perspective of the techniques developed in the present paper, we
recall that Cahn–Hilliard equations with degenerate mobility are intimately related to
thin-film equations [22, 41]. Hence, we expect only slight modifications to be required to
obtain existence results for Cahn–Hilliard equations with Stratonovich conservative noise –
for results on stochastic degenerate Cahn–Hilliard equations with non-conservative noise,
we refer to the recent paper [62].

In [28], it has already been argued that space-time white noise is not compatible with
the finiteness of the physical energies encountered in thin-film flow. Therefore, we consider
Q-Wiener processes. To guarantee conservation of mass, we work on rectangular physical
domains O := Ox×Oy := (0, Lx)×(0, Ly), and we prescribe periodic boundary conditions.
We may consider an ON-basis (gkl)k,l∈N where the gkl are given as the product gkl(x, y) :=
gxk(x)g

y
l (y) of appropriately scaled eigen-functions of the one-dimensional Laplace operator

on Ox and Oy, respectively (cf. Remark 3.2).
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We consider driving noise W given by
(∑

k,l∈Z λ
x
klgklβ

x
kl∑

k,l∈Z λ
y
klgklβ

y
kl

)
(1.2)

where

• the βαkl, α ∈ {x, y}, k, l ∈ Z constitute a family of i.i.d. Brownian motions,
• the λαkl, α ∈ {x, y}, k, l ∈ Z are a family of nonnegative real numbers converging

sufficiently fast to zero – see Hypothesis (B3) for more details.

Therefore, we are interested in global existence of a.s. nonnegative martingale solutions
to the stochastic thin-film equation

du = − div {m(u)∇(∆u− F ′(u))}dt +
∑

α∈{x,y}

∑

k,l∈Z
∂α(
√
m(u)λαklgkl) dβ

α
kl (1.3)

on O × [0,∞) subject to periodic boundary conditions.
As the analysis of stochastic thin-film equations is influenced by the deterministic the-

ory, we give a brief account on the literature, following here the exposition in [16].
A theory of existence of weak solutions for the deterministic thin-film equation in space

dimension d = 1 has been developed in [5, 3, 6] and [60, 8, 58] for zero and nonzero contact
angles at the intersection of the liquid-gas and liquid-solid interfaces, respectively, while
the multi-dimensional version with F ≡ 0 in O × (0, T ] and zero contact angles has been
the subject of [14, 45]. For these solutions, a number of quantitative results has been
obtained – including optimal estimates on spreading rates of free boundaries, i.e. the
triple lines separating liquid, gas, and solid, see [50, 7, 42, 25], optimal conditions on the
occurrence of waiting time phenomena [15], as well as scaling laws for the size of waiting
times [33, 26]. For the deterministic case with F 6= 0, we refer to [44] for an existence
result based on numerical analysis.

A corresponding theory of classical solutions, giving the existence and uniqueness for
initial data close to generic solutions or short times, has been developed in [35, 34, 32, 37,
38, 36] for zero contact angles and in [54, 56, 57, 55, 24] for nonzero contact angles in one
space dimension, while the higher-dimensional version has been the subject of [52, 63, 39]
and [18] for zero and nonzero contact angles, respectively.

The outline of our paper is as follows. Conceptually, our existence result is based on
stochastic counterparts of integral estimates known from the deterministic setting which
we combine with Jakubowski/Skorokhod-type methods to construct martingale solutions
– see [11, 49] for the basic ideas and [48, 9] for applications to other problems. More
precisely, we will control the energy

E(u) :=

ˆ

O
1
2
|∇u|2 dx dy +

ˆ

O
F (u) dx dy (1.4)

and the so called mathematical entropy

S(u) :=

ˆ

O
G(u) dx dy (1.5)

where

G(u) :=

ˆ u

1

ˆ s

1

1
m(r)

dr ds (1.6)

is a second primitive of the reciprocal mobility.
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To derive those integral estimates, we mimic the 1d strategy used in [28], i.e. we perform
discretization in space and apply Itô’s formula to the resulting system of SDEs. Extending
this 1D approach (in particular the treatment of the additional terms arising from Itô’s
formula) to the two-dimensional setting requires the use of tensor product finite elements.
We adapt the stopping-time-approach of [28] to comply with the singularities in the
effective interface potential F (·). In contrast to the spatially one-dimensional setting of
[28], boundedness of the physical energy E(u) does no longer imply strict positivity in our
case. Therefore, in the discrete setting, E(u) is augmented by the square of the L2-norm
of the discrete Laplacian of discrete solutions uh weighted by a factor which vanishes in
the limit h→ 0. For the details, see (3.1) and (2.7).

Section 2 is devoted to notation and the large number of technical preliminaries which
come along with our discretization and the energy regularization mentioned before. More-
over, the assumptions on initial data, growth behavior of the effective interface potential
F and on the driving noise W are specified in Section 2, too.

Section 3 is devoted to the discussion of the semi-discrete scheme which is formulated in
such a way that it may be used for practical numerical simulations of stochastic thin-film
equations as well. Section 3 contains also the main existence result together with the
applied solution concept. Moreover, we present a lemma which permits the control of the
oscillation of discrete solutions on single finite elements.

In Section 4, we present the core result of the analysis in this paper – a discrete com-
bined energy-entropy estimate. It is based on a combination of Itô’s formula with inverse
estimates for finite-element functions, and with error estimates for interpolation opera-
tors which are collected in a synopsis in Appendix A. Moreover, Section 4 contains results
on compactness in time of discrete solutions which – in combination with the aforemen-
tioned energy-entropy estimate – are the key to apply the Skorokhod-Jakubowski-method
(cf. [11, 49, 51]) to pass to the limit h→ 0 which is the topic of Section 5.

It is worth mentioning that the passage to the limit in the deterministic terms poses
new intricacies due to the lack of strict positivity results. We base our arguments on
appropriate exhaustion arguments combined with generalizations of Egorov’s theorem for
Bochner-integrable functions.
Notation:. Throughout the paper, we use the standard notation for Sobolev spaces, i.e. for
a spatial domain O ⊂ R

2, we denote the space of k-times weakly differentiable functions
with weak derivatives in Lp(O) by W k,p(O). For p = 2, we denote the Hilbert spaces
W k,2(O) by Hk(O). The corresponding subspaces of O-periodic functions will be denoted
by the subscript ‘per’. The subspace of O-periodic H1(O)-functions with mean-value
zero will be denoted by H1

∗ (O). Furthermore, we denote the dual space of H1
per(O) by

(H1
per(O))

′
. The space of continuous O-periodic functions is denoted by Cper(O) and

Cγ
per(O) is the space of O-periodic, Hölder continuous functions with Hölder exponent γ.

For a time interval I and a Banach space X, the space of Lp-integrable functions with
values in X is denoted by Lp(I;X). Similarly, we denote the space of k-times weakly
differentiable functions from I to X with weak derivatives in Lp(I;X) by W k,p(I;X) and
the Hölder continuous functions from I to X with Hölder exponent γ by Cγ(I;X).

We shall also use some standard notation from stochastic analysis: The notation a ∧ b
stands for the minimum of a and b, and L2(X, Y ) denotes the set of Hilbert-Schmidt
operators from X to Y . For a stopping time T , we write χT to denote the (ω-dependent)
characteristic function of the time interval [0, T ].
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Further notation related to the semi-discrete scheme is introduced in Section 2.

2. Notation, technical preliminaries, and basic assumptions on the data

We consider the torus O := Ox × Oy := (0, Lx)× (0, Ly). We introduce partitions T x
h

and T y
h of Ox and Oy satisfying the following assumption:

(S) {T x
h }h>0 and {T y

h }h>0 are families of equidistant partitions of Ox and Oy, respec-
tively, into disjoint, open intervals such that

Ox ≡
⋃

Kx∈T x
h

Kx and Oy ≡
⋃

Ky∈T y
h

Ky .

In particular, there exist positive constants ĉ1, Ĉ2 such that

ĉ1h ≤ hx, hy ≤ Ĉ2h

with hx := diamKx (Kx ∈ T x
h ), hy := diamKy (Ky ∈ T y

h ), and h ∈ (0, 1).

Combining {T x
h }h and {T y

h }h, we obtain a family of partitions {Qh}h of O which is defined
via

Qh = {Q = Kx ×Ky : Kx ∈ T x
h and Ky ∈ T y

h } . (2.1)

Based on these partitions, we introduce the following spaces of continuous, piecewise linear
finite element functions.

Ux
h :={v ∈ Cper(Ox) : v

∣∣
Kx ∈ P1(K

x) ∀Kx ∈ T x
h } , (2.2a)

Uy
h :={v ∈ Cper(Oy) : v

∣∣
Ky ∈ P1(K

y) ∀Ky ∈ T y
h } , (2.2b)

Uh :=U
x
h ⊗ Uy

h . (2.2c)

Imposing periodic boundary conditions, we denote the vertices of T x
h by {xi}i=1,...dimUx

h+1=

{(i− 1)hx}i=1,...dimUx
h+1 and identify xdimUx

h+1 = Lx with x1 = 0. Furthermore, we denote

the dual basis to these vertices by {exi }i=1,...,dimUx
h
. Similarly, we denote the vertices of T y

h

by {yj}j=1,...,dimUy
h+1, identify ydimUy

h+1 = Ly with y1 = 0, and consider their dual basis

{eyj}j=1,...,dimUy
h

. Throughout this work, we will also identify x0 with xdimUx
h

and y0 with

ydimUy
h
. In the same spirit, we shall identify exdimUx

h+1 with ex1 , e
x
0 with exdimUx

h
, ey

dimUy
h+1

with e
y
1, and e

y
0 with e

y
dimUy

h
. For the spaces introduced in (2.2), we define the interpolation

operators

Ixh : Cper(Ox) → Ux
h a 7→

dimUx
h∑

i=1

a(xi)e
x
i , (2.3)

Iyh : Cper(Oy) → Uy
h a 7→

dimUy
h∑

j=1

a(yj)e
y
j , (2.4)

Ixyh : Cper(O) → Uh a 7→ Ixh{I
y
h{a}} = Iyh{I

x
h{a}} . (2.5)

For future reference, we state the following norm equivalence for p ∈ [1,∞) and uh ∈ Uh:

c

(
ˆ

O
(uh)

p dx dy

)1/p

≤

(
ˆ

O
Ixyh {(uh)

p} dx dy

)1/p

≤ C

(
ˆ

O
(uh)

p dx dy

)1/p

(2.6)
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with c, C > 0 independent of h. Similar (lower dimensional) results also hold true for Ixh
on Ux

h and Iyh on Uy
h . These nodal interpolation operators satisfy error estimates similar

to the ones established in [59] for simplicial elements. For the reader’s convenience, we
collect these estimates in Lemma A.1 in the appendix.

With these interpolation operators, we define the discrete Laplacian as follows:
ˆ

O
Ixyh {−∆huhψh}dx dy : =

ˆ

O
Iyh{∂xuh∂xψh}dx dy +

ˆ

O
Ixh{∂yuh∂yψh}dx dy

=: −

ˆ

O
Ixyh {∆x

huhψh} dx dy −

ˆ

O
Ixyh {∆y

huhψh} dx dy

(2.7)

for all ψ ∈ Uh.
We denote the forward and backward difference quotients w.r.t. the spatial coordinates x

and y by ∂+hxx , ∂−hxx , ∂
+hy
y , and ∂

−hy
y , i.e.

∂+hxx f(x, y) := (f(x+ hx, y)− f(x, y))/hx , (2.8a)

∂−hxx f(x, y) := (f(x, y)− f(x− hx, y))/hx , (2.8b)

∂+hyy f(x, y) := (f(x, y + hy)− f(x, y))/hy , (2.8c)

∂−hyy f(x, y) := (f(x, y)− f(x, y − hy))/hy (2.8d)

(with f extended outside of O by periodicity). Assuming equidistant partitions w.r.t. x
and y, the identities

∆x
hvh = ∂+hxx (∂−hxx vh) = ∂−hxx (∂+hxx vh) , (2.9a)

∆y
hvh = ∂+hyy (∂−hyy vh) = ∂−hyy (∂+hyy vh) (2.9b)

hold true for vh ∈ Uh.
In addition, we introduce similar local interpolation operators as follows. We consider

the spaces

Cper,T x
h
:= {v ∈ L∞

per(O
x) : v

∣∣
Kx ∈ C(Kx) ∀Kx ∈ T x

h } , (2.10)

Cper,T y
h
:= {v ∈ L∞

per(O
y) : v

∣∣
Ky ∈ C(Ky) ∀Ky ∈ T y

h } (2.11)

of bounded, piecewise continuous, periodic functions. As we can extend a continuous
function on an open interval to a continuous function on the closure of this interval, we
may apply Ixh and Iyh locally on each element to obtain

Ixh,loc : Cper,T x
h
→ {v ∈ Cper,T x

h
: v
∣∣
Kx ∈ P1(K

x) ∀Kx ∈ T x
h } , (2.12a)

Iyh,loc : Cper,T y
h
→ {v ∈ Cper,T y

h
: v
∣∣
Ky ∈ P1(K

y) ∀Ky ∈ T y
h } . (2.12b)

Obviously, these local interpolation operators satisfy the identities

Ixh,loc{∂xa
x
hv} = ∂xa

x
hI

x
h,loc{v} , and Iyh,loc{∂ya

y
hv̂} = ∂ya

y
hI

y
h,loc{v̂} , (2.13a)

Ixh{ṽ} = Ixh,loc{ṽ} , and Iyh{v̄} = Iyh,loc{v̄} (2.13b)

for v ∈ Cper,T x
h
, v̂ ∈ Cper,T y

h
, ṽ ∈ Cper(Ox), and v̄ ∈ Cper(Oy). Here, the first identity

follows directly from the definition of Ixh,loc, as ∂xah is constant w.r.t. x on every element.
In order to allow for a discrete version of the chain rule, we introduce for a continuous

function f : R → R and u ∈ Cper(O) for every y ∈ Oy and x ∈ (ih, (i+ 1)h) =: Kx ∈ T x
h
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the function

[f(u)]x(x, y) :=

 u((i+1)h,y)

u(ih,y)

f(s) ds . (2.14)

Similarly, we define for x ∈ Ox and y ∈ (jh, (j + 1)h) =: Ky ∈ T y
h

[f(u)]y(x, y) :=

 u(x,(j+1)h)

u(x,jh)

f(s) ds . (2.15)

Obviously, these definitions provide for uh ∈ Uh

∂xI
xy
h {f(uh)} = Iyh{[f

′(uh)]x∂xuh} , ∂yI
xy
h {f(uh)} = Ixh

{
[f ′(uh)]y∂yuh

}
. (2.16)

On the periodic domain O, we define the Ritz projection operator R : H1
per(O) → Uh via

ˆ

O
∇R{u} · ∇vh dx dy =

ˆ

O
∇u · ∇v dx dy for all vh ∈ Uh (2.17)

with the additional constraint
´

O R{u}dx dy =
´

O u dx dy.
Let us specify our assumptions on initial data, effective interface potential, and the noise.

(I) Let Λ be a probability measure on H2
per(O) equipped with the Borel σ-algebra

which is supported on the subset of strictly positive functions such that there is a
positive constant C with the property

esssupv∈suppΛ

(
Eh(I

xy
h {v}) +

ˆ

O
Ixyh {v}dx dy +

(
ˆ

O
Ixyh {v}dx dy

)−1
)

≤ C (2.18)

for any h > 0 with Eh being a discrete version of the energy (1.4), which we will
define in (3.1).

(P) The effective interface potential F has continuous second-order derivatives on R
+

and satisfies for some p > 2 and u > 0 the following estimates with appropriate
positive constants:

F (u) ≥c1u
−p ,

|F ′(u)| ≤ Ĉu−p−1 + Ĉ ,

c̃1u
−p−2 − c̃2 ≤ F ′′(u) ≤ C̃u−p−2 + C̃ .

For nonpositive u, we define F (u) := +∞.

(B) Let (Ω, F , (Ft)t≥0, P) be a stochastic basis with a complete, right-continuous
filtration such that

(B1) W is a Q-Wiener process on Ω adapted to (Ft)t≥0 which admits a decomposi-
tion of the form W =

∑
α∈{x,y}

∑
k,l∈Z λ

α
klgklbαβ

α
kl for independent sequences

of i.i.d. Brownian motions βαkl (α ∈ {x, y}) and a sequence of sufficiently
smooth basis functions gkl. Here, bx and by denote the standard Carte-
sian basis vectors in R

2. Furthermore, we will denote its components by
Wα :=

∑
k,l∈Z λ

α
klgklβ

α
kl (α ∈ {x, y}). The corresponding components of Q

will be denoted by Qx and Qy.

(B2) there exists a F0-measurable random variable u0 such that Λ = P ◦ (u0)
−1

.
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(B3) the noise W is colored in the sense that
∑∞

k,l=1

(
λxkl

2 + λykl
2
)
‖gkl‖

2
W 2,∞(O) ≤ C

for a positive constant C.

Remark 2.1. (1) Under natural assumptions on the decay parameters λαkl and the basis
functions gkl, k, l ∈ Z, Hypothesis (P) covers in fact also the case that the stochastic
integral is to be understood in the sense of Stratonovich. Assuming

• the basis functions to be given by gkl(x, y) = gxk(x)g
y
l (y) with gxk(·) and gyl (·) as in

(3.4),
• decay parameters λαkl, k, l ∈ Z, α ∈ {x, y} to satisfy

λxkl = λykl , λα(−k)l = λαkl , λαk(−l) = λαkl (2.19)

for all k, l ∈ Z and α ∈ {x, y},

the Itô correction of the Stratonovich term
∑

α∈{x,y}

∑

k,l∈Z
∂α (uλ

α
klgkl) ◦ dβαkl

becomes
CStrat∆u dt+

∑

α∈{x,y}

∑

k,l∈Z
∂α (uλ

α
klgkl) dβ

α
kl. (2.20)

Here, the positive constant CStrat is given by

CStrat :=
1

LxLy


λ200 + 4

∑

k,l∈Z\{0}
λ2kl + 2

∑

k∈Z\{0}
(λ2k0 + λ20k)


 , (2.21)

where we omitted the superscript α as the decay parameters were chosen to be independent
of α. This allows to write the stochastic thin-film equation with Stratonovich noise in the
form

du = − div
(
u2∇ (∆u− F ′

Strat(u))
)
dt+

∑

α∈{x,y}

∑

k,l∈Z
∂α (uλklgkl) dβ

α
kl (2.22)

with the energy FStrat given by

FStrat(u) :=

{
F (u) + CStrat (u− log u) + const. if u > 0

+∞ if u ≤ 0
(2.23)

where the constant can be chosen in such a way that FStrat satisfies (P) if (P) is satisfied
by F itself. Hence, the analysis presented in this paper applies to the Stratonovich inter-
pretation, too.

(2) The approximation of initial data is based on the nodal interpolation operator to cope
with the requirement of strictly positive discrete initial data. Therefore, we need the space
of initial data to be continuously embedded in C(O). The specification in (I) that initial
data should have H2-regularity is presumably not the optimal one. It is, however, consis-
tent with our regularization procedure – see (3.6b) – of augmenting the pressure ph by a
discrete Bi-Laplacian. As the energy estimate formulated for (1.3) (see (3.9)) does not re-
quire more than H1-regularity for initial data, it should have been possible to focus on H1-
initial data and to apply nodal interpolation operators to appropriate H2-regularizations,
e.g. by convolution. For the ease of presentation, we prefer to avoid those technicalities.
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3. The semi-discrete scheme

In order to control the oscillation of the discrete solution uh on each element, we regu-
larize the energy under consideration. Introducing a regularization parameter 2 > ε > 0,
we define the regularized discrete energy and the discrete entropy as

Eh(uh) :=
1
2

ˆ

O
Iyh
{
|∂xuh|

2
}
+ Ixh

{
|∂yuh|

2
}
dx dy +

ˆ

O
Ixyh {F (uh)} dx dy

+ 1
2
hε
ˆ

O
Ixyh
{
|∆huh|

2
}
dx dy ,

(3.1)

Sh(uh) :=

ˆ

O
Ixyh {G(uh)} dx dy with G(s) :=

ˆ s

1

ˆ r

1

1
m(τ)

dτdr . (3.2)

As it will be shown in Lemma 3.6, we assume that

(R) the regularization parameter ε is small enough such that there exists a constant
ρ > 0 such that

1 >
2

p
+
ε

2
+

ρ

2p
, (3.3)

where p is the exponent associated with the growth of F (cf. Assumption (P)).

Remark 3.1. For every exponent p > 2 in the effective interface potential, positive pa-
rameters ε and ρ exist, such that (R) holds true.

Given a positive time Tmax, we introduce a threshold energy Emax,h := Ĉh−ρ/(2+p) for given

Ĉ > 0 and 0 < ρ << 1 satisfying (R). Similarly as in [28], we consider associated stopping
times Th := Tmax ∧ inf {t ≥ 0 : E(uh) ≥ Emax,h}. We approximate the infinite dimensional
Wiener process by a finite dimensional noise term. In particular, we introduce the sets
Ixh ⊂ Z and Iyh ⊂ Z satisfying

(B3∗)
∑

k∈Ixh
∑

l∈Iyh

(
λxkl

2 + λykl
2
)
hε ‖gkl‖

2
W 3,∞(O) ≤ C for hց 0,

(B4) Ixh ⊆ Ix
ĥ
, Iyh ⊆ Iy

ĥ
for h ≥ ĥ and

⋃
h>0 I

x
h = Z and

⋃
h>0 I

y
h = Z.

Remark 3.2. Often the basis functions gkl are assumed to be eigenfunctions of the neg-
ative Laplacian on O under periodic boundary conditions. In particular, the functions
gkl are assumed to be the product of eigenfunctions gxk and gyl of the one-dimensional
Laplacian on Ox and Oy, respectively, i.e.

gxk(x) :=

√
2

Lx





cos
(

2πkx
Lx

)
for k ≥ 1 ,

1√
2

for k = 0 ,

sin
(

2πkx
Lx

)
for k ≤ −1 ,

gyl (y) :=

√
2

Ly





cos
(

2πly
Ly

)
for l ≥ 1 ,

1√
2

for l = 0 ,

sin
(

2πly
Ly

)
for l ≤ −1 .

(3.4)

In this case, we have ‖gkl‖W 2,∞(O) ∼ (k2 + l2) and ‖gkl‖W 3,∞(O) ≤ C(k3 + l3). Therefore,

one may choose Ixh = Iyh = {z ∈ Z : |z| ≤ Ĉh−ε/2} for given Ĉ > 0 to satisfy Assumptions
(B3∗) and (B4), i.e. the additional restrictions on the noise term imposed in (B3∗)
vanish when passing to the limit hց 0.
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With the perspective to simplify the implementation in a practical numerical scheme, we
approximate the basis functions gkl by g̃h,kl := Ixyh {gkl}.

In this work, we consider solutions

uh ∈ L2(Ω;C([0, Tmax];Uh)) , (3.5a)

ph ∈ L2(Ω;L∞(0, Tmax;Uh)) (3.5b)

to the following regularized, semi-discrete version of (1.3):
ˆ

O
Ixyh {uh(T )ψh}dx dy −

ˆ

O
Ixyh {uh(0)ψh} dx dy

+

ˆ T∧Th

0

ˆ

O
Iyh

{
[G′′(uh)]

−1
x ∂xph∂xψh

}
dx dy dt

+

ˆ T∧Th

0

ˆ

O
Ixh

{
[G′′(uh)]

−1
y ∂yph∂yψh

}
dx dy dt

=
∑

k∈Ixh

∑

k∈Iyh

λxkl

ˆ T∧Th

0

ˆ

O
Iyh
{
Ixh,loc{∂x(uhg̃h,kl)ψh}

}
dx dy dβxkl

+
∑

k∈Ixh

∑

k∈Iyh

λykl

ˆ T∧Th

0

ˆ

O
Ixh
{
Iyh,loc{∂y(uhg̃h,kl)ψh}

}
dx dy dβykl

(3.6a)

ˆ

O
Ixyh {phψh}dx dy = χTh

ˆ

O
Iyh{∂xuh∂xψh} dx dy + χTh

ˆ

O
Ixh{∂yuh∂yψh}dx dy

+χTh

ˆ

O
Ixyh {F ′(uh)ψh} dx dy + χThh

ε

ˆ

O
Ixyh {∆huh∆hψh}dx dy .

(3.6b)

Remark 3.3. Note that for discrete solutions of (3.6a) the mass of discrete solutions,
i.e.

´

O uh(t) dx dy =
´

O Ixyh {uh(t)}dx dy, is constant in time. Of course, it is natural to
choose ψh ≡ 1 as the test function in (3.6a). Obviously, the contribution by the elliptic
terms vanishes. So let us briefly prove that also the stochastic terms become zero. Using
(2.13a) and both uh and g̃h,kl to be contained in Uh, we find

ˆ

O
Iyh
{
Ixh,loc{∂x (uhg̃h,kl)}

}
dx dy

=

ˆ

O
Iyh
{
∂xuhI

x
h,loc{g̃h,kl}+ ∂xg̃h,klI

x
h,loc{uh}

}
dx dy

=

ˆ

O
Iyh{∂x (uhg̃h,kl)}dx dy = 0

due to integration by parts.

Definition 3.4. Let Λ be a probability measure on H2
per(O) satisfying (I). A triple

((Ω̃, F̃ , (F̃t)t≥0, P̃), ũ, W̃ ) is called a weak martingale solution to the stochastic thin-film
equation (1.3) with initial data Λ on the time interval [0, T

max
] provided

(1) (Ω̃, F̃ , (F̃t)t≥0, P̃) is a stochastic basis with a complete, right-continuous filtration,

(2) W̃ satisfies Assumption (B) with respect to (Ω̃, F̃ , (F̃t)t≥0, P̃),
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(3) the solution ũ is element of

Lq(Ω̃;L∞(0, T
max

;H1
per(O)))∩L2(Ω̃;L2(0, T

max
;H2

per(O)))

∩ Lσ(Ω̃;C1/4([0, T
max

]; (H1
per(O))

′
))

(3.7)

for all q <∞ and σ < 8/5 such that
√
m(ũ)∇(∆ũ− F ′(ũ)) ∈ L2([ũ > 0]),

(4) there exists an F̃0-measurable H2
per(O;R+)-valued random variable ũ0 such that

Λ = P̃ ◦ (ũ0)
−1

, and the equation
ˆ

O
ũ(t)φ dx dy =

ˆ

O
ũ0φ dx dy +

ˆ ˆ

[ũ>0]

m(ũ)∇(∆ũ− F ′(ũ)) · ∇φ dx dy ds

−
∑

α∈{x,y}

∑

k,l∈Z
λαkl

ˆ t

0

ˆ

O

√
m(ũ)gkl∂αφ dx dy dβ̃αkl

(3.8)

holds true P̃-almost surely for all t ∈ [0, T
max

] and all φ ∈ W 1,q∗

per (O) with q∗ > 2.

The aim of this work is to establish the existence of weak martingale solutions starting
from semi-discrete solutions to (3.6). In particular, we shall prove the following theorem.

Theorem 3.5. Let Assumptions (S), (I), (P), (B), (R), (B3∗), and (B4) be satisfied
and let T

max
> 0 be given. Furthermore, let (uh, ph)hց0 be a sequence of solutions to the

regularized Faedo-Galerkin scheme (3.6) for the stochastic thin-film equation (1.3) with

E
max,h = Ĉh−ρ/(2+p) for some given Ĉ > 0.

Then there exist a stochastic basis
(
Ω̃, F̃ , (F̃t)t≥0, P̃

)
as well as processes ũh, J̃

x
h , J̃

y
h ,

and ũ such that the following holds: The processes ũh, J̃
x
h , and J̃yh have the same law

as the processes uh, J
x
h := Iyh

{√
[G′′(uh)]

−1
x ∂xph

}
, and Jyh := Ixh

{√
[G′′(uh)]

−1
y ∂xph

}

and for a subsequence we P̃-almost surely have the convergences ũh → ũ strongly in
C([0, T

max
];Lq(O))∩L2(0, T

max
;W 1,q

per(O)) (q <∞), J̃xh ⇀ J̃x weakly in L2(0, T
max

;L2(O)),

which can be identified with −ũ∂x(∆ũ− F ′(ũ)) on [ũ > 0], and J̃yh ⇀ J̃y weakly in
L2(0, T

max
;L2(O)), which can be identified with −ũ∂y(∆ũ− F ′(ũ)) on [ũ > 0]. Further-

more, ũ is a weak martingale solution to the stochastic thin-film equation in the sense of
Definition 3.4 satisfying the additional bound

Ẽ

[
sup

t∈[0,Tmax]

(E(ũ))p
]
+ Ẽ

[
ˆ ˆ

[ũ>0]

m(ũ)|∇(∆ũ− F ′(ũ))|2 dx dy dt

]
≤ C(u0, p, T

max
)

(3.9)

with p < ∞. In particular, P̃-almost surely, ũ(·, t) is strictly positive for almost all
t ∈ [0, T

max
].

Lemma 3.6. Let uh ∈ Uh be strictly positive and let 1 > γ ≥ 2
p
+ ε

2
+ ρ

2p
and let

Eh(uh) ≤ Ch−ρ/(2+p) .

Then, there exists an h-independent constant C
osc

> 0 such that the estimate

uh(xi, yj)

uh(xî, yĵ)
≤ C

osc
(3.10)
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holds true for all i ∈ {1, . . . , dimUx
h}, j ∈ {1, . . . , dimUy

h}, î ∈ {i− 1, i, i+ 1}, and

ĵ ∈ {j − 1, j, j + 1}.

Proof. Using the standard embedding theorems for Hölder continuous functions and the
discrete embedding proven in Corollary A.4, we obtain

‖uh‖Cγ(O) ≤ C ‖∇uh‖Lq(O) ≤ C
(
‖uh‖H1(O) + ‖∆huh‖L2(O)

)
≤ C

√
h−εEh(uh)

with q <∞ large enough. Furthermore, we have

sup
(x,y)∈O

u−1
h = ( sup

(x,y)∈O
u−ph )

1/p
≤ C

(
h−2

ˆ

O
Ixyh {F (uh)} dx dy

)1/p

≤ Ch−2/pEh(uh)
1/p .

(3.11)

Since there exists an element Q ∈ Qh including the vertices (xi, yj) and (xî, yĵ) by as-
sumption, we combine the estimates above and obtain

∣∣∣∣∣
uh(xi, yj)

uh(xî, yĵ)
− 1

∣∣∣∣∣ =
∣∣∣∣∣
u(xi, yj)− uh(xî, yĵ)

uh(xî, yĵ)

∣∣∣∣∣ ≤ C sup
(x,y)∈O

u−1
h hγ ‖uh‖C0,γ(O)

≤ Ch−2/pEh(uh)
1/phγh−ε/2Eh(uh)

1/2

= Ch−2/p−ε/2+γEh(uh)
1/p+1/2 ≤ C =: Cosc ,

(3.12)

which completes the proof. �

We will start analyzing scheme (3.6) by showing that it admits a solution.

Lemma 3.7. Let T
max

be a positive real number and E
max,h = Ĉh−ρ/(2+p). Then there

exist stochastic processes uh ∈ L2(Ω;C([0, T
max

];Uh)) and ph ∈ L2(Ω;L∞(0, T
max

;Uh)) as
well as associated stopping times Th such that:

• Almost surely, we have Th = T
max

∧ inf {t ∈ [0,∞) : Eh(uh(·, t)) ≥ E
max,h}.

• Almost surely, the process ph solves (3.6b) for t ≤ T
max

and is contained in
C([0, Th];Uh).

• Almost surely, the process uh solves (3.6a) for t ≤ T
max

and is constant for t ∈
[Th, Tmax

].

Proof. As the additional regularization term changes neither the Lipschitz continuity of
Eh(uh) w.r.t. uh when Eh(u) ≤ 2Emax,h nor the Lipschitz continuous dependence of ph on
uh when Eh(uh) ≤ 3Emax,h, the result follows along the lines of proof of Lemma 4.2 in
[28]. �

As the solutions uh are continuous in space and time for h > 0, the positivity of the
initial data immediately provides the positivity of the semidiscrete solutions.

Corollary 3.8. The solutions constructed in Lemma 3.7 are strictly positive for all h > 0.

4. A priori estimates

In this section, we shall establish uniform a priori estimates for the semi-discrete solution
established in Lemma 3.7. These results will be used in the next section to pass to the
limit hց 0 and this way to prove Theorem 3.5.
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4.1. The combined energy-entropy estimate. We start this section by demonstrating
that our spatial semidiscretization (3.6) satisfies a combined energy-entropy estimate as
long as the energy remains below the critical threshold energy Emax,h which becomes
infinite for h ց 0. Due to the cut-off mechanism implemented in (3.6), it is possible to
extend the results to [0, Tmax].

Writing uh(x, y, t) as
∑dimUx

h
i=1

∑dimUy
h

j=1 uij(t)e
x
i (x)e

y
j (y) and choosing ψh(x, y) = exi (x)e

y
j (y)

in (3.6a) provides

duij + χThM
−1
ij

ˆ

O
Iyh

{
[G′′(uh)]

−1
x ∂xph∂x(e

x
i (x)e

y
j (y))

}
dx dy dt

+ χThM
−1
ij

ˆ

O
Ixh

{
[G′′(uh)]

−1
y ∂yph∂y(e

x
i (x)e

y
j (y))

}
dx dy dt

− χThM
−1
ij

∑

k∈Ixh , l∈I
y
h

λxkl

ˆ

O
Iyh
{
Ixh,loc

{
∂x(uhg̃h,kl)e

x
i (x)e

y
j (y)

}}
dx dy dβxkl

− χThM
−1
ij

∑

k∈Ixh , l∈I
y
h

λykl

ˆ

O
Ixh
{
Iyh,loc

{
∂y(uhg̃h,kl)e

x
i (x)e

y
j (y)

}}
dx dy dβykl

(4.1)

with Mij =
´

O exi (x)e
y
j (y) dx dy. As we assume the subdivision to be equidistant, we have

Mij = hxhy for all i ∈ {1, . . . , dimUx
h} and j ∈ {1, . . . , dimUy

h}.
Furthermore, we define for i ∈ {1, . . . , dimUx

h} and j ∈ {1, . . . , dimUy
h}

Lij(t) :=− χThM
−1
ij

ˆ

O
Iyh

{
[G′′(uh)]

−1
x ∂xph∂x(e

x
i (x)e

y
j (y))

}
dx dy

− χThM
−1
ij

ˆ

O
Ixh

{
[G′′(uh)]

−1
y ∂yph∂y(e

x
i (x)e

y
j (y))

}
dx dy ,

(4.2)

Zx
ij(ω) :=χThM

−1
ij

∑

k,l∈Z

ˆ

O
Iyh
{
Ixh,loc

{
∂x(〈gkl, ω〉L2uhg̃h,kl)e

x
i (x)e

y
j (y)

}}
dx dy , (4.3)

Zy
ij(ω) :=χThM

−1
ij

∑

k,l∈Z

ˆ

O
Ixh
{
Iyh,loc

{
∂y(〈gkl, ω〉L2uhg̃h,kl)e

x
i (x)e

y
j (y)

}}
dx dy . (4.4)

Here, 〈·, ·〉L2 denotes the standard L2(O) inner product. With this notation we may
rewrite (4.1) as

duij = Lij(t) dt +
∑

k∈Ixh , l∈I
y
h

(
Zx
ij(λ

x
klgkl) dβ

x
kl + Zy

ij(λ
y
klgkl) dβ

y
kl

)
. (4.5)

For given positive parameters α and κ, we consider the integral quantity

R(t) := R(α, κ, h, uh(t)) := α + Eh(uh(t)) + κSh(uh(t)) . (4.6)

Lemma 4.1. Let p ≥ 1 be given. The first and second variations of R(s)p are given by

D(R(s)p) = pR(s)p−1(DEh(uh(s)) + κDSh(uh(s))) (4.7a)

and

D2(R(s)p) = pR(s)p−1(D2Eh(uh(s)) + κD2Sh(uh(s)))

+ p(p− 1)R(s)p−2(DEh(uh(s)) + κDSh(uh(s)))⊗ (DEh(uh(s)) + κDSh(uh(s))) (4.7b)
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with

DEh(uh(s))ψh =

ˆ

O
Iyh{∂xuh∂xψh}+ Ixh{∂yuh∂yψh}dx dy (4.8)

+

ˆ

O
Ixyh {F ′(uh)ψh}dx dy + hε

ˆ

O
Ixyh {∆huh∆hψh}dx dy , (4.9)

D2Eh(uh(s))(φh, ψh) =

ˆ

O
Iyh{∂xφh∂xψh}+ Ixh{∂yφh∂yψh} dx dy

+

ˆ

O
Ixyh {F ′′(uh)φhψh}dx dy + hε

ˆ

O
Ixyh {∆hφh∆hψh}dx dy ,

(4.10)

DSh(uh(s))ψh =

ˆ

O
Ixyh {G′(uh)ψh} dx dy , (4.11)

D2Sh(uh(s))(φh, ψh) =

ˆ

O
Ixyh {G′′(uh)φhψh}dx dy . (4.12)

Applying Itô’s formula, we are able to show the following combined energy-entropy
estimate.

Proposition 4.2. Let p ≥ 1 be arbitrary and let (uh, ph) be a solution to (3.6) for a
parameter h ∈ (0, 1). Furthermore, let the Assumptions (B), (B3∗), (I), (P), (R), and
(S) hold true. Then, for sufficiently large α and κ depending only on (λxkl)kl, (λ

y
kl)kl, p,

and T
max

, there exists a positive, h-independent constant C such that

E

[
sup

t∈[0,Tmax]

R(t)p
]
+ E

[
ˆ Th

0

R(s)p−1

ˆ

O
Iyh

{
[G′′(uh)]

−1
x |∂xph|

2
}
dx dy ds

]

+ E

[
ˆ Th

0

R(s)p−1

ˆ

O
Ixh

{
[G′′(uh)]

−1
y |∂yuh|

}
dx dy ds

]

+ E

[
ˆ Th

0

R(s)p−1 ‖∆huh‖
2
h ds

]
+ E

[
ˆ Th

0

R(s)p−1hε
ˆ

O
Iyh
{
|∂x∆huh|

2
}
dx dy ds

]

+ E

[
ˆ Th

0

R(s)p−1hε
ˆ

O
Ixh
{
|∂y∆huh|

2
}
dx dy ds

]

+ E

[
ˆ Th

0

R(s)p−1

ˆ

O
Iyh
{[

|uh|
−p−2

]
x
|∂xuh|

2
}
dx dy ds

]

+ E

[
ˆ Th

0

R(s)p−1

ˆ

O
Ixh

{[
|uh|

−p−2
]
y
|∂yuh|

2
}
dx dy ds

]
≤ C .

(4.13)

Proof. Using the notation

ϕh(t) := ϕh(x, y, t) :=

dimUx
h∑

i=1

dimUy
h∑

j=1

Lij(t)e
x
i (x)e

y
j (y) (4.14)



15

and

Φh(t)((ωx, ωy)
T ) := Φh(x, y, t)((ωx, ωy)

T ) :=

dimUx
h∑

i=1

dimUy
h∑

j=1

(Zx
ij(ωx) + Zy

ij(ωy))e
x
i (x)e

y
j (y) ,

(4.15)

we may rewrite (3.6) as

duh = ϕh(t) dt + Φh(t)(dWQ,h) (4.16)

with

WQ,h :=
∑

α∈{x, y}

∑

k∈Ixh , l∈I
y
h

λαklgklβ
α
klbα , (4.17)

where bx, by denote the standard Cartesian basis vectors of R2. Applying Itô’s formula,
we compute

R(t ∧ Th)
p = R(0)p +

ˆ t∧Th

0

pR(s)p−1(DEh + κDSh)ϕh(s) ds

+

ˆ t∧Th

0

pR(s)p−1(DEh + κDSh)Φh(s)dWQ,h

+ 1
2

∑

k∈Ixh , l∈I
y
h

ˆ t∧Th

0

pR(s)p−1(D2Eh + κD2Sh)(Φ
x
h,kl,Φ

x
h,kl) ds

+ 1
2

∑

k∈Ixh , l∈I
y
h

ˆ t∧Th

0

pR(s)p−1(D2Eh + κD2Sh)(Φ
y
h,kl,Φ

y
h,kl) ds

+ 1
2

∑

k∈Ixh , l∈I
y
h

ˆ t∧Th

0

p(p− 1)R(s)p−2(DEh + κDSh)⊗ (DEh + κDSh)(Φ
x
h,kl,Φ

x
h,kl) ds

+ 1
2

∑

k∈Ixh , l∈I
y
h

ˆ t∧Th

0

p(p− 1)R(s)p−2(DEh + κDSh)⊗ (DEh + κDSh)(Φ
y
h,kl,Φ

y
h,kl) ds

=: R(0)p + I + II + III + IV + V + V I , (4.18)

where we used the abbreviations

Φxh,kl(s) := Φh(s)((λ
x
klgkl, 0)

T ) =

dimUx
h∑

i=1

dimUy
h∑

j=1

Zx
ij(λ

x
klgkl)e

x
i (x)e

y
j (y) (4.19a)

and Φyh,kl(s) := Φh(s)((0, λ
y
klgkl)

T
) =

dimUx
h∑

i=1

dimUy
h∑

j=1

Zy
ij(λ

y
klgkl)e

x
i (x)e

y
j (y) . (4.19b)

Using Lemma 4.1, we compute

I =

ˆ t∧Th

0

pR(s)p−1

dimUx
h∑

i=1

dimUy
h∑

j=1

ˆ

O
Iyh
{
∂xuh∂xe

x
i (x)e

y
j (y)

}
dx dyLij(s) ds
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+

ˆ t∧Th

0

pR(s)p−1

dimUx
h∑

i=1

dimUy
h∑

j=1

ˆ

O
Ixh
{
∂yuh∂ye

y
j (y)e

x
i (x)

}
dx dyLij(s) ds

+

ˆ t∧Th

0

pR(s)p−1

dimUx
h∑

i=1

dimUy
h∑

j=1

ˆ

O
Ixyh
{
F ′(uh)e

x
i (x)e

y
j (y)

}
dx dyLij(s) ds

+ hε
ˆ t∧Th

0

pR(s)p−1

dimUx
h∑

i=1

dimUy
h∑

j=1

ˆ

O
Ixyh
{
∆huh∆h(e

x
i (x)e

y
j (y))

}
dx dyLij(s) ds

+ κ

ˆ t∧Th

0

pR(s)p−1

dimUx
h∑

i=1

dimUy
h∑

j=1

ˆ

O
Ixyh
{
G′(uh)e

x
i (x)e

y
j (y)

}
dx dyLij(s) ds

=: Ia + Ib + Ic + Id + Ie . (4.20)

From (4.2) we obtain by straightforward computations

ˆ

O
Ixyh



w

dimUx
h∑

i=1

dimUy
h∑

j=1

Lij(s)e
x
i (x)e

y
j (y)



 dx dy

=

dimUx
h∑

i=1

dimUy
h∑

j=1

MijLijw((i− 1)hx, (j − 1)hy)

= −χTh

ˆ

O
Iyh

{
[G′′(uh)]

−1
x ∂xph∂xI

xy
h {w}

}
+ Ixh

{
[G′′(uh)]

−1
y ∂yph∂yI

xy
h {w}

}
dx dy (4.21)

for w ∈ Cper(O) and therefore after integration by parts and using (3.6b)

Ia + Ib + Ic + Id

=

ˆ t∧Th

0

pR(s)p−1

dimUx
h∑

i=1

dimUy
h∑

j=1

ˆ

O
Ixyh {(−∆huh + F ′(uh) + hε∆h∆huh)

× Lij(s)e
x
i (x)e

y
j (y)} dx dy ds

=

ˆ t∧Th

0

pR(s)p−1

dimUx
h∑

i=1

dimUy
h∑

j=1

ˆ

O
Ixyh
{
phLij(s)e

x
i (x)e

y
j (y)

}
dx dy ds

= −p

ˆ t∧Th

0

R(s)p−1

ˆ

O
Iyh

{
[G′′(uh)]

−1
x |∂xph|

2
}
+Ixh

{
[G′′(uh)]

−1
y |∂yph|

2
}
dx dy ds .

(4.22)
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Similarly, we use (4.21) with w = G′(uh) and (2.16) to compute

ˆ

O
Ixyh



G

′(uh)

dimUx
h∑

i=1

dimUy
h∑

j=1

Lij(s)e
x
i (x)e

y
j (y)



 dx dy

= −χTh

ˆ

O
Iyh

{
[G′′(uh)]

−1
x ∂xph∂xI

xy
h {G′(uh)}

}

+ Ixh

{
[G′′(uh)]

−1
y ∂yuh∂yI

xy
h {G′(uh)}

}
dx dy

= −χTh

ˆ

O
Iyh{∂xuh∂xph}+ Ixh{∂yuh∂yph}dx dy

= χTh

ˆ

O
Ixyh {∆huhph} dx dy

= −χTh ‖∆huh‖
2
h − χTh

ˆ

O
Iyh{∂xuh∂xI

xy
h {F ′(uh)}} dx dy

+ χTh

ˆ

O
Ixh{∂yuh∂yI

xy
h {F ′(uh)}}dx dy + χThh

ε

ˆ

O
Ixyh {∆huh∆h∆huh}dx dy

= −χTh ‖∆huh‖
2
h − χTh

ˆ

O
Iyh
{
[F ′′(uh)]x|∂xuh|

2
}
+ Ixh

{
[F ′′(uh)]y|∂yuh|

2
}
dx dy

− χThh
ε

ˆ

O
Iyh
{
|∂x∆huh|

2
}
+ Ixh

{
|∂y∆huh|

2
}
dx dy .

(4.23)

From Assumption (P), we obtain the estimate [F ′′(uh)]x ≥ c̃1[|uh|−p−2]x − c̃2 and
[F ′′(uh)]y ≥ c̃1[|uh|−p−2]y − c̃2. Therefore, combining the above estimates we conclude

Ie ≤ − κp

ˆ t∧Th

0

R(s)p−1 ‖∆huh‖
2
h ds

− κphε
ˆ t∧Th

0

R(s)p−1

ˆ

O
Iyh
{
|∂x∆huh|

2
}
+ Ixh

{
|∂y∆huh|

2
}
dx dy

− c̃1κp

ˆ t∧Th

0

R(s)p−1

ˆ

O
Iyh
{[

|uh|
−p−2

]
x
|∂xuh|

2
}
+ Ixh

{[
|uh|

−p−2
]
y
|∂yuh|

2
}
dx dy ds

+ c̃2κp

ˆ t∧Th

0

R(s)p ds .

(4.24)
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Noting

D2Eh(Φ
x
h,kl,Φ

x
h,kl) =

ˆ

O
Iyh





∣∣∣∣∣∣

dimUx
h∑

i=1

dimUy
h∑

j=1

Zx
ij(λ

x
klgkl)∂xe

x
i (x)e

y
j (y)

∣∣∣∣∣∣

2
 dx dy

+

ˆ

O
Ixh





∣∣∣∣∣∣

dimUx
h∑

i=1

dimUy
h∑

j=1

Zx
ij(λ

x
klgkl)e

x
i (x)∂ye

y
j (y)

∣∣∣∣∣∣

2
 dx dy

+

ˆ

O
Ixyh



F

′′(uh)

dimUx
h∑

i=1

dimUy
h∑

j=1

|Zx
ij(λ

x
klgkl)|

2exi (x)e
y
j (y)



 dx dy

+ hε
ˆ

O
Ixyh





∣∣∣∣∣∣
∆h

dimUx
h∑

i=1

dimUy
h∑

j=1

Zx
ij(λ

x
klgkl)e

x
i (x)e

y
j (y)

∣∣∣∣∣∣

2
 dx dy ,

(4.25)

D2Sh(Φ
x
h,kl,Φ

x
h,kl) =

ˆ

O
Ixyh



G

′′(uh)

dimUx
h∑

i=1

dimUy
h∑

j=1

|Zx
ij(λ

x
klgkl)|

2exi (x)e
y
j (y)



 dx dy , (4.26)

and similar identities for D2Eh(Φ
y
h,kl,Φ

y
h,kl) and D2Sh(Φ

y
h,kl,Φ

y
h,kl), we combine III and

IV and obtain after reordering

1
2

∑

k∈Ixh , l∈I
y
h

ˆ t∧Th

0

pR(s)p−1

ˆ

O
Iyh





∣∣∣∣∣∣

dimUx
h∑

i=1

dimUy
h∑

j=1

Zx
ij(λ

x
klgkl)∂xe

x
i (x)e

y
j (y)

∣∣∣∣∣∣

2
 dx dy ds

+ 1
2

∑

k∈Ixh , l∈I
y
h

ˆ t∧Th

0

pR(s)p−1

ˆ

O
Ixh





∣∣∣∣∣∣

dimUx
h∑

i=1

dimUy
h∑

j=1

Zx
ij(λ

x
klgkl)∂ye

y
j (y)e

x
i (x)

∣∣∣∣∣∣

2
 dx dy ds

+ 1
2

∑

k∈Ixh , l∈I
y
h

ˆ t∧Th

0

pR(s)p−1

ˆ

O
Iyh





∣∣∣∣∣∣

dimUx
h∑

i=1

dimUy
h∑

j=1

Zy
ij(λ

y
klgkl)∂xe

x
i (x)e

y
j (y)

∣∣∣∣∣∣

2
 dx dy ds

+ 1
2

∑

k∈Ixh , l∈I
y
h

ˆ t∧Th

0

pR(s)p−1

ˆ

O
Ixh





∣∣∣∣∣∣

dimUx
h∑

i=1

dimUy
h∑

j=1

Zy
ij(λ

y
klgkl)∂ye

y
j (y)e

x
i (x)

∣∣∣∣∣∣

2
 dx dy ds

+ 1
2

∑

k∈Ixh , l∈I
y
h

ˆ t∧Th

0

pR(s)p−1

ˆ

O
Ixyh



F

′′(uh)

dimUx
h∑

i=1

dimUy
h∑

j=1

∣∣Zx
ij(λ

x
klgkl)

∣∣2 exi (x)eyj (y)



 dx dy ds

+ 1
2

∑

k∈Ixh , l∈I
y
h

ˆ t∧Th

0

pR(s)p−1

ˆ

O
Ixyh



F

′′(uh)

dimUx
h∑

i=1

dimUy
h∑

j=1

∣∣Zy
ij(λ

y
klgkl)

∣∣2 exi (x)eyj (y)



 dx dy ds

+ 1
2
hε
∑

k∈Ixh , l∈I
y
h

ˆ t∧Th

0

pR(s)p−1

ˆ

O
Ixyh





∣∣∣∣∣∣
∆h

dimUx
h∑

i=1

dimUy
h∑

j=1

Zx
ij(λ

x
klgkl)e

x
i (x)e

y
j (y)

∣∣∣∣∣∣

2
 dx dy ds
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+ 1
2
hε
∑

k∈Ixh , l∈I
y
h

ˆ t∧Th

0

pR(s)p−1

ˆ

O
Ixyh





∣∣∣∣∣∣
∆h

dimUx
h∑

i=1

dimUy
h∑

j=1

Zy
ij(λ

y
klgkl)e

x
i (x)e

y
j (y)

∣∣∣∣∣∣

2
 dx dy ds

+ 1
2
κ
∑

k∈Ixh , l∈I
y
h

ˆ t∧Th

0

pR(s)p−1

ˆ

O
Ixyh



G

′′(uh)

dimUx
h∑

i=1

dimUy
h∑

j=1

∣∣Zx
ij(λ

x
klgkl)

∣∣2 exi (x)eyj (y)



 dx dy ds

+ 1
2
κ
∑

k∈Ixh , l∈I
y
h

ˆ t∧Th

0

pR(s)p−1

ˆ

O
Ixyh



G

′′(uh)

dimUx
h∑

i=1

dimUy
h∑

j=1

∣∣Zy
ij(λ

y
klgkl)

∣∣2 exi (x)eyj (y)



 dx dy ds

= IIIa + IIIb + IIIc + IIId + IIIe + IIIf + IIIg + IIIh + IIIi + IIIj . (4.27)

To derive an estimate for IIIa, we adapt the ideas of [28]. Using the periodicity, the specific
form of the one dimensional stiffness matrix on equidistant meshes and Mij = hxhy for
all i = 1, . . . , dimUx

h and j = 1, . . . , dimUy
h , we compute using (2.13a) and (2.13b)

ˆ

O
Iyh





∣∣∣∣∣∣

dimUx
h∑

i=1

dimUy
h∑

j=1

Zx
ij(λ

x
klgkl)∂xe

x
i (x)e

y
j (y)

∣∣∣∣∣∣

2
 dx dy

=

ˆ

Oy

dimUy
h∑

j=1

ˆ

Ox

∣∣∣∣∣∣

dimUx
h∑

i=1

Zx
ij(λ

x
klgkl)∂xe

x
i (x)

∣∣∣∣∣∣

2

dx eyj (y) dy

=

dimUx
h∑

i=1

dimUy
h∑

j=1

ˆ

Oy

(2(Zx
ij)

2 − Zx
i−1,jZ

x
ij − Zx

ijZ
x
i+1,j)(λ

x
klgkl)e

y
j (y) dyh

−1
x

=

dimUx
h∑

i=1

dimUy
h∑

j=1

ˆ

Oy

(Zx
i+1,j − Zx

ij)
2(λxklgkl)e

y
j (y) dy h

−1
x

= χTh

dimUx
h∑

i=1

dimUy
h∑

j=1

(
ˆ

O
Iyh

{
Ixh,loc

{
∂x(λ

x
kluhg̃h,kl)

exi+1
(x)−exi (x)

hx

}
e
y
j (y)

}
dx dy

)2

h−1
x h−1

y

≤ 2χTh

dimUx
h∑

i=1

dimUy
h∑

j=1

(
ˆ

O
Iyh

{
λxkl∂xuhI

x
h

{
g̃h,kl

exi+1
(x)−exi (x)

hx

}
e
y
j (y)

}
dx dy

)2

h−1
x h−1

y

+ 2χTh

dimUx
h∑

i=1

dimUy
h∑

j=1

(
ˆ

O
Iyh

{
λxkl∂xg̃h,klI

x
h

{
uh

exi+1
(x)−exi (x)

hx

}
e
y
j (y)

}
dx dy

)2

h−1
x h−1

y

= (∗) . (4.28)
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Recalling exi+1(x) = exi (x− hx) and performing a discrete integration by parts (cf. Lemma
A.6 in the appendix), we continue with the estimate

(∗) ≤ χThC

dimUx
h∑

i=1

dimUy
h∑

j=1

(
λxkl

ˆ

O
Iyh
{
∂xuhI

x
h

{
∂−hxx g̃h,kle

x
i+1(x)

}
e
y
j (y)

}
dx dy

)2

h−1
x h−1

y

+ χThC

dimUx
h∑

i=1

dimUy
h∑

j=1

(
λxkl

ˆ

O
Iyh
{
∂+hxx ∂xuhI

x
h{g̃h,kle

x
i (x)}e

y
j (y)

}
dx dy

)2

h−1
x h−1

y

+ χThC

dimUx
h∑

i=1

dimUy
h∑

j=1

(
λxkl

ˆ

O
Iyh
{
∂xg̃h,klI

x
h

{
∂−hxx uhe

x
i+1(x)

}
e
y
j (y)

}
dx dy

)2

h−1
x h−1

y

+ χThC

dimUx
h∑

i=1

dimUy
h∑

j=1

(
λxkl

ˆ

O
Iyh
{
∂+hxx ∂xg̃h,klI

x
h{uhe

x
i (x)}e

y
j (y)

}
dx dy

)2

h−1
x h−1

y

≤χThCλ
x
kl
2 ‖∂xgkl‖

2
L∞(O)

ˆ

O
Iyh
{
|∂xuh|

2
}
dx dy

+ χThCλ
x
kl
2 ‖gkl‖

2
L∞(O)

ˆ

O
Iyh
{
|∆x

huh|
2
}
dx dy

+ χThCλ
x
kl
2 ‖∂xgkl‖

2
L∞(O)

ˆ

O
Ixyh
{
|∂−hxx uh|

2
}
dx dy

+ χThCλ
x
kl
2
∥∥∂+hxx ∂xg̃h,kl

∥∥2
L∞(O)

ˆ

O
Ixyh
{
u2h
}
dx dy

≤χThCλ
x
kl
2 ‖∂x∂xgkl‖

2
L∞(O)R(s) + χThCλ

x
kl
2 ‖gkl‖

2
L∞(O)

ˆ

O
Ixyh
{
|∆x

huh|
2
}
dx dy .

(4.29)

In the last step, we used Poincaré’s inequality and the pathwise conservation of
´

O uh dx dy
(see Remark 3.3, Assumption (I), and the norm equivalence (2.6)), as well as

∥∥∂+hxx ∂xI
x
h{gkl}

∥∥
L∞(O)

=
∥∥∂xIxh

{
∂+hxx gkl

}∥∥
L∞(O)

≤
∥∥∂x∂+hxx gkl

∥∥
L∞(O)

≤ ‖∂x∂xgkl‖L∞(O) ≤ ‖gkl‖W 2,∞(O) , (4.30)

which follows from (S) and the stability of the nodal interpolation operator. This provides

IIIa ≤Cp
∑

k∈Ixh , l∈I
y
h

λxkl
2 ‖gkl‖

2
W 2,∞(O)

ˆ t∧Th

0

R(s)p ds

+ Cp
∑

k∈Ixh , l∈I
y
h

λxkl
2 ‖gkl‖

2
L∞(O)

ˆ t∧Th

0

R(s)p−1

ˆ

O
Ixyh
{
|∆x

huh|
2
}
dx dy ds .

(4.31)
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Similar computations show

IIId ≤Cp
∑

k∈Ixh , l∈I
y
h

λykl
2 ‖gkl‖

2
W 2,∞(O)

ˆ t∧Th

0

R(s)p ds

+ Cp
∑

k∈Ixh , l∈I
y
h

λykl
2 ‖gkl‖

2
L∞(O)

ˆ t∧Th

0

R(s)p−1

ˆ

O
Ixyh
{
|∆y

huh|
2
}
dx dy ds .

(4.32)

To control IIIb, we compute

ˆ

O
Ixh





∣∣∣∣∣∣

dimUx
h∑

i=1

dimUy
h∑

j=1

Zx
ij(λ

x
klgkl)∂ye

y
j (y)e

x
i (x)

∣∣∣∣∣∣

2
 dx dy

=

ˆ

Ox

Ixh





dimUx
h∑

i=1

ˆ

Oy

∣∣∣∣∣∣

dimUy
h∑

j=1

Zx
ij(λ

x
klgkl)∂ye

y
j (y)

∣∣∣∣∣∣

2

dy exi (x)



 dx

=

dimUx
h∑

i=1

dimUy
h∑

j=1

(Zx
i,j+1 − Zx

i,j)
2(λxklgkl)hxh

−1
y

= χTh

dimUx
h∑

i=1

dimUy
h∑

j=1

(
ˆ

O
Iyh

{
Ixh,loc

{
∂x(λ

x
klg̃h,kluh)e

x
i (x)

e
y
j+1

(y)−e
y
j (y)

hy

}}
dx dy

)2

h−1
x h−1

y

≤ 2χTh

dimUx
h∑

i=1

dimUy
h∑

j=1

(
λxkl

ˆ

O
Iyh

{
∂xg̃h,klI

x
h{uhe

x
i (x)}

e
y
j+1

(y)−e
y
j (y)

hy

}
dx dy

)2

h−1
x h−1

y

+ 2χTh

dimUx
h∑

i=1

dimUy
h∑

j=1

(
λxkl

ˆ

O
Iyh

{
∂xuhI

x
h{g̃h,kle

x
i (x)}

e
y
j+1

(y)−e
y
j (y)

hy

}
dx dy

)2

h−1
x h−1

y

≤ χThC

dimUx
h∑

i=1

dimUy
h∑

j=1

(
λxkl

ˆ

O
Iyh
{
∂xuhI

x
h

{
∂−hyy g̃h,kle

x
i (x)

}
e
y
j+1(y)

}
dx dy

)2

h−1
x h−1

y

+ χThC

dimUx
h∑

i=1

dimUy
h∑

j=1

(
λxkl

ˆ

O
Iyh
{
∂+hyy ∂xuhI

x
h{g̃h,kle

x
i (x)}e

y
j (y)

}
dx dy

)2

h−1
x h−1

y

+ χThC

dimUx
h∑

i=1

dimUy
h∑

j=1

(
λxkl

ˆ

O
Iyh
{
∂xg̃h,klI

x
h

{
∂−hyy uhe

x
i (x)

}
e
y
j+1(y)

}
dx dy

)2

h−1
x h−1

y

+ χThC

dimUx
h∑

i=1

dimUy
h∑

j=1

(
λxkl

ˆ

O
Iyh
{
∂+hyy ∂xg̃h,klI

x
h{uhe

x
i (x)}e

y
j (y)

}
dx dy

)2

h−1
x h−1

y

≤ χThCλ
x
kl
2 ‖gkl‖

2
W 1,∞(O)

ˆ

O
Iyh
{
|∂xuh|

2
}
dx dy

+ χThCλ
x
kl
2 ‖gkl‖

2
L∞(O)

ˆ

O
Iyh
{
|∂+hyy ∂xuh|

2
}
dx dy
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+ χThCλ
x
kl
2 ‖gkl‖

2
W 1,∞(O)

ˆ

O
Ixyh
{
|∂−hyy uh|

2
}
dx dy

+ χThCλ
x
kl
2 ‖gkl‖

2
W 1,∞(O)

ˆ

O
Ixyh
{
|uh|

2
}
dx dy , (4.33)

where we again used (2.13a) and (2.13b). Noting
ˆ

O
Iyh
{
|∂+hyy ∂xuh|

2
}
dx dy =

ˆ

O
Ixyh {∆x

huh∆
y
huh} dy dy

≤ 1
2

ˆ

O
Ixyh
{
|∆x

huh|
2
}
dx dy + 1

2

ˆ

O
Ixyh
{
|∆y

huh|
2
}
dx dy = 1

2

ˆ

O
Ixyh
{
|∆huh|

2
}
dx dy ,

(4.34)

we obtain

IIIb ≤Cp
∑

k∈Ixh , l∈I
y
h

λxkl
2 ‖gkl‖

2
W 1,∞(O)

ˆ t∧Th

0

R(s)p ds

+ Cp
∑

k∈Ixh , l∈I
y
h

λxkl
2 ‖gkl‖

2
L∞(O)

ˆ t∧Th

0

R(s)p−1

ˆ

O
Ixyh
{
|∆huh|

2
}
dx dy ds

(4.35)

and analogously

IIIc ≤Cp
∑

k∈Ixh , l∈I
y
h

λykl
2 ‖gkl‖

2
W 1,∞(O)

ˆ t∧Th

0

R(s)p ds

+ Cp
∑

k∈Ixh , l∈I
y
h

λykl
2 ‖gkl‖

2
L∞(O)

ˆ t∧Th

0

R(s)p−1

ˆ

O
Ixyh
{
|∆huh|

2
}
dx dy ds

(4.36)

We shall apply a similar strategy to deal with IIIg and IIIh. We start with the decom-
position

ˆ

O
Ixyh





∣∣∣∣∣∣
∆h

dimUx
h∑

i=1

dimUy
h∑

j=1

Zx
ij(λ

x
klgkl)e

x
i (x)e

y
j (y)

∣∣∣∣∣∣

2
 dx dy

≤ 2

ˆ

O
Ixyh





dimUy
h∑

j=1

∣∣∣∣∣∣

dimUx
h∑

i=1

Zx
ij(λ

x
klgkl)∆

x
he
x
i (x)

∣∣∣∣∣∣

2

e
y
j (y)



 dx dy

+ 2

ˆ

O
Ixyh





dimUx
h∑

i=1

∣∣∣∣∣∣

dimUy
h∑

j=1

Zx
ij(λ

x
klgkl)∆

y
he
y
j (y)

∣∣∣∣∣∣

2

exi (x)



 dx dy

=: IIIg1 + IIIg2 . (4.37)

In order to control the first term, we use exi−1(x) = exi (x+ hx) and exi+1(x) = exi (x− hx),
apply Lemma A.6, and compute using (2.13a) and (2.13b)

dimUy
h∑

i=1

Zx
ij(λ

x
klgkl)∆

x
he
x
i (x) =

dimUx
h∑

i=1

Zx
ij(λ

x
klgkl)h

−2
x (exi−1(x)− 2exi (x) + exi+1(x))
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=

dimUx
h∑

i=1

h−2
x exi (x)(−2Zx

ij + Zx
i−1,j + Zx

i+1,j)(λ
x
klgkl)

= χTh

dimUx
h∑

i=1

exi (x)h
−1
x h−1

y

ˆ

O
Iyh

{
λxkl∂xg̃h,klI

x
h

{
uh

exi+1(x)−2exi (x)+exi−1(x)

h2x

}
e
y
j (y)

}
dx dy

+ χTh

dimUx
h∑

i=1

exi (x)h
−1
x h−1

y

ˆ

O
Iyh

{
λxkl∂xuhI

x
h

{
g̃h,kl

exi+1
(x)−2exi (x)+exi−1

(x)

h2x

}
e
y
j (y)

}
dx dy

= χTh

dimUx
h∑

i=1

exi (x)h
−1
x h−1

y

ˆ

O
Iyh
{
λxkl∂x∆

x
hg̃h,klI

x
h{uh(x− hx, y)e

x
i (x)}e

y
j (y)

}
dx dy

+ χTh

dimUx
h∑

i=1

exi (x)h
−1
x h−1

y

ˆ

O
Iyh
{
λxkl∂xg̃h,kl(x+ hx, y)I

x
h{∆

x
huhe

x
i (x)}e

y
j (y)

}
dx dy

+ χTh2

dimUx
h∑

i=1

exi (x)h
−1
x h−1

y

ˆ

O
Iyh
{
λxkl∂x∂

+hx
x g̃h,klI

x
h

{
∂−hxx uhe

x
i (x)

}
e
y
j (y)

}
dx dy

+ χTh

dimUx
h∑

i=1

exi (x)h
−1
x h−1

y

ˆ

O
Iyh
{
λxkl∂x∆

x
huhI

x
h{g̃h,kl(x− hx, y)e

x
i (x)}e

y
j (y)

}
dx dy

+ χTh

dimUx
h∑

i=1

exi (x)h
−1
x h−1

y

ˆ

O
Iyh
{
λxkl∂xuh(x+ hx, y)I

x
h{∆

x
hg̃h,kle

x
i (x)}e

y
j (y)

}
dx dy

+ χTh2

dimUx
h∑

i=1

exi (x)h
−1
x h−1

y

ˆ

O
Iyh
{
λxkl∂x∂

+hx
x uhI

x
h

{
∂−hxx g̃h,kle

x
i (x)

}
e
y
j (y)

}
dx dy . (4.38)

Similar to (4.30), we use (S) and the stability of the nodal interpolation operator to
compute

‖∂x∆
x
hI

xy
h {gkl}‖L∞(O) =

∥∥∂xIxyh
{
∂+hxx ∂−hxx gkl

}∥∥
L∞(O)

≤
∥∥∂x∂+hxx ∂−hxx gkl

∥∥
L∞(O)

≤ ‖∂x∂x∂xgkl‖L∞(O) ≤ ‖gkl‖W 3,∞(O) . (4.39)
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Therefore, we have

IIIg1 ≤χThCλ
x
kl
2 ‖gkl‖

2
W 3,∞(O)

ˆ

O
Ixyh
{
|uh|

2
}
dx dy

+ χThCλ
x
kl ‖gkl‖

2
W 1,∞(O)

ˆ

O
Ixyh
{
|∆x

huh|
2
}
dx dy

+ χThCλ
x
kl
2 ‖gkl‖

2
W 2,∞(O)

ˆ

O
Iyh
{
|∂xuh|

2
}
dx dy

+ χThCλ
x
kl
2 ‖gkl‖

2
L∞(O)

ˆ

O
Iyh
{
|∂x∆

x
huh|

2
}
dx dy

+ χThCλ
x
kl
2 ‖gkl‖

2
W 2,∞(O)

ˆ

O
Iyh
{
|∂xuh|

2
}
dx dy

+ χThCλ
x
kl
2 ‖gkl‖

2
W 1,∞(O)

ˆ

O
Ixyh
{
|∆x

huh|
2
}
dx dy .

(4.40)

Similar computations show

IIIg2 ≤χThCλ
x
kl
2 ‖gkl‖

2
W 3,∞(O)

ˆ

O
Ixyh
{
|uh|

2
}
dx dy

+ χThCλ
x
kl
2 ‖gkl‖

2
W 1,∞(O)

ˆ

O
Ixyh
{
|∆y

huh|
2
}
dx dy

+ χThCλ
x
kl
2 ‖gkl‖

2
W 2,∞(O)

ˆ

O
Ixh
{
|∂yuh|

2
}
dx dy

+ χThCλ
x
kl
2 ‖gkl‖

2
L∞(O)

ˆ

O
Iyh
{
|∂x∆

y
huh|

2
}
dx dy

+ χThCλ
x
kl
2 ‖gkl‖

2
W 2,∞(O)

ˆ

O
Iyh
{
|∂xuh|

2
}
dx dy

+ χThCλ
x
kl
2 ‖gkl‖

2
W 1,∞(O)

ˆ

O
Ixyh {∆x

huh∆
y
huh}dx dy .

(4.41)

Therefore,

IIIg ≤Cλxkl
2 ‖gkl‖

2
W 3,∞(O) h

ε
∑

k∈Ixh , l∈I
y
h

ˆ t∧Th

0

pR(s)p ds

+ Cλxkl
2 ‖gkl‖

2
W 1,∞(O) h

ε
∑

k∈Ixh , l∈I
y
h

ˆ t∧Th

0

pR(s)p−1

ˆ

O
Ixyh
{
|∆huh|

2
}
dx dy ds

+ Cλxkl
2 ‖gkl‖

2
L∞(O) h

ε
∑

k∈Ixh , l∈I
y
h

ˆ t∧Th

0

pR(s)p−1

ˆ

O
Iyh
{
|∂x∆huh|

2
}
dx dy ds

(4.42)
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holds true. Analogous computations provide

IIIh ≤Cλykl
2 ‖gkl‖

2
W 3,∞(O) h

ε
∑

k∈Ixh , l∈I
y
h

ˆ t∧Th

0

pR(s)p ds

+ Cλykl
2 ‖gkl‖

2
W 1,∞(O) h

ε
∑

k∈Ixh , l∈I
y
h

ˆ t∧Th

0

pR(s)p−1

ˆ

O
Ixyh
{
|∆huh|

2
}
dx dy ds

+ Cλykl
2 ‖gkl‖

2
L∞(O) h

ε
∑

k∈Ixh , l∈I
y
h

ˆ t∧Th

0

pR(s)p−1

ˆ

O
Ixh
{
|∂y∆huh|

2
}
dx dy ds .

(4.43)

To control IIIe+IIIf we compute for all i ∈ {1, . . . , dimUx
h}, j ∈ {1, . . . , dimUy

h}, k ∈ Ixh ,
and l ∈ Iyh

ˆ

Ω

Ixyh
{
F ′′(uh)

(
|Zx

ij(λ
x
klgkl)|

2 + |Zy
ij(λ

y
klgkl)|

2
)
exi (x)e

y
j (y)

}
dx dy

= χThF
′′(uij)M

−1
ij

((
ˆ

O
Iyh
{
Ixh,loc

{
λxkl∂x(uhg̃h,kl)e

x
i (x)e

y
j (y)

}}
dx dy

)2

+

(
ˆ

O
Ixh
{
Iyh,loc

{
λykl∂y(uhg̃h,kl)e

x
i (x)e

y
j (y)

}}
dx dy

)2
)

=: χThF
′′(uij)M

−1
ij

(
λxkl

2A2
ijkl + λykl

2B2
ijkl

)
.

(4.44)

Using the definition of Ixh,loc, we obtain for the first term

A2
ijkl =

(
ˆ

O
Iyh
{
Ixh,loc

{
∂x(uhg̃h,kl)e

x
i (x)e

y
j (y)

}}
dx dy

)2

=

(
∑

Q∈Qh

ˆ

Q

Ixyh
{
∂x(uhg̃h,kl)e

x
i (x)e

y
j (y)

}
dx dy

)2

≤Mij

∑

Q∈Qh

ˆ

Q

Ixyh
{
|∂x(uhg̃h,kl)|

2exi (x)e
y
j (y)

}
dx dy

≤ 2Mij

∑

Q∈Qh

ˆ

Q

Ixyh
{
(|∂xuh|

2|g̃h,kl|
2 + |uh|

2|∂xg̃h,kl|
2)exi (x)e

y
j (y)

}
dx dy

≤C ‖g̃h,k‖W 1,∞(O)Mij

∑

Q∈Qh

ˆ

Q

Ixyh
{
|∂xuh|

2exi (x)e
y
j (y)

}
dx dy

+ C ‖g̃h,k‖W 1,∞(O)Mij

∑

Q∈Qh

ˆ

Q

Ixyh
{
|uh|

2exi (x)e
y
j (y)

}
dx dy

=C ‖g̃h,kl‖W 1,∞(O)Mij

ˆ

O
Iyh
{
|∂xuh|

2exi (x)e
y
j (y)

}
dx dy

+ C ‖g̃h,kl‖W 1,∞(O)Mij

ˆ

O
Ixyh
{
|uh|

2exi (x)e
y
j (y)

}
dx dy .

(4.45)
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Similar computations for Bijkl provide

IIIe+IIIf ≤C

ˆ t∧Th

0

pR(s)p−1

ˆ

O
Iyh
{
Ixh{F

′′(uh)}|∂xuh|
2
}
+Ixh

{
Iyh{F

′′(uh)}|∂yuh|
2
}
dxdyds

+ C

ˆ t∧Th

0

pR(s)p−1

ˆ

O
Ixyh
{
|uh|

2F ′′(uh)
}
dxdyds . (4.46)

Analogously, we compute

IIIi+IIIj ≤Cκ

ˆ t∧Th

0

pR(s)p−1

ˆ

O
Iyh
{
Ixh{G

′′(uh)}|∂xuh|
2
}
+Ixh

{
Iyh{G

′′(uh)}|∂yuh|
2
}
dxdyds

+ Cκ

ˆ t∧Th

0

pR(s)p−1

ˆ

O
Ixyh
{
|uh|

2G′′(uh)
}
dxdyds . (4.47)

Collecting the above estimates and applying Assumptions (B3) and (B3∗), we obtain

III + IV ≤C

ˆ t∧Th

0

R(s)p ds+ C

ˆ t∧Th

0

R(s)p−1 ‖∆huh‖
2
h ds

+ C

ˆ t∧Th

0

R(s)p−1hε
ˆ

O
Iyh
{
|∂x∆huh|

2
}
dx dy ds

+ C

ˆ t∧Th

0

R(s)p−1hε
ˆ

O
Ixh
{
|∂y∆huh|

2
}
dx dy ds

+ C

ˆ t∧Th

0

R(s)p−1

ˆ

O
Iyh
{
Ixh{F

′′(uh)}|∂xuh|
2
}
dx dy ds

+ C

ˆ t∧Th

0

R(s)p−1

ˆ

O
Ixh
{
Iyh{F

′′(uh)}|∂yuh|
2
}
dx dy ds

+ C

ˆ t∧Th

0

R(s)p−1

ˆ

O
Ixyh
{
|uh|

2F ′′(uh)
}
dx dy ds

+ Cκ

ˆ t∧Th

0

R(s)p−1

ˆ

O
Iyh
{
Ixh{G

′′(uh)}|∂xuh|
2
}
dx dy ds

+ Cκ

ˆ t∧Th

0

R(s)p−1

ˆ

O
Ixh
{
Iyh{G

′′(uh)}|∂yuh|
2
}
dx dy ds

+ Cκ

ˆ t∧Th

0

R(s)p−1

ˆ

O
Ixyh
{
|uh|

2G′′(uh)
}
dx dy ds .

(4.48)

While the first term on the right-hand side is a Gronwall term, the remaining terms
need to be absorbed in the negative terms provided by I. For this reason, we need the
following estimates: Due to Assumption (P), we have F ′′(uh) ≤ Cu−p−2

h + C. Recalling
the oscillation lemma 3.6, we obtain the estimates
ˆ

O
Iyh
{
Ixh{F

′′(uh)}|∂xuh|
2
}
dx dy ≤ C

ˆ

O
Iyh
{[

|uh|
−p−2

]
x
|∂xuh|

2
}
dx dy + CR(s) , (4.49)

ˆ

O
Ixh
{
Iyh{F

′′(uh)}|∂yuh|
2
}
dx dy ≤ C

ˆ

O
Ixh

{[
|uh|

−p−2
]
y
|∂yuh|

2
}
dx dy + CR(s) . (4.50)

Furthermore, Assumption (P), Poincaré’s inequality and our uniform control of the mass
of discrete solutions (see Remark 3.3, Assumption (I), and the norm equivalence (2.6))
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provide

ˆ

O
Ixyh
{
|uh|

2F ′′(uh)
}
dx dy

≤ C

ˆ

O
Ixyh {F (uh)}dx dy + C

ˆ

O
Iyh
{
|∂xuh|

2
}
dx dy + C ≤ CR(s) (4.51)

for α > 0. Applying Young’s inequality and the Lemma 3.6, we compute

κ

ˆ

O
Iyh
{
Ixh{G

′′(uh)}|∂xuh|
2
}
dx dy

≤

ˆ

O
Iyh
{
Ixh
{
|uh|

−p−2
}
|∂xuh|

2
}
dx dy + Cκ2

ˆ

O
Iyh
{
|∂xuh|

2
}
dx dy

≤ C

ˆ

O
Iyh
{[

|uh|
−p−2

]
x
|∂xuh|

2
}
dx dy + Cκ2R(s) (4.52)

and

κ

ˆ

O
Ixh
{
Iyh{G

′′(uh)}|∂yuh|
2
}
dx dy ≤ C

ˆ

O
Ixh

{[
|uh|

−p−2
]
y
|∂yuh|

2
}
dx dy + Cκ2R(s) .

(4.53)

Noting the definition of G′′(uh), we obtain

ˆ

O
Ixyh
{
|uh|

2G′′(uh) dx dy
}
≤

ˆ

O
1 dx dy ≤ C . (4.54)

Therefore, the last term in (4.48) can be controlled by Cκ
´ t∧Th
0

R(s)p−1 ds for α > 0.
This allows us to rewrite (4.48) for κ > 1 as

III + IV ≤Cκ2
ˆ t∧Th

0

R(s)p ds + C

ˆ t∧Th

0

R(s)p−1 ‖∆huh‖
2
h ds

+ C

ˆ t∧Th

0

R(s)p−1hε
ˆ

O
Iyh
{
|∂x∆huh|

2
}
dx dy ds

+ C

ˆ t∧Th

0

R(s)p−1hε
ˆ

O
Ixh
{
|∂y∆huh|

2
}
dx dy ds

+ C

ˆ t∧Th

0

R(s)p−1

ˆ

O
Iyh
{[
|uh|

−p−2
]
x
|∂xuh|

2
}
dx dy ds

+ C

ˆ t∧Th

0

R(s)p−1

ˆ

O
Ixh

{[
|uh|

−p−2
]
y
|∂yuh|

2
}
dx dy ds .

(4.55)
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Using (3.6b), we compute

(DEh + κDSh)⊗ (DEh + κDSh)(Φ
x
h,kl,Φ

x
h,kl)

≤ 2



ˆ

O
Iyh



∂xuh

dimUx
h∑

i=1

dimUy
h∑

j=1

Zx
ij(λ

x
klgkl)∂xe

x
i (x)e

y
j (y)



 dx dy

+

ˆ

O
Ixh



∂yuh

dimUx
h∑

i=1

dimUy
h∑

j=1

Zx
ij(λ

x
klgkl)e

x
i (x)∂ye

y
j (y)



 dx dy

+

ˆ

O
Ixyh



F

′(uh)

dimUx
h∑

i=1

dimUy
h∑

j=1

Zx
ij(λ

x
klgkl)e

x
i (x)e

y
j (y)



 dx dy

+ hε
ˆ

O
Ixyh



∆huh

dimUx
h∑

i=1

dimUy
h∑

j=1

Zx
ij(λ

x
klgkl)∆h(e

x
i (x)e

y
j (y))



 dx dy




2

+ 2κ2



ˆ

O
Ixyh



G

′(uh)

dimUx
h∑

i=1

dimUy
h∑

j=1

Zx
ij(λ

x
klgkl)e

x
i (x)e

y
j (y)



 dx dy




2

=2



ˆ

O
Ixyh



ph

dimUx
h∑

i=1

dimUy
h∑

j=1

Zx
ij(λ

x
klgkl)e

x
i (x)e

y
j (y)



 dx dy




2

+ 2κ2



ˆ

O
Ixyh



G

′(uh)

dimUx
h∑

i=1

dimUy
h∑

j=1

Zx
ij(λ

x
klgkl)e

x
i (x)e

y
j (y)



 dx dy




2

=χTh2λ
x
kl
2

(
ˆ

O
Iyh
{
Ixh,loc{∂x(uhg̃h,kl)ph}

}
dx dy

)2

+ χTh2κ
2λxkl

2

(
ˆ

O
Iyh
{
Ixh,loc{∂x(uhg̃h,kl)G

′(uh)}
}
dx dy

)2

=:χTh2λ
x
kl
2AI + χTh2κ

2λxkl
2AII ,

(4.56)

where we used (4.3) in the last step. To control the first term on the right-hand side of
(4.56), we use (2.13a) and (2.13b) to compute

AI ≤ 2

(
ˆ

O
Iyh{∂xuhI

x
h{g̃h,klph}} dx dy

)2

+2

(
ˆ

O
Iyh{∂xg̃h,klI

x
h{uhph}}

)2

=: AIa+AIb .

(4.57)

Recalling (3.6b), (P), the integration by parts formula used in (4.38), Hölder’s inequality,
and the positivity of uh, we obtain



29

AIa ≤C

(
ˆ

O
Iyh{∂xuhI

x
h{g̃h,kl∆huh}} dx dy

)2

+ C

(
ˆ

O
Iyh
{
|∂xuh|I

x
h

{
|g̃h,kl|(u

−p−1
h + 1)

}}
dx dy

)2

+ C

(
hε
ˆ

O
Iyh{∂xuhI

x
h{g̃h,kl∆h∆huh}} dx dy

)2

≤C

(
ˆ

O
Iyh
{
|∂xuh|

2
}
dx dy

)
‖g̃h,kl‖

2
L∞(O) ‖∆huh‖

2
h

+ C

(
ˆ

O
Iyh

{
|∂xuh|I

x
h

{
|g̃h,kl|u

−p/2
h u

−p/2−1
h

}}
dx dy

)2

+ C

(
ˆ

O
Iyh{|∂xuh|I

x
h{|g̃h,kl|}}dx dy

)2

+ C ‖gkl‖
2
L∞(O) h

ε

ˆ

O
Iyh
{
|∂x∆

x
huh|

2
}
dx dy hε

ˆ

O
Ixyh
{
|∆huh|

2
}
dx dy

+ C ‖∂x∂xgkl‖
2
L∞(O) h

ε

ˆ

O
Iyh
{
|∂xuh|

2
}
dx dy hε

ˆ

O
Ixyh
{
|∆huh|

2
}
dx dy

+ C ‖∂xgkl‖
2
L∞(O) h

ε

ˆ

O
Ixyh
{
|∆x

huh|
2
}
dx dy hε

ˆ

O
Ixyh
{
|∆huh|

2
}
dx dy

+ C ‖gkl‖
2
L∞(O) h

ε

ˆ

O
Iyh
{
|∂x∆

y
huh|

2
}
dx dy hε

ˆ

O
Ixyh
{
|∆huh|

2
}
dx dy

+ C ‖∂y∂ygkl‖
2
L∞(O) h

ε

ˆ

O
Iyh
{
|∂xuh|

2
}
dx dy hε

ˆ

O
Ixyh
{
|∆huh|

2
}
dx dy

+ C ‖∂ygkl‖
2
L∞(O) h

ε

ˆ

O
Ixyh {∆x

huh∆
y
huh}dx dy h

ε

ˆ

O
Ixyh
{
|∆huh|

2
}
dx dy ,

(4.58)

where we used
´

O Iyh

{
|∂x∂

+hy
y uh|2

}
dx dy =

´

O Ixyh {∆x
huh∆

y
huh}dx dy. Using a discrete

version of Hölder’s inequality, we obtain

ˆ

O
Ixyh {∆x

huh∆
y
huh}dx dy ≤ ‖∆x

huh‖h ‖∆
y
huh‖h ≤ ‖∆huh‖

2
h . (4.59)

Therefore, we have

AIa ≤CR(s) ‖gkl‖
2
L∞(O) ‖∆huh‖

2
h

+ C ‖gkl‖
2
L∞(O)

(
ˆ

O
Iyh
{
|∂xuh|

2Ixh
{
u−p−2
h

}}
dx dy

)(
ˆ

O
Ixyh
{
u−ph
}
dx dy

)

+ C ‖gkl‖
2
L∞(O)

ˆ

O
Iyh
{
|∂xuh|

2
}
dx dy

+ C ‖gkl‖
2
W 2,∞(O)R(s)

(
hε
ˆ

O
Iyh
{
|∂x∆huh|

2
}
dx dy +R(s)

)
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≤CR(s) ‖gkl‖
2
W 2,∞(O)

(
‖∆huh‖

2
h +

ˆ

O
Iyh
{
|∂xuh|

2Ixh
{
u−p−2
h

}}
dx dy

+hε
ˆ

O
Iyh
{
|∂x∆huh|

2
}
dx dy +R(s)

)
.

(4.60)

Using (3.6b), Hölder’s inequality, (P), the computations used in (4.38), Poincaré’s in-
equality, and R(s) ≥ α, we obtain the estimate

AIb ≤C

(
ˆ

O
Iyh{∂xg̃h,klI

x
h{uh∆huh}}dx dy

)2

+ C

(
ˆ

O
Iyh{∂xg̃h,klI

x
h{uhF

′(uh)}}dx dy

)2

+ C

(
hε
ˆ

O
Iyh{∂xg̃h,klI

x
h{uh∆h∆huh}}dx dy

)2

≤C ‖∂xgkl‖
2
L∞(O) ‖uh‖

2
h ‖∆huh‖

2
h

+ C ‖∂xgkl‖
2
L∞(O)

(
ˆ

O
Ixyh
{
u−ph
}
dx dy

)2

+ C ‖∂xgkl‖
2
L∞(O)

(
ˆ

O
uh dx dy

)2

+ Chε ‖∂x∂x∂xgkl‖
2
L∞(O) ‖uh‖

2
h h

ε ‖∆huh‖
2
h

+ C ‖∂xgkl‖
2
L∞(O) h

ε ‖∆x
huh‖

2
h h

ε ‖∆huh‖
2
h

+ C ‖∂x∂xgkl‖
2
L∞(O) h

ε

ˆ

O
Iyh
{
|∂xuh|

2
}
dx dy hε ‖∆huh‖

2
h

+ Chε ‖∂x∂y∂ygkl‖
2
L∞(O) ‖uh‖

2
h h

ε ‖∆hu‖
2
h

+ C ‖∂xgkl‖
2
L∞(O) h

ε ‖∆y
huh‖

2
h h

ε ‖∆huh‖
2
h

+ C ‖∂x∂ygkl‖
2
L∞(O) h

ε

ˆ

O
Ixh
{
|∂yuh|

2
}
dx dy hε ‖∆huh‖

2
h

≤C
(
‖gkl‖

2
W 2,∞(O) + hε ‖gkl‖

2
W 3,∞(O)

)
R(s)

(
‖∆huh‖

2
h +R(s)

)
.

(4.61)

Here, we used that
´

O uh dx dy =
´

O u
0
h dx dy is uniformly bounded P-almost surely

(cf. Assumption (I) and Remark 3.3). Using (2.13a) and (2.13b) and G′(u) = u−1,
we obtain

AII ≤ C ‖gkl‖
2
L∞(O)

ˆ

O
Iyh
{
Ixh{G

′′(uh)}|∂xuh|
2
}
dx dy + C ‖∂xgkl‖

2
L∞(O) . (4.62)

Therefore, we have

V ≤C
∑

k∈Ixh , l∈I
y
h

λxkl
2
(
‖gkl‖

2
W 2,∞(O) + hε ‖gkl‖

2
W 3,∞(O)

)ˆ t∧Th

0

R(s)p ds

+ C
∑

k∈Ixh , l∈I
y
h

λxkl
2
(
‖gkl‖

2
W 2,∞(O) + hε ‖gkl‖

2
W 3,∞(O)

)ˆ t∧Th

0

R(s)p−1 ‖∆huh‖
2
h ds

+ C
∑

k∈Ixh , l∈I
y
h

λxkl
2 ‖gkl‖

2
W 2,∞(O)

ˆ t∧Th

0

R(s)p−1

ˆ

O
Iyh
{
|∂xuh|

2Ixh
{
u−p−2
h

}}
dx dy ds
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+ C
∑

k∈Ixh , l∈I
y
h

λxkl
2 ‖gkl‖

2
W 2,∞(O)

ˆ t∧Th

0

R(s)p−1hε
ˆ

O
Iyh
{
|∂x∆huh|

2
}
dx dy ds

+ Cκ2
∑

k∈Ixh , l∈I
y
h

λxkl
2 ‖gkl‖

2
L∞(O)

ˆ t∧Th

0

R(s)p−1

ˆ

O
Iyh
{
Ixh{G

′′(uh)}|∂xuh|
2
}
dx dy ds .

(4.63)

Recalling Assumptions (B3) and (B3∗) and Lemma 3.6 and mimicking the computations
in (4.52), we obtain for κ > 1

V ≤Cκ4
ˆ t∧Th

0

R(s)p ds+ C

ˆ t∧Th

0

R(s)p−1 ‖∆huh‖
2
h ds

+ C

ˆ t∧Th

0

R(s)p−1

ˆ

O
Iyh
{[

|uh|
−p−2

]
x
|∂xuh|

2
}
dx dy ds

+ C

ˆ t∧Th

0

R(s)p−1

ˆ

O
Ixh

{[
|uh|

−p−2
]
y
|∂yuh|

2
}
dx dy ds

+ C

ˆ t∧Th

0

R(s)p−1hε
ˆ

O
Iyh
{
|∂x∆huh|

2
}
dx dy ds .

(4.64)

Analogously, we compute

V I ≤Cκ4
ˆ t∧Th

0

R(s)p ds+ C

ˆ t∧Th

0

R(s)p−1 ‖∆huh‖
2
h ds

+ C

ˆ t∧Th

0

R(s)p−1

ˆ

O
Iyh
{[
|uh|

−p−2
]
x
|∂xuh|

2
}
dx dy ds

+ C

ˆ t∧Th

0

R(s)p−1

ˆ

O
Ixh

{[
|uh|

−p−2
]
y
|∂yuh|

2
}
dx dy ds

+ C

ˆ t∧Th

0

R(s)p−1hε
ˆ

O
Ixh
{
|∂y∆huh|

2
}
dx dy ds .

(4.65)

In order to obtain bounds for the expected value of stochastic integral, we rewrite

II =
∑

k∈Ixh , l∈I
y
h

ˆ t∧Th

0

pR(s)p−1

ˆ

O
Iyh
{
Ixh,loc{∂x(λ

x
klg̃h,kluh)ph}

}
dx dy dβxkl

+
∑

k∈Ixh , l∈I
y
h

ˆ t∧Th

0

pR(s)p−1

ˆ

O
Ixh
{
Iyh,loc{∂y(λ

y
klg̃h,kluh)ph}

}
dx dy dβykl

+ κ
∑

k∈Ixh , l∈I
y
h

ˆ t∧Th

0

pR(s)p−1

ˆ

O
Iyh
{
Ixh,loc{∂x(λ

x
klg̃h,kluh)G

′(uh)}
}
dx dy dβxkl

+ κ
∑

k∈Ixh , l∈I
y
h

ˆ t∧Th

0

pR(s)p−1

ˆ

O
Ixh
{
Iyh,loc{∂y(λ

y
klg̃h,kluh)G

′(uh)}
}
dx dy dβykl

=: IIa + IIb + IIc + IId

(4.66)
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and apply the Burkholder-Davis-Gundy inequality. For this reason, we introduce the
Hilbert-Schmidt operators

T1(s)(ω) := χThR(s)
p−1

∑

k∈Ixh , l∈I
y
h

ˆ

O
Iyh
{
Ixh,loc{∂x(〈gkl, ω〉L2uhg̃h,kl)ph}

}
dx dy , (4.67a)

T3(s)(ω) := χThκR(s)
p−1

∑

k∈Ixh , l∈I
y
h

ˆ

O
Iyh
{
Ixh,loc{∂x(〈gkl, ω〉L2uhg̃h,kl)G

′(uh)}
}
dx dy ,

(4.67b)

mapping Q
1/2
x L2(O) onto R and the Hilbert-Schmidt operators

T2(s)(ω) := χThR(s)
p−1

∑

k∈Ixh , l∈I
y
h

ˆ

O
Ixh
{
Iyh,loc{∂y(〈gkl, ω〉L2uhg̃h,kl)ph}

}
dx dy , (4.67c)

T4(s)(ω) := χThκR(s)
p−1

∑

k∈Ixh , l∈I
y
h

ˆ

O
Ixh
{
Iyh,loc{∂y(〈gkl, ω〉L2uhg̃h,kl)G

′(uh)}
}
dx dy

(4.67d)

mapping Q
1/2
y L2(O) onto R. Recalling (4.60) and (4.61), we obtain

(
∑

k, l∈Z

∣∣T1(s)(Q
1/2
x gkl)

∣∣2
)1/2

= χThR(s)
p−1


 ∑

k∈Ixh , l∈I
y
h

λxkl
2

(
ˆ

O
Iyh
{
Ixh,loc{∂x(uhg̃h,kl)ph}

}
dx dy

)2



1/2

≤ χThCR(s)
p−1


 ∑

k∈Ixh , l∈I
y
h

λxkl
2
(
‖gkl‖

2
L∞(O) + hε ‖gkl‖

2
W 3,∞(O)

)

×

(
‖∆huh‖

2
h +

ˆ

O
Iyh
{
|∂xuh|

2Ixh
{
u−p−2
h

}}
dx dy+hε

ˆ

O
Iyh
{
|∂x∆huh|

2
}
dx dy+R(s)

)2)1/2

≤ χThCR(s)
p−1

(
‖∆huh‖

2
h + hε

ˆ

O
Iyh
{
|∂x∆huh|

2
}
dx dy +R(s)

)
.

(4.68)

Similarly, we have

(
∑

k, l∈Z

∣∣T2(s)(Q
1/2
y gkl)

∣∣2
)1/2

≤ χThCR(s)
p−1

(
‖∆huh‖

2
h +

ˆ

O
Ixh
{
|∂yuh|

2Iyh
{
u−p−2
h

}}
dx dy

)

+ χThCR(s)
p−1

(
hε
ˆ

O
Ixh
{
|∂y∆huh|

2
}
dx dy +R(s)

)
. (4.69)
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Following the computations in (4.62), we obtain
(
∑

k, l∈Z

∣∣T3(s)(Q
1/2
x gkl)

∣∣2
)1/2

≤ χThCκR(s)
p−1

(
ˆ

O
Iyh
{
Ixh{G

′′(uh)}|∂xuh|
2
}
dx dy + C

)
,

(4.70)
(
∑

k, l∈Z

∣∣T4(s)(Q
1/2
y gkl)

∣∣2
)1/2

≤ χThCκR(s)
p−1

(
ˆ

O
Ixh
{
Iyh{G

′′(uh)}|∂yuh|
2
}
dx dy + C

)
.

(4.71)

Therefore, the Burkholder-Davis-Gundy inequality yields together with Young’s inequality
and R(s) ≥ α

E

[
sup

t∈[0,Tmax]

|IIa|

]

≤ CE

[(
ˆ Tmax∧Th

0

R(s)2p−2

(
‖∆huh‖

2
h +

ˆ

O
Iyh
{
|∂xuh|

2Ixh
{
u−p−2
h

}}
dx dy

+ hε
ˆ

O
Iyh
{
|∂x∆huh|

2
}
dx dy +R(s)

)
ds

)1/2
]

≤ 1
8
E

[
sup

t∈[0,Tmax∧Th]
R(t)p

]

+ Cα−1
E

[
ˆ Tmax∧Th

0

R(s)p−1

(
‖∆huh‖

2
h +

ˆ

O
Iyh
{
|∂xuh|

2Ixh
{
u−p−2
h

}}
dx dy

+ hε
ˆ

O
Iyh
{
|∂x∆huh|

2
}
dx dy +R(s)

)
ds

]
,

(4.72)

E

[
sup

t∈[0,Tmax]

|IIb|

]
≤ 1

8
E

[
sup

t∈[0,Tmax∧Th]
R(t)p

]

+ Cα−1
E

[
ˆ Tmax∧Th

0

R(s)p−1

(
‖∆huh‖

2
h +

ˆ

O
Ixh
{
|∂yuh|

2Iyh
{
u−p−2
h

}}
dx dy

+ hε
ˆ

O
Ixh
{
|∂y∆huh|

2
}
dx dy +R(s)

)
ds

]
,

(4.73)

and

E

[
sup

t∈[0,Tmax]

|IIc|+ sup
t∈[0,Tmax]

|IId|

]
≤ 1

4
E

[
sup

t∈[0,Tmax∧Th]
R(t)p−1

]

+ Cα−1κ2E

[
ˆ Tmax∧Th

0

R(s)p−1

(
ˆ

O
Iyh
{
Ixh
{
G′′(uh)|∂xuh|

2
}})]

+ Cα−1κ2E

[
ˆ Tmax∧Th

0

R(s)p−1

(
ˆ

O
Ixh
{
Iyh{G

′′(uh)}|∂yuh|
2
}
dx dy + C

)]
. (4.74)
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Collecting the above results, we obtain

E

[
sup

t∈[0,Tmax]

|II|

]
≤ 1

2
E

[
sup

t∈[0,Tmax]

R(t)p
]
+ Cα−1

E

[
ˆ Th

0

R(s)p−1 ‖∆huh‖
2
h dx dy ds

]

+ Cα−1
E

[
ˆ Th

0

R(s)p−1

ˆ

O
Iyh
{[

|uh|
−p−2

]
x
|∂xuh|

2
}
dx dy ds

]

+ Cα−1
E

[
ˆ Th

0

R(s)p−1

ˆ

O
Ixh

{[
|uh|

−p−2
]
y
|∂yuh|

2
}
dx dy ds

]

+ Cα−1
E

[
ˆ th

0

R(s)p−1hε
ˆ

O
Iyh
{
|∂x∆huh|

2
}
dx dy ds

]

+ Cα−1
E

[
ˆ Th

0

R(s)p−1hε
ˆ

O
Ixh
{
|∂y∆huh|

2
}
dx dy ds

]

+ Cα−1κ4E

[
ˆ Th

0

R(s)p ds

]
,

(4.75)

where we again used Lemma 3.6 and mimicked (4.52). Collecting the intermediate results
established above, we obtain for κ sufficiently large

E

[
sup

t∈[0,Tmax]

R(t)p
]
+ E

[
ˆ Th

0

R(s)p−1

ˆ

O
Iyh

{
[G′′(uh)]

−1
x |∂xph|

2
}
dx dy ds

]

+ E

[
ˆ Th

0

R(s)p−1

ˆ

O
Ixh

{
[G′′(uh)]

−1
y |∂yuh|

2
}
dx dy ds

]

+ E

[
ˆ Th

0

R(s)p−1 ‖∆huh‖
2
h ds

]
+ E

[
ˆ Th

0

R(s)p−1hε
ˆ

O
Iyh
{
|∂x∆huh|

2
}
dx dy ds

]

+ E

[
ˆ Th

0

R(s)p−1hε
ˆ

O
Ixh
{
|∂y∆huh|

2
}
dx dy ds

]

+ E

[
ˆ Th

0

R(s)p−1

ˆ

O
Iyh
{[

|uh|
−p−2

]
x
|∂xuh|

2
}
dx dy ds

]

+ E

[
ˆ Th

0

R(s)p−1

ˆ

O
Ixh

{[
|uh|

−p−2
]
y
|∂yuh|

2
}
dx dy ds

]

≤ E

[
R(0)p

]
+ Cκ4E

[
ˆ Th

0

R(s)p ds

]
. (4.76)

Applying Gronwall’s lemma concludes the proof. �

4.2. Hölder continuity in time. For compactness in time, the first step is to establish
uniform Hölder continuity for the stochastic integral. In particular, we will prove the
following lemma.

Lemma 4.3. Let T
max

> 0, p > 1, ν ∈ (0, 1
2
) and let the Assumptions (S), (I), (P), (B),

(R), and (B3∗) hold true. If 2νp > 1 holds, for solutions (uh, ph) to (3.6) the stochastic
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integral

Ih(t) :=

dimUx
h∑

i=1

dimUy
h∑

j=1

∑

k∈Ixh , l∈I
y
h

Iijkl(t)e
x
i (x̃)e

y
j (ỹ) (4.77)

with

Iijkl(t) :=M−1
ij

ˆ t∧Th

0

ˆ

O
Iyh
{
Ixh,loc{∂x(λ

x
kluhg̃h,kl)e

x
i (x)e

y
i (y)}

}
dx dy dβxkl

+M−1
ij

ˆ t∧Th

0

ˆ

O
Ixh
{
Iyh,loc{∂y(λ

x
kluhg̃h,kl)e

x
i (x)e

y
i (y)}

}
dx dy dβykl

(4.78)

is contained in L2p(Ω;Cβ([0, T
max

];L2(O))) with β := ν − 1
2p

.

Proof. According to Lemma 2.1 in [29] it suffices to show that

Ẑx(s)(ω) := χTh

dimUx
h∑

i=1

dimUy
h∑

j=1

M−1
ij exi (x̃)e

y
j (ỹ)

×

ˆ

O
Iyh



Ixh,loc



∂x(uh

∑

k∈Ixh , l∈I
y
h

〈gkl, ω〉L2 g̃h,kl)e
x
i (x)e

y
j (y)







 dx dy (4.79)

and

Ẑy(s)(ω) := χTh

dimUx
h∑

i=1

dimUy
h∑

j=1

M−1
ij exi (x̃)e

y
j (ỹ)

×

ˆ

O
Ixh



Iyh,loc



∂y(uh

∑

k∈Ixh , l∈I
y
h

〈gkl, ω〉L2 g̃h,kl)e
x
i (x)e

y
j (y)







 dx dy (4.80)

are progressively measurable and contained in L2p(Ω× (0, Tmax);L2(L
2(O);L2(O))) with

a uniform bound in h to establish Ih ∈ L2p(Ω;W ν,2p(0, Tmax;L
2(O))). Then the continuous

embedding

W ν,2p(0, Tmax;L
2(Ω)) →֒ C

ν− 1
2p ([0, Tmax];L

2(O)) (4.81)

completes the proof. Recalling the computations from (4.45) and using (B3), we imme-
diately obtain the bounds

∥∥∥Ẑx
∥∥∥
2

L2(L2(O);L2(O))
≤ χThC

ˆ

O
Iyh
{
|∂xuh|

2
}
dx dy + C

ˆ

O
Ixyh
{
|uh|

2
}
dx dy , (4.82)

∥∥∥Ẑy
∥∥∥
2

L2(L2(O);L2(O))
≤ χThC

ˆ

O
Ixh
{
|∂yuh|

2
}
dx dy + C

ˆ

O
Ixyh
{
|uh|

2
}
dx dy . (4.83)

Progressive measurability is satisfied due to the pathwise continuity of the uh P-almost
surely. Hence, the result follows by Proposition 4.2. �

In order to show compactness in time, we shall use Lemma 4.3 to establish the Hölder
continuity of uh as a mapping from [0, Tmax] into appropriate Sobolev spaces.
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Lemma 4.4. Let T
max

> 0 and let the Assumptions (S), (I), (P), (B), (R), and (B3∗)
hold true. Then, for p sufficiently large, a solution uh to (3.6) is uniformly bounded in
Lσ(Ω;C1/4([0, T

max
]; (H1

per(O))
′
)) for σ < 8/5, i.e.

E

[(
sup

t1,t2∈[0,Tmax]

‖uh(t2)− uh(t1)‖(H1
per(O))′

|t2 − t1|1/4

)σ]
≤ C . (4.84)

Proof. Denoting the standard L2-projection onto Uh by PUh
, we obtain

‖uh(t2)− uh(t1)‖(H1
per(O))′ = sup

06=ψ∈H1
per(O)

(
‖ψ‖−1

H1(O)

∣∣∣∣
ˆ

O
(uh(t2)− uh(t1))ψ dx dy

∣∣∣∣
)

=

≤ sup
06=ψ∈H1

per(O)

(
‖ψ‖−1

H1(O)

∣∣∣∣
ˆ

O
Ixyh {(uh(t2)− uh(t1))PUh

{ψ}} dx dy

∣∣∣∣
)

+ sup
06=ψ∈H1

per(O)

(
‖ψ‖−1

H1(O)

∣∣∣∣
ˆ

O
(I − Ixyh ){(uh(t2)− uh(t1))PUh

{ψ}} dx dy

∣∣∣∣
)

=: sup
06=ψ∈H1

per(O)

(
‖ψ‖−1

H1(O) |I|
)
+ sup

06=ψ∈H1
per(O)

(
‖ψ‖−1

H1(O) |II|
)
. (4.85)

To derive an estimate for |I|, we start with the identity

ˆ

O
Ixyh {(uh(t2)− uh(t1))φh}dx dy +

ˆ t2∧Th

t1∧Th

ˆ

O
Iyh

{
[G′′(uh)]

−1
x ∂xph∂xφh

}
dx dy ds

+

ˆ t2∧Th

t1∧Th

ˆ

O
Ixh

{
[G′′(uh)]

−1
y ∂yph∂yφh

}
dx dy ds =

ˆ

O
Ixyh {(Ih(t2)− Ih(t1))φh}dx dy

(4.86)

resulting from (3.6a) for 0 ≤ t1 < t2. Using (4.86) with φh = PUh
{ψ} and Hölder’s

inequality, we deduce the estimate

|I| ≤

(
ˆ t2∧Th

t1∧Th

ˆ

O
Iyh

{
[G′′(uh)]

−1
x |∂xph|

2
}
dx dy ds

)1/2

×

(
ˆ t2∧Th

t1∧Th

ˆ

O
Iyh

{
[G′′(uh)]

−1
x |∂xPUh

{ψ}|2
}
dx dy ds

)1/2

+

(
ˆ t2∧Th

t1∧Th

ˆ

O
Ixh

{
[G′′(uh)]

−1
y |∂yph|

2
}
dx dy ds

)1/2

×

(
ˆ t2∧Th

t1∧Th

ˆ

O
Ixh

{
[G′′(uh)]

−1
y |∂yPUh

{ψ}|2
}
dx dy ds

)1/2

+ C ‖Ih(t2)− Ih(t1)‖L2(O) ‖PUh
{ψ}‖L2(O) .

(4.87)
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In order to derive bounds for the first term on the right-hand side, we use the estimate
(
ˆ t2∧Th

t1∧Th

ˆ

O
Iyh

{
[G′′(uh)]

−1
x |∂xPUh

{ψ}|2
}
dx dy ds

)1/2

≤ C

(
ˆ t2∧Th

t1∧Th
‖uh‖

2
L∞(O) ‖∂xPUh

{ψ}‖2L2(O) ds

)1/2

≤ C
(
(t2 − t1)

3/4 ‖uh‖
2
L8(0,Tmax;L∞(O))

)1/2
‖ψ‖H1(O)

≤ C(t2 − t1)
3/8 ‖ψ‖H1(O) ‖∆huh‖

1/4
L2(0,Tmax;L2(O)) ‖uh‖

3/4
L∞(0,Tmax;H1(O))

+ C(t2 − t1)
3/8 ‖ψ‖H1(O) ‖uh‖L∞(0,Tmax;H1(O)) .

(4.88)

In the last step, we used the inequality

‖uh‖L8(0,Tmax;L∞(O))≤C ‖∆huh‖
1/4
L2(0,Tmax;L2(O)) ‖uh‖

3/4
L∞(0,Tmax;H1(O))+ C ‖uh‖L∞(0,Tmax;H1(O)) ,

which follows from the discrete Gagliardo–Nirenberg inequality proven in Corollary A.4.
Using similar computations for the second term on the right-hand side of (4.87) and
estimating the remaining term with help of Lemma 4.3, we obtain

E

[
sup

06=ψ∈H1
per(O)

(
‖ψ‖−1

H1(O) |I|
)σ
]

≤ C(t2 − t1)
3σ/8

E

[(
ˆ t2∧Th

t1∧Th

ˆ

O
Iyh

{
[G′′(uh)]

−1
x |∂xph|

2
}
dx dy ds

)σ/2

×
(
‖∆huh‖

σ/4

L2(0,Tmax;L2(O)) ‖uh‖
3σ/4

L∞(0,Tmax;H1(O)) + ‖uh‖
σ
L∞(0,Tmax;H1(O))

)]

+ C(t2 − t1)
3σ/8

E

[(
ˆ t2∧Th

t1∧Th

ˆ

O
Ixh

{
[G′′(uh)]

−1
y |∂yph|

2
}
dx dy ds

)σ/2

×
(
‖∆huh‖

σ/4

L2(0,Tmax;L2(O)) ‖uh‖
3σ/4

L∞(0,Tmax;H1(O)) + ‖uh‖
σ
L∞(0,Tmax;H1(O))

)]

+ C(t2 − t1)
σβ .

(4.89)

Applying Young’s inequality, we end up with

E

[
sup

06=ψ∈H1
per(O)

(
‖ψ‖−1

H1(O) |I|
)σ
]

≤ C(t2 − t1)
3σ/8

E

[
ˆ t2∧Th

t1∧Th

ˆ

O
Iyh

{
[G′′(uh)]

−1
x |∂xph|

2
}
dx dy ds

]

+ C(t2 − t1)
3σ/8

E

[
ˆ t2∧Th

t1∧Th

ˆ

O
Ixh

{
[G′′(uh)]

−1
y |∂yph|

2
}
dx dy ds

]

+ C(t2 − t1)
3σ/8

E

[
‖∆huh‖

σ/(4−2σ)

L2(0,Tmax;L2(O)) ‖uh‖
3σ/(4−2σ)

L∞(0,Tmax;H1(O)) + ‖uh‖
2/(2−σ)
L∞(0,Tmax;H1(O))

]

+ C(t2 − t1)
σβ .

(4.90)
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As we assumed σ < 8/5, we have σ/(4− 2σ) < 2. Therefore, we may apply Young’s
inequality once again to obtain

‖∆huh‖
σ/(4−2σ)
L2(0,Tmax;L2(O)) ‖uh‖

3σ/(4−2σ)
L∞(0,Tmax;H1(O))

≤ C ‖∆huh‖
2
L2(0,Tmax;L2(O)) + C ‖uh‖

6σ/(8−5σ)

L∞(0,Tmax;H1(O)) . (4.91)

In view of Proposition 4.2, we conclude

E

[
sup

06=ψ∈H1
per(O)

(
‖ψ‖−1

H1(O) |I|
)σ
]
≤ C(t2 − t1)

3σ/8 + C(t2 − t1)
σβ (4.92)

for p large enough.
Using (A.1e), an inverse estimate, and the stability properties of PUh

, we obtain

|II| ≤ Ch ‖uh(t2)− uh(t1)‖L2(O) ‖ψ‖H1(O) . (4.93)

To obtain an estimate for ‖uh(t2)− uh(t1)‖L2(O), we again start with the identity (4.86)

and choose φh = (uh(t2)− uh(t1)). This provides the estimate

‖uh(t2)− uh(t1)‖
2
h ≤

∣∣∣∣
ˆ t2∧Th

t1∧Th

ˆ

O
Iyh

{
[G′′(uh)]

−1
x ∂xph∂x(uh(t2)− uh(t1))

}
dx dy ds

∣∣∣∣

+

∣∣∣∣
ˆ t2∧Th

t1∧Th

ˆ

O
Ixh

{
[G′′(uh)]

−1
y ∂yph∂y(uh(t2)− uh(t1))

}
dx dy ds

∣∣∣∣
+ ‖Ih(t2)− Ih(t1)‖L2(O) ‖uh(t2)− uh(t1)‖L2(O)

=:N1 +N2 +N3 .
(4.94)

Using Hölder’s inequality and Young’s inequality, we compute

N1 ≤

ˆ t2∧Th

t1∧Th

(
ˆ

O
Iyh

{∣∣∣[G′′(uh)]
−1
x ∂xph

∣∣∣
4/3
}
dx dy

)3/4

×

(
ˆ

O
Iyh
{
|∂x(u(t2)− uh(t1))|

4
}
dx dy

)1/4

ds

≤C(t2 − t1)
1/2

ˆ t2∧Th

t1∧Th

(
ˆ

O
Iyh

{∣∣∣[G′′(uh)]
−1
x ∂xph

∣∣∣
4/3
}
dx dy

)3/2

ds

+ C(t2 − t1)
−1/2

ˆ t2∧Th

t1∧Th

(
ˆ

O
Iyh
{
|∂x(uh(t2)− uh(t1))|

4
}
dx dy

)1/2

ds

=: (t2 − t1)
1/2N1a + (t2 − t1)

−1/2N1b .

(4.95)

For the first term, we obtain from Hölder’s inequality

N1a ≤C

ˆ t2∧Th

t1∧Th

(
ˆ

O
Iyh

{
[G′′(uh)]

−1
x |∂xph|

2
}
dx dy

)(
ˆ

O
Iyh

{∣∣∣[G′′(uh)]
−1
x

∣∣∣
2
}
dx dy

)1/2

ds

≤C

ˆ t2∧Th

t1∧Th
R(s)

ˆ

O
Iyh

{
[G′′(uh)]

−1
x |∂xph|

2
}
dx dy ds ,

(4.96)
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where we used
(
ˆ

O
Iyh

{∣∣∣[G′′(uh)]
−1
x

∣∣∣
2
}
dx dy

)1/2

≤ C

(
ˆ

O
|uh|

4 dx dy

)1/2

≤ C ‖uh‖
2
H1(O) ≤ CR(s) .

(4.97)

Concerning N1b , we obtain from a discrete version of the Gagliardo–Nirenberg inequality
(cf. Corollary A.4)

N1b ≤C(t2 − t1) ‖uh(t2)− uh(t1)‖
2
W 1,4(O)

≤C(t2 − t1) ‖∆huh(t2)−∆huh(t1)‖h ‖uh(t2)− uh(t1)‖H1(O)

+ C(t2 − t1) ‖uh(t2)− uh(t1)‖
2
H1(O) .

(4.98)

Estimates for N2 can be derived in a similar manner. To derive bounds for N3, we use
the results from Lemma 4.3 and obtain

E[N3] ≤ δE
[
‖uh(t2)− uh(t1)‖

2
h

]
+ CδE

[
‖Ih(t2)− Ih(t1)‖

2
L2(O)

]

≤δE
[
‖uh(t2)− uh(t1)‖

2
h

]
+ Cδ(t2 − t1)

2β .
(4.99)

as the first term on the right-hand side of (4.99) can be absorbed for δ small enough, we
obtain

E

[
hσ ‖uh(t2)− uh(t1)‖

σ
L2(O)

]

≤ C(t2 − t1)
σ/4hσE

[
ˆ t2∧Th

t1∧Th
R(s)

ˆ

O
Iyh

{
[G′′(uh)]

−1
x |∂xph|

2
}
dx dy ds

]

+ C(t2 − t1)
σ/4hσE

[
ˆ t2∧Th

t1∧Th
R(s)

ˆ

O
Ixh

{
[G′′(uh)]

−1
y |∂yph|

2
}
dx dy ds

]

+ C(t2 − t1)
σ/4hσE

[
‖∆huh(t2)−∆huh(t1)‖

σ/2
h ‖uh(t2)− uh(t1)‖

σ/2
H1(O)

]

+ C(t2 − t1)
σ/4hσE

[
‖uh(t2)− uh(t1)‖

σ
H1(O)

]
+ Chσ(t2 − t1)

σ/4 + Chσ(t2 − t1)
σβ

≤ Chσ(t2 − t1)
σ/4 + C(t2 − t1)

σ/4
E

[
sup

s∈[0,Tmax]

‖uh(s)‖
σ
H1(O)

]
+ Chσ(t2 − t1)

σβ ,

(4.100)

where we used (2.9). Choosing β ≥ 1/4 (cf. Lemma 4.3) completes the proof. �

5. Passage to the limit

5.1. Compactness. As uh is only strictly positive for h > 0, we lack h-independent
bounds on the pressure ph. Therefore, we consider the fluxes

Jxh := Iyh

{√
[G′′(uh)]

−1
x ∂xph

}
, Jyh := Ixh

{√
[G′′(uh)]

−1
y ∂yph

}
, (5.1)

which are uniformly bounded in L2(Ω;L2(0, Tmax;L
2(O))). Note that solutions (uh, ph)

to (3.6) may be equivalently characterized by (uh,∆huh, J
x
h , J

y
h). In the following, we

consider these objects in the spaces

Xu := C([0, Tmax];L
q(O)) , q <∞ , (5.2a)
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X∆u := (L2(0, Tmax;L
2(O)))weak , (5.2b)

XJx := (L2(0, Tmax;L
2(O)))weak , (5.2c)

XJy := (L2(0, Tmax;L
2(O)))weak . (5.2d)

Lemma 5.1. Let T
max

> 0 be arbitrary but fixed. Let (uh, ∆huh, J
x
h , J

y
h)h be a sequence

of discrete solutions to (3.6). Then the families of laws (µuh)h, (µ∆huh)h, (µJx
h
)
h
, and

(µJy
h
)
h

are tight.

Proof. From Proposition 4.2 and Lemma 4.4, we obtain that (uh)h is uniformly bounded

in L2(Ω;L∞(0, Tmax;H
1(O))) ∩Lσ(Ω;C1/4([0, Tmax]; (H

1
per(O))

′
)) for σ < 8/5. Due to the

well-known compactness theorem by Simon (cf. [64]), the ballBR in L∞(0, Tmax;H
1
per(O))∩

C1/4([0, Tmax]; (H
1
per(O))

′
) is a compact subset of C([0, Tmax];L

q(O)). Furthermore, we
have for any R > 0

µuh
(
Xu\BR

)
= P

[
‖uh‖

σ
L∞(0,Tmax;H1(O)) + ‖uh‖

σ
C1/4([0,Tmax];(H1

per(O))′) > Rσ
]

≤ R−σ
E

[
‖uh‖

2
L∞(0,Tmax;H1(O)) + C + ‖uh‖

σ
C1/4([0,Tmax];(H1

per(O))′)

]
,

(5.3)

which shows the tightness of (µuh)h. As closed balls in L2(0, Tmax;L
2(O)) are compact in

the weak topology, the tightness of (µ∆huh)h, (µJx
h
)
h

and (µJy
h
)
h

is a direct consequence of

Markov’s inequality and the bound obtained in Proposition 4.2. �

Following the lines of [28], we introduce the Polish space

XW := (C([0, Tmax];L
2(O)))

2
(5.4)

as an additional path space. Let µW := (µW x, µW y)T be the law of

W = (
∑

k,l∈Z
λxklgklβ

x
kl,
∑

k,l∈Z
λyklgklβ

y
kl)

T
. (5.5)

As XW is a Polish space, µW is a Radon measure and therefore regular from the interior,
i.e.

µW

(
(C([0, Tmax];L

2(O)))
2
)
= sup

{
µW (K) : K ⊂ (C([0, Tmax];L

2(O)))
2

compact
}
.

(5.6)

To deal with the initial data, we introduce the space Xu0 := H1
per(O). Together with the

tightness results of Lemma 5.1, we obtain the following result.

Lemma 5.2. On the path space X := Xu ×X∆u ×XJx ×XJy ×XW ×Xu0 the joint laws
µh defined by

µh(A×B × C ×D ×E × F ) :=

P
[
{uh ∈ A} ∩ {∆huh ∈ B} ∩ {Jxh ∈ C} ∩ {Jyh ∈ D} ∩ {W ∈ E} ∩ {u0 ∈ F}

]
, (5.7)

for h ∈ (0, 1] are tight.

Using Jakubowski’s theorem (cf. [51]) which is a generalization of Skorokhod’s theorem
(cf. [65]), we obtain the following result.
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Proposition 5.3. Let (uh, ∆huh, J
x
h , J

y
h) be solutions to (3.6) in the sense of Lemma 3.7

defined on the same stochastic basis (Ω,F , (Ft)t≥0,P) with respect to the Wiener process

W . Then there exists a subsequence which we again denote by (uh,∆huh, J
x
h , J

y
h) such

that there are a stochastic basis (Ω̃, F̃ , P̃), a sequence of random variables

ũh : Ω̃ → C([0, T
max

];Lq(O)) (q <∞) , (5.8a)

∆̃huh : Ω̃ → L2(0, T
max

;L2(O)) , (5.8b)

J̃xh : Ω̃ → L2(0, T
max

;L2(O)) , (5.8c)

J̃yh : Ω̃ → L2(0, T
max

;L2(O)) , (5.8d)

ũ0h : Ω̃ → H1
per(O) , (5.8e)

a sequence of (L2(O))
2
-valued processes W̃ h on Ω̃, random variables

ũ ∈ L2(Ω̃;C([0, T
max

];Lq(O))) (q <∞) , (5.9a)

∆̃u ∈ L2(Ω̃;L2(0, T
max

;L2(O))) , (5.9b)

J̃x ∈ L2(Ω̃;L2(0, T
max

;L2(O))) , (5.9c)

J̃y ∈ L2(Ω̃;L2(0, T
max

;L2(O))) , (5.9d)

ũ0 ∈ L2(Ω̃;H2
per(O)) , (5.9e)

and an L2(O)-valued process W̃ on Ω̃ which satisfy the following properties:

i) The law of (ũh, ∆̃huh, J̃
x
h , J̃

y
h , W̃h, ũ

0
h) on Xu×X∆u×XJx ×XJy ×XW ×Xu0 under

P̃ coincides for any h with the law of (uh,∆huh, J
x
h , J

y
h ,W, u

0
h) under P.

ii) The sequence (ũh, ∆̃huh, J̃
x
h , J̃

y
h , W̃h, ũ

0
h) converges P̃-almost surely towards

(ũ, ∆̃u, J̃x, J̃y, W̃ , ũ0) in the topology of X .

Remark 5.4. In particular, one may use the interval [0, 1] for Ω̃, its standard Borel

σ-algebra for F̃ , and the Lebesgue measure for P̃ (cf. [51]).

Similarly to Th, we introduce the random stopping times

T̃h := Tmax ∧ inf {t ≥ 0 : Eh(ũh(t)) ≥ Emax,h} . (5.10)

Lemma 5.5. Along a subsequence, the convergence limhց0 T̃h = T
max

holds P̃-almost
surely.

Proof. Following the lines of [28], we compute for each τ ∈ (0, Tmax]

P̃

[
{T̃h < τ}

]
= P[{Th < τ}] ≤ Chρ/(2+p) . (5.11)

Hence T̃h → Tmax in probability for h ց 0, which implies the P̃-almost sure convergence
for a subsequence. �

Lemma 5.6. Under the Assumptions (S), (I), (P), (B), (R), and (B3∗), ∆̃huh can

be identified P̃-almost surely as the discrete Laplacian of ũh, i.e.

∆̃huh = ∆hũh . (5.12a)
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Furthermore, the flux components J̃xh and J̃yh can be identified P̃-almost surely as

J̃xh = χT̃hI
y
h

{√
[G′′(ũh)]

−1
x ∂x(−∆hũh + Ixyh {F ′(ũh)}+ hε∆h∆hũh)

}
, (5.12b)

J̃yh = χT̃hI
x
h

{√
[G′′(ũh)]

−1
y ∂y(−∆hũh + Ixyh {F ′(ũh)}+ hε∆h∆hũh)

}
. (5.12c)

Proof. As ∆huh depends continuously on uh (cf. (2.9)), (5.12a) follows by equality of laws.
As for every fixed h > 0, the functions uh and ũh are almost surely in C([0, Tmax];C(O)),
the stopping times Th(ω) and T̃h(ω̃) are also continuous functions of uh and ũh, respec-
tively. By inverse estimates (cf. Theorem 4.5.11 in [10]) and the oscillation lemma 3.6, the
same holds true for the terms on the right-hand side of (5.12b) and (5.12c). In particular,
the expectation

Ẽ

[∣∣∣∣
ˆ Tmax

0

ˆ

O
J̃xhφ dx dy dt

−

ˆ Tmax

0

χT̃hI
y
h

{√
[G′′(ũh)]

−1
x ∂x(−∆hũh + Ixyh {F ′(ũh)}+ hε∆h∆hũh)

}∣∣∣∣
]

(5.13)

coincides with

Ẽ

[∣∣∣∣
ˆ Tmax

0

ˆ

O
Jxhφ dx dy dt

−

ˆ Tmax

0

χThI
y
h

{√
[G′′(uh)]

−1
x ∂x(−∆huh + Ixyh {F ′(uh)}+ hε∆h∆huh)

}∣∣∣∣
]

(5.14)

for arbitrary φ ∈ C∞([0, Tmax]; (C
∞
per(O))). As the latter one is equal to zero, this gives

the claim w.r.t. J̃xh . The argumentation for J̃yh is the same.
�

Corollary 5.7. Let the assumptions of Proposition 5.3 and Lemma 5.6 hold true. Then

the limit function ∆̃u introduced in (5.8b) can be identified with the Laplacian of ũ P̃-
almost surely.

Proof. Choosing φ ∈ C∞
per(O), a Taylor expansion provides ∂−hxx ∂+hxx φ+∂

−hy
y ∂

+hy
y φ→ ∆φ

in L∞(O). Therefore, shifting the discrete Laplacian onto the test function before passing
to the limit provides the desired result. �

We proceed by showing that W̃ and W̃ h are Q-Wiener processes adapted to suitably
defined filtrations (F̃t)t≥0 and (F̃h,t)t≥0, respectively. We define (F̃t)t≥0 to be the P̃-

augmented canonical filtration associated with (ũ, W̃ , ũ0), i.e.

F̃t := σ(σ(rtũ, rtW̃ ) ∪ {N ∈ F̃ : P̃(N) = 0} ∪ σ(ũ0)) . (5.15)

Here, rt is the restriction of a function defined on [0, Tmax] to the interval [0, t] with

t ∈ [0, Tmax]. Analogously, we introduce the filtrations (F̃h,t)t≥0 as the P̃-augmented

canonical filtration associated with (ũh, W̃ h, ũ
0
h)

F̃h,t := σ(σ(rtũh, rtW̃ h) ∪ {N ∈ F̃ : P̃(N) = 0} ∪ σ(ũ0h)) . (5.16)
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Lemma 5.8. The processes W̃ h and W̃ are Q-Wiener processes adapted to the filtrations
(F̃h,t)t≥0 and (F̃t)t≥0. They can be written as

W̃ h(t) =
∑

α∈{x, y}

∑

k, l∈Z
λαklgklβ̃

α
h,klbα and W̃ (t) =

∑

α∈{x, y}

∑

k, l∈Z
λαklgklβ̃

α
klbα . (5.17)

Here, (β̃αh,kl)α∈{x, y}, k, l∈Z and (β̃αkl)α∈{x, y}, k, l∈Z are families of independently and identically

distributed Brownian motions with respect to (F̃h,t)t≥0 and (F̃t)t≥0.

For a proof we refer to [28]. Combining the results of Proposition 5.3 and Lemma 5.6
with the discrete Gagliardo–Nirenberg inequality allows us to establish improved conver-
gence results.

Lemma 5.9. Let ũh and ∆hũh be the random variables identified in Proposition 5.3. Fur-
thermore, let the Assumptions (S), (I), (P), (B), (R), and (B3∗) hold true and let q ∈
(1,∞). Then ũh converges strongly along a subsequence towards ũ in L2(0, T

max
;W 1,q(O))

P̃-almost surely.

Proof. We follow the lines of Lemma 5.1 in [59]. Using Hölder’s inequality, we compute

‖ũh − ũ‖L2(0,Tmax;W 1,q(O)) ≤ C ‖ũh − ũ‖1/qL2(0,Tmax;H1(O)) ‖ũh − ũ‖(q−1)/q

L2(0,Tmax;W 1,2q−2(O)) . (5.18)

Due to the discrete Gagliardo–Nirenberg inequality (cf. Lemma A.2), we have ũ ∈
L2(0, Tmax;W

1,q
per(O)) P̃-almost surely. As ũh is P̃-almost surely in Uh∩L∞(0, Tmax;H

1
per(O))

with ∆hũh ∈ L2(0, Tmax;L
2(O)), we may use the discrete Gagliardo–Nirenberg inequality

(cf. Corollary A.4) to show that ũ is also P̃-almost surely in L2(0, Tmax;W
1,q
per(O)). There-

fore, it suffices to show that ũh converges strongly towards ũ in L2(0, Tmax;H
1(O)). Using

the triangle inequality, we derive

‖ũh − ũ‖L2(0,Tmax;H1(O)) ≤ ‖ũh −R{ũ}‖L2(0,Tmax;H1(O)) + ‖R{ũ} − ũ‖L2(0,Tmax;H1(O)) ,

(5.19)

where R is the Ritz projection operator defined in (2.17). As R{ũ} converges strongly to-
wards ũ in H1(O) and since ũh is L∞(H1)-regular, it only remains to show that the
first term on the right-hand side vanishes. We define Ah : Uh → Uh ∩ H1

∗ (O) via
´

O (Ahφh)ψh dx dy =
´

O ∇φh · ∇ψh dx dy for all φh, ψh ∈ Uh and compute

‖∇ũh −∇R{ũ}‖2L2(0,T ;L2(O)) ≤

∣∣∣∣
ˆ Tmax

0

ˆ

O
(Ah(ũh −R{ũ})) · (ũh −R{ũ}) dx dy

∣∣∣∣
≤ ‖Ah(ũh −R{ũ})‖L2(0,Tmax;L2(O)) ‖ũh −R{ũ}‖L2(0,Tmax;L2(O))

≤ C ‖ũh −R{ũ}‖L2(0,Tmax;L2(O)) . (5.20)

Together with the strong convergence of ũh in L2(0, Tmax;L
2(O)) P̃-almost surely, which

we have from Proposition 5.3, and the strong convergence of R{ũ} towards ũ, we complete
the proof. �

5.2. Convergence of the deterministic terms. In this section, we identify the limit
functions J̃xh and J̃yh introduced in Proposition 5.3 and use the a priori estimates from
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Proposition 4.2 to establish additional (weak) convergence properties. In order to identify
the limit of the fluxes, we consider the discrete pressure

Uh ∋ p̃h := −χT̃h∆hũh + χT̃hI
xy
h {F ′(ũh)}+ χT̃hh

ε∆h∆hũh

P̃-almost everywhere. In addition, we introduce the sets

Sδ :=
{
(ω̃, t, (x, y)) ∈ Ω̃× (0, Tmax)×O : ũ(ω, t, x, y) > δ

}
, (5.21a)

Sδ(ω̃, t) :={(x, y) ∈ O : ũ(ω̃, t, (x, y)) > δ} , (5.21b)

SQh
δ :=

{
(ω̃, t, (x, y)) ∈ Ω̃× (0, Tmax)×O : ∃Q ∈ Qh s.t. (x, y) ∈ Q

and ũh(ω̃, t, ·)
∣∣
Q
> δ
}
,

(5.21c)

SQh
δ (ω̃, t) :=

{
(x, y) ∈ O : ∃Q ∈ Qh s.t. (x, y) ∈ Q and ũh(ω̃, t, ·)

∣∣
Q
> δ
}
. (5.21d)

On these superlevel sets, we will be able to identify the limit functions of p̃h, J̃
x
h , and J̃yh .

In particular, the following lemma holds true.

Lemma 5.10. Let ũh and ũ be the random variables identified in Proposition 5.3. Fur-
thermore, let the Assumptions (S), (I), (P), (B), (R), and (B3∗) hold true. Then,
there exists a subsequence, again denoted by ũh such that for all q <∞ and q the follow-
ing convergence properties hold true:

ũh → ũ in Lq(Ω̃;C([0, T
max

];Lq(O))) , (5.22a)

ũh → ũ in Lq(Ω̃;L2(0, T
max

;W 1,q(O))) , (5.22b)

ũh
∗
⇀ ũ in L2p(Ω̃;L∞(0, T

max
;H1

per(O))) , (5.22c)

∆hũh ⇀ ∆ũ in L2(Ω̃;L2(0, T
max

;L2(O))) , (5.22d)

Iyh

{√
[G′′(ũh)]

−1
x

}
→ ũ in Lq(Ω̃;L∞(0, T

max
;Lq(O))) , (5.22e)

Ixh

{√
[G′′(ũh)]

−1
y

}
→ ũ in Lq(Ω̃;L∞(0, T

max
;Lq(O))) (5.22f)

In addition, we have

χ
[S

Qh
δ/4

]
χ[Sδ]∂xp̃h ⇀ χ[Sδ]∂xp̃ in L2(Ω̃;L2(0, T

max
;L2(O))) , (5.23a)

χ
[S

Qh
δ/4

]
χ[Sδ]∂yp̃h ⇀ χ[Sδ]∂yp̃ in L2(Ω̃;L2(0, T

max
;L2(O))) , (5.23b)

with p̃ = −∆ũ+ F ′(ũ) on Sδ for all δ > 0 and

J̃xh ⇀ J̃x in L2(Ω̃;L2(0, T
max

;L2(O))) , (5.24a)

J̃yh ⇀ J̃y in L2(Ω̃;L2(0, T
max

;L2(O))) , (5.24b)

where J̃x and J̃y are the limit functions introduced in Proposition 5.3. For every δ > 0, we
are able to identify these limit functions on the superlevel sets Sδ as J̃x= ũ∂x(−∆ũ+ F ′(ũ))
and J̃y = ũ∂y(−∆ũ + F ′(ũ)).
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Proof. By Proposition 5.3, we have in particular ũh → ũ. Choosing p sufficiently large in
Proposition 4.2 and combining Proposition 5.3 with Vitali’s convergence theorem and with
the bounds on ũh and on ∆hũh (see Proposition 4.2), we obtain the strong convergence

of ũh towards ũ in Lq(Ω̃;C([0, Tmax];L
q(Ω))), which gives (5.22a). To establish (5.22b),

we use the continuous Gagliardo–Nirenberg inequality and Lemma A.2 to show that

‖ũh − û‖q̂L2(0,Tmax;W 1,q(O)) ≤C ‖∆hũh‖
q̂(q−2)/q

L2(0,Tmax;L2(O)) ‖ũh‖
q̂−q̂(q−2)/q

L∞(0,Tmax;H1(O))

+ C ‖ũ‖q̂(q−2)/q

L2(0,Tmax;H2(O)) ‖ũ‖
q̂−q̂(q−2)/q

L∞(0,Tmax;H1(O))

+ C ‖ũh‖
q̂
L2(0,Tmax;H1(O)) + C ‖ũ‖q̂L2(0,Tmax;H1(O))

(5.25)

for all q < q̂ < 2q
q−2

. As this choice of q̂ in particular implies that q̂(q − 2)/q < 2, we may

use Hölder’s inequality to show that Ẽ

[
‖ũh − ũ‖q̂L2(0,Tmax;W 1,q(O))

]
is uniformly bounded.

As we already established the P̃-almost sure convergence in Proposition 5.3, an applica-
tion of Vitali’s convergence theorem provides the result.

From the bounds on ũh stated in Proposition 4.2, we obtain the weak convergence ũh
∗
⇀ u

in L2p(Ω̃;L∞(0, Tmax;H
1
per(O))) along a subsequence. As the strong convergence of ũh

towards ũ is already established in (5.22a), we are able to identify u and ũ.
To establish the weak convergence expressed in (5.22d), we again start with the uni-
form L2(Ω̃;L2(0, Tmax;L

2(O)))-bounds on ∆hũh stated in Proposition 5.3. These bounds

provide the existence of a subsequence converging weakly in L2(Ω̃;L2(0, Tmax;L
2(O)))

towards some limit function v. As we also have ∆hũh ⇀ ∆ũ P̃-almost surely (cf. Propo-
sition 5.3 and Corollary 5.7), combining the aforementioned uniform bounds and Vitali’s
convergence theorem provides

ˆ Tmax

0

ˆ

O
∆hũhφ dx dy dt→

ˆ Tmax

0

ˆ

O
∆ũφ dx dy dt (5.26)

strongly in Lr(Ω̃) for r < 2. Therefore, we have v = ∆hũ.

To establish (5.22e), it suffices to show Ẽ

[∥∥∥∥I
y
h

{√
[G′′(ũh)]

−1
x

}
− ũh

∥∥∥∥
q

L∞(0,Tmax;Lq(O))

]

vanishes for hց 0. Using Hölder’s inequality, we obtain

Ẽ

[
sup

t∈[0,Tmax]

ˆ

O

∣∣∣∣I
y
h

{√
[G′′(ũh)]

−1
x

}
− ũh

∣∣∣∣
q

dx dy

]

≤

(
Ẽ

[
sup

t∈[0,Tmax]

ˆ

O

∣∣∣∣I
y
h

{√
[G′′(ũh)]

−1
x

}
− ũh

∣∣∣∣
2

dx dy

])1/2

×

(
Ẽ

[
sup

t∈[0,Tmax]

ˆ

O

∣∣∣∣I
y
h

{√
[G′′(ũh)]

−1
x

}
− ũh

∣∣∣∣
2q−2

dx dy

])1/2

. (5.27)

In the following, we will show that the first factor converges towards zero while the second
factor remains bounded. Since [G′′(ũh)]

−1
x

∣∣
Kx (y) ∈ [minx∈Kx ũ2h(x, y),maxx∈Kx ũ2h(x, y)],

we compute on each Q ∈ Qh
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ˆ

Q

∣∣∣∣I
y
h

{√
[G′′(ũh)]

−1
x

}
− ũh

∣∣∣∣
2

dx dy ≤

ˆ

Q

Iyh

{
|max
Kx

ũh −min
Kx

ũh|
2
}
dx dy

≤ h2
ˆ

Q

Iyh
{
|∂xũh|

2
}
dx dy , (5.28)

which provides the first result. To show that the second integral remains bounded, we
use that on each element Kx = (ihx, (i+ 1)hx) we have [G′′(ũh)]

−1
x

∣∣
Kx (y) = ũh(ihx, y) ·

ũh((i+ 1)hx, y). Applying the inequality of arithmetic and geometric means and Jensen’s
inequality, we obtain on each Q := (ihx, (i+ 1)hx)×Ky

ˆ

Q

∣∣∣∣I
y
h

{√
[G′′(ũh)]

−1
x

}∣∣∣∣
2q−2

dx dy ≤

ˆ

Q

∣∣∣Iyh
{√

ũh(ihx, y)ũh((i+ 1)hx, y)
}∣∣∣

2q−2

dx dy

≤

ˆ

Q

∣∣1
2
Iyh{ũh(ihx, y) + ũh((i+ 1)hx, y)}

∣∣2q−q dx dy

≤

ˆ

Q

1
2
Iyh
{
ũ2q−2
h (ihx, y) + ũ2q−2

h ((i+ 1)hx, y)
}
dx dy =

ˆ

Q

Ixyh
{
ũ2q−2
h

}
dx dy . (5.29)

Summing over all Q ∈ Qh and applying (2.6), we obtain the result for p large enough.
The convergence expressed in (5.22f) can be shown with analogous computations.

To address (5.23a), we combine the bounds in Proposition 5.3 with the estimate
ˆ

O
χ
[S

Qh
δ/4

]
χ[Sδ]|∂xp̃h|

2 dx dy ≤ δ−2C

ˆ

O
Iyh

{
[G′′(ũh)]

−1
x |∂xp̃h|

2
}
dx dy , (5.30)

which indicates that χ
[S

Qh
δ/4

]
χ[Sδ]∂xp̃h is uniformly bounded in L2(Ω̃;L2(0, Tmax;L

2(O))).

Therefore, there exists a subsequence converging towards a limit function ηδ. In the
following, we have to show that ηδ = ∂xp̃ on Sδ.
We approximate the characteristic function χ[Sδ] by a family of functions χ̃N (ω, t)N∈N :

Ω̃× [0, Tmax] → C∞
per(O) satisfying

χ̃N(ω, t, (x, y)) = 0 for (x, y) ∈ Sδ(ω, t)
c ,

χ̃N(ω, t, (x, y)) =

{
1 if dist ((x, y), ∂Sδ(ω, t)) ≥

1
N
,

0 if dist ((x, y), ∂Sδ(ω, t)) ≤
1

N+1
.

(5.31)

To identify ηδ on Sδ with ∂xp̃, we will show that

Ẽ

[
ˆ Tmax

0

ˆ

O
ηδφ̃χ̃N dx dy dt

]
= −Ẽ

[
ˆ Tmax

0

ˆ

O
p̃∂x(φ̃χ̃N ) dx dy dt

]
(5.32)

for sufficiently regular test functions φ̃. In the following, we will show that this equation
is valid even in the slightly more general case when φ̃χ̃ is replaced by the test function
ζ̃ ∈ L∞(Ω̃;C∞([0, Tmax];C

∞
per(O))) with supp ζ̃(ω, t) ⊂ Sδ(ω, t).

As ũh converges strongly inW 1,q
per(O) (q <∞) P̃-almost surely for almost all t ∈ (0, Tmax)

and hence almost everywhere in Ω̃ × (0, Tmax), we have ũh → ũ in Cγ
per(O) with γ < 1

almost everywhere in Ω̃ × (0, Tmax). This allows us to apply an appropriate version of
Egorov’s theorem (cf. Theorem 42 in [19]) and to deduce for all ι > 0 the existence of a
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subset Eι ⊂ Ω̃× (0, Tmax) with measure smaller than ι such that ũh converges uniformly

in (Ω̃× (0, Tmax)) \ Eι =: Ecι . Therefore, we compute

Ẽ

[
ˆ Tmax

0

ˆ

O
χ
[S

Qh
δ/4

]
χ[Sδ]∂xp̃hζ̃ dx dy dt

]
=

ˆ

Ω̃

ˆ Tmax

0

ˆ

O
χ
[S

Qh
δ/4

]
∂xp̃hζ̃ dx dy dt dP̃[ω̃]

=

ˆ

Ec
ι

ˆ

O
χ
[S

Qh
δ/4

]
∂xp̃hζ̃ dx dy dt dP̃[ω̃] +

ˆ

Eι

ˆ

O
χ
[S

Qh
δ/4

]
∂xp̃hζ̃ dx dy dt dP̃[ω̃] =: A +B .

(5.33)

Applying Hölder’s inequality, we immediately obtain |B| ≤ Cι1/2. As ũh converges uni-

formly towards ũ in Ecι , we have supp ζ̃(ω, t) ⊂ Sδ(ω, t) ⊂ SQh

δ/4(ω, t) for h sufficiently

small. Using the definition of p̃h, we obtain

A = −

ˆ

Ec
ι

ˆ

O
p̃h∂xζ̃ dx dy dt dP̃[ω̃]

=

ˆ

Ec
ι

ˆ

O
χT̃h∆hũh∂xζ̃ dx dy dt dP̃[ω̃]−

ˆ

Ec
ι

ˆ

O
χT̃hI

xy
h {F ′(ũh)}∂xζ̃ dx dy dt dP̃[ω̃]

− hε
ˆ

Ec
ι

ˆ

O
χT̃h∆h∆hũh∂xζ̃ dx dy dt dP̃[ω̃]

=:A1 + A2 + A3 .
(5.34)

The convergence of A1 towards
´

Ec
ι

´

O ∆ũ∂xζ̃ dx dy dt dP̃[ω̃] is a direct consequence of the

weak convergence (5.22d). To obtain the convergence of A2, we use

A2=−

ˆ

Ec
ι

ˆ

O
χT̃hF

′(ũh)∂xζ̃ dx dy dt dP̃[ω̃]+

ˆ

Ec
ι

ˆ

O
χT̃h(I − Ixyh ){F ′(ũh)}∂xζ̃ dx dy dt dP̃[ω̃] .

As supp ζ̃(ω, t) ⊂ SQh

δ/4(ω, t), the second term vanishes for hց 0 due to Lemma A.5 and the

first term converges towards −
´

Ec
ι

´

O F
′(ũ)∂xζ̃ dx dy dt dP̃[ω̃] due to Vitali’s convergence

theorem. The treatment of A3 is more delicate, as the bounds on hε∆h∆hũh are not
obvious. We begin by splitting A3 into

A3 = − hε
ˆ

Ec
ι

ˆ

O
χT̃hI

xy
h

{
∆h∆hũhI

xy
h

{
∂xζ̃
}}

dx dy dt dP̃[ω̃]

− hε
ˆ

Ec
ι

ˆ

O
χT̃h(I − Ixyh )

{
∆h∆hũhI

xy
h

{
∂xζ̃
}}

dx dy dt dP̃[ω̃]

− hε
ˆ

Ec
ι

ˆ

O
χT̃h∆h∆hũh(I − Ixyh ){∂xζ̃}dx dy dt dP̃[ω̃] =: A3a + A3b + A3c .

(5.35)

Recalling (2.7) and applying Hölder’s inequality shows that A3a vanishes, since

|A3a | ≤hε/2
∥∥hε/2∂x∆hũh

∥∥
L2(Ω̃;L2(0,Tmax;L2(O)))

∥∥∥∂xIxyh
{
∂xζ̃
}∥∥∥

L2(Ω̃;L2(0,Tmax;L2(O)))

+ hε/2
∥∥hε/2∂y∆hũh

∥∥
L2(Ω̃;L2(0,Tmax;L2(O)))

∥∥∥∂yIxyh
{
∂xζ̃
}∥∥∥

L2(Ω̃;L2(0,Tmax;L2(O)))

≤hε/2C .

(5.36)
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Due to (2.9) we have h
∥∥hε/2∆h∆hũh

∥∥
L2(Ω̃;L2(0,Tmax;L2(O)))

≤ C. Therefore, standard esti-

mates for Ixyh , which can be found e.g. in Theorem 4.4.20 in [10], provide

|A3b| ≤Chε/2h
∥∥hε/2∆h∆hũh

∥∥
L2(Ω̃;L2(0,Tmax;L2(O)))

∥∥∥∇Ixyh

{
∂xζ̃
}∥∥∥

L2(Ω̃;L2(0,Tmax;L2(O)))

≤Chε/2 .
(5.37)

Similar considerations based on Lemma A.1 provide

|A3c| ≤hε/2
∥∥hε/2∆h∆hũh

∥∥
L2(Ω̃;L2(0,Tmax;L2(O)))

∥∥∥(I − Ixyh ){∂xζ̃}
∥∥∥
L2(Ω̃;L2(0,Tmax;L2(O)))

≤Ch1+ε/2
∥∥∥∂xζ̃

∥∥∥
L2(Ω̃;L2(0,Tmax;H2(O)))

.

(5.38)

Collecting the results above, we have

A→

ˆ

Ec
ι

ˆ

O
∆ũ∂xζ̃ dx dy dt dP̃[ω̃]−

ˆ

Ec
ι

ˆ

O
F ′(ũ)∂xζ̃ dx dy dt dP̃[ω̃]

= −

ˆ

Ω̃

ˆ Tmax

0

ˆ

O
p̃∂xζ̃ dx dy dt dP̃[ω̃]−

ˆ

Eι

ˆ

O
∆ũ∂xζ̃ dx dy dt dP̃[ω̃]

+

ˆ

Eι

ˆ

O
F ′(ũ)∂xζ̃ dx dy dt dP̃[ω̃] .

(5.39)

As ũ > δ in supp ∂xζ̃, the last two integrals can be bounded by Cι1/2. Therefore, we may
identify ηδ with χ[Sδ]∂xp̃, which provides (5.23a). The convergence expressed in (5.23b)
can be proven by similar computations.
The weak convergence expressed in (5.24a) and (5.24b) can be established analogously
to (5.22d). Therefore, it remains to show that the fluxes J̃x and J̃y coincide with

ũ∂xp̃ and ũ∂yp̃, respectively. Reusing the ideas of the proof of (5.23a), we choose ζ̃ ∈

L∞(Ω̃;C∞([0, Tmax];C
∞
per(O))) with supp ζ̃(ω, t) ⊂ Sδ(ω, t) and compute

Ẽ

[
ˆ Tmax

0

ˆ

O
J̃yh ζ̃ dx dy dt

]
= Ẽ

[
ˆ Tmax

0

ˆ

O
Iyh

{√
[G′′(ũh)]

−1
x ∂xp̃h

}
ζ̃ dx dy dt

]

= Ẽ

[
ˆ Tmax

0

ˆ

O
χ
[S

Qh
δ/4

]
χ[Sδ]I

y
h

{√
[G′′(ũh)]

−1
x ∂xp̃h

}
ζ̃ dx dy dt

]

+ Ẽ

[
ˆ Tmax

0

ˆ

O
(1− χ

[S
Qh
δ/4

]
)χ[Sδ]I

y
h

{√
[G′′(ũh)]

−1
x ∂xp̃h

}
ζ̃ dx dy dt

]

= Ẽ

[
ˆ Tmax

0

ˆ

O
χ
[S

Qh
δ/4

]
χ[Sδ]I

y
h

{√
[G′′(ũh)]

−1
x

}
∂xp̃hζ̃ dx dy dt

]

− Ẽ

[
ˆ Tmax

0

ˆ

O
χ
[S

Qh
δ/4

]
χ[Sδ](I − Iyh)

{
Iyh

{√
[G′′(ũh)]

−1
x

}
∂xp̃h

}
ζ̃ dx dy dt

]

+ Ẽ

[
ˆ Tmax

0

ˆ

O
(1− χ

[S
Qh
δ/4

]
)χ[Sδ]I

y
h

{√
[G′′(ũh)]

−1
x ∂xp̃h

}
ζ̃ dx dy dt

]

=: B1 +B2 +B3 .

(5.40)
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The convergence

B1 → Ẽ

[
ˆ Tmax

0

ˆ

O
χ[Sδ]ũ∂xp̃ζ̃ dx dy dt

]
= Ẽ

[
ˆ Tmax

0

ˆ

O
ũ∂xp̃ζ̃ dx dy dt

]
(5.41)

follows directly from (5.22e) and (5.23a). Combining (A.1c) (cf. Lemma A.1) with stan-
dard inverse estimates (cf. Theorem 4.5.11 in [10]) and (5.30) provides the estimate

B2 ≤Ch

∥∥∥∥∂yI
y
h

{√
[G′′(ũh)]

−1
x

}∥∥∥∥
L2(Ω̃;L2(0,Tmax;L2(O)))

‖∂xp̃h‖L2(Sδ)

≤Cδ−1

(∥∥∥∥I
y
h

{√
[G′′(ũh)]

−1
x

}
− ũh

∥∥∥∥
L2(Ω̃;L2(0,Tmax;L2(O)))

+h ‖∂yũh‖L2(Ω̃;L2(0,Tmax;L2(O)))

)
.

(5.42)

Therefore, B2 vanishes for hց 0 due to (5.22e), and (5.22a). Applying Hölder’s inequality
and the bounds established in Proposition 5.3, we obtain

B3 ≤ C

∥∥∥∥
(
χ[Sδ] − χ

[S
Qh
δ/4

]

)
ζ̃

∥∥∥∥
L2(Ω̃;L2(0,Tmax;L2(O)))

. (5.43)

Similar to the arguments used in the proof of (5.23a), we may use Egorov’s theorem to

obtain the existence of a subset Eι ⊂ Ω̃× (0, Tmax) with measure smaller than ι such that
ũh converges uniformly in C0,γ

per(O) in (Ω̃× (0, Tmax)) \Eι =: Ecι . As we have χ[Sδ] ⊂ χ
[S

Qh
δ/4

]

in Ecι for h small enough and supp ζ̃ ⊂ Sδ, we obtain B3 ≤ Cι1/2 for all ι > 0. As we
also have J̃xh ⇀ J̃x in L2(Ω̃;L2(0, Tmax;L

2(O))), we obtain J̃x = ũ∂x(−∆ũ+ F ′(ũ)) on

Sδ. The identification of J̃y on Sδ follows by similar arguments. �

5.3. Convergence of the stochastic integral. We consider for arbitrary but fixed
v ∈ C∞

per(O) the operator Mh,v : Ω× [0, Tmax] → R defined by

Mh,v(t) :=

ˆ

O
Ixyh {(uh(t)− uh(0))v}dx dy

+

ˆ t∧Th

0

ˆ

O
Iyh

{√
[G′′(uh)]

−1
x Jxh∂xI

xy
h {v}

}
dx dy dτ

+

ˆ t∧Th

0

ˆ

O
Ixh

{√
[G′′(uh)]

−1
y Jyh∂yI

xy
h {v}

}
dx dy dτ

=
∑

k∈Ixh

∑

l∈Iyh

ˆ t∧Th

0

ˆ

O
Iyh
{
Ixh,loc{∂x(uhg̃h,kl)I

xy
h {v}}

}
dx dy dβxkl

+
∑

k∈Ixh

∑

l∈Iyh

ˆ t∧Th

0

ˆ

O
Ixh
{
Iyh,loc{∂y(uhg̃h,kl)I

xy
h {v}}

}
dx dy dβykl .

(5.44)

Remark 5.11. In contrast to [28], we define Mh,v using functions v in C∞
per(O) instead

of H2
per(O). This seems to be necessary, as the limit process in Lemma 5.14 requires

convergence and stability properties of the projection of v that are not provided by the
L2-projection. Hence, the requirements on the regularity of v are also higher.
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By the optional stopping theorem, Mh,v is a real valued martingale, i.e. we have

E[(Mh,v(t)−Mh,v(s))Ψ(rsuh, rsW )] = 0 (5.45)

for all 0 ≤ s ≤ t ≤ Tmax and for all [0, 1]-valued functions Ψ defined on Xu. Here, rs
denotes the restriction of a function on [0, Tmax] onto [0, s].

Lemma 5.12. For the quadratic variation of Mh,v, we have

〈〈Mh,v〉〉t =
∑

k∈Ixh

∑

l∈Iyh

ˆ t∧Th

0

λxkl
2

(
ˆ

O
Iyh
{
Ixh,loc{∂x(uhg̃h,kl)I

xy
h {v}}

}
dx dy

)2

ds

+
∑

k∈Ixh

∑

l∈Iyh

ˆ t∧Th

0

λykl
2

(
ˆ

O
Ixh
{
Iyh,loc{∂y(uhg̃h,kl)I

xy
h {v}}

}
dx dy

)2

ds

≤C ‖v‖2H2(O)

ˆ t∧Th

0

‖uh(s)‖
2
H1(O) ds .

(5.46)

Proof. We consider the mapping R(uh, v) : Ω× [0, Tmax]× (L2(O))
2
→ R defined by

(ω, t, (zx, zy)) 7→χTh(t, ω)

ˆ

O
Iyh



Ixh,loc



∂x(uh

∑

k∈Ixh

∑

l∈Iyh

〈gkl, zx〉L2 g̃h,kl)I
xy
h {v}







 dx dy

+ χTh(t, ω)

ˆ

O
Ixh



Iyh,loc



∂y(uh

∑

k∈Ixh

∑

l∈Iyh

〈gkl, zy〉L2 g̃h,kl)I
xy
h {v}







 dx dy .

(5.47)

We obtain for the Hilbert-Schmidt norm

‖R(uh, v)(t, ω)‖
2
L2(Q1/2(L2(O))2;R)

= χTh(t, ω)
∑

k∈Ixh

∑

l∈Iyh

λxkl
2

(
ˆ

O
Iyh
{
Ixh,loc{∂x(uhg̃h,kl)I

xy
h {v}}

}
dx dy

)2

+ χTh(t, ω)
∑

k∈Ixh

∑

l∈Iyh

λxkl
2

(
ˆ

O
Ixh
{
Iyh,loc{∂y(uhg̃h,kl)I

xy
h {v}}

}
dx dy

)2

=: χTh(t, ω)
∑

k∈Ixh

∑

l∈Iyh

λxkl
2A2 + χTh(t, ω)

∑

k∈Ixh

∑

l∈Iyh

λykl
2B2 . (5.48)

To estimate the first term, we use (2.13a) and (2.13b) and compute

A2 ≤ 2

(
ˆ

O
Iyh{∂xuhI

x
h{g̃h,klI

xy
h {v}}}dx dy

)2

+ 2

(
ˆ

O
Iyh{∂xg̃h,klI

x
h{uhI

xy
h {v}}}dx dy

)2

≤C ‖g̃h,kl‖
2
L∞(O) ‖∂xuh‖

2
L2(O) ‖I

xy
h {v}‖2L2(O) + ‖∂xg̃h,kl‖

2
L∞(O) ‖uh‖

2
L2(O) ‖I

xy
h {v}‖2L2(O) .

(5.49)

Using (B3), the standard error estimates for Ixyh , and a similar estimate for B2, we
conclude

‖R(uh, v)(t, ω)‖
2
L2(Q1/2(L2(O))2;R) ≤ CχTh(t, ω) ‖uh‖

2
H1(O) ‖v‖

2
H2(O) . (5.50)
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Applying Lemma 2.4.3 in [61] concludes the proof. �

In the next lemma, we will study cross variation of Mh,v with the processes

βαkl(t) =

ˆ

O

ˆ t

0

(λαkl)
−1
gklbα · dW dx dy (5.51)

for k, l ∈ Z and α ∈ {x, y}.

Lemma 5.13. For k, l ∈ Z and α ∈ {x, y}, the cross variation 〈〈Mh,v, β
α
kl〉〉t is given by

〈〈Mh,v, β
x
kl〉〉t =

{
λxkl

´ t∧Th
0

´

O Iyh
{
Ixh,loc{∂x(uhg̃h,kl)I

xy
h {v}}

}
dx dy ds if k ∈ Ixh , l ∈ Iyh ,

0 else ,
(5.52a)

〈〈Mh,v, β
y
kl〉〉t =

{
λykl

´ t∧Th
0

´

O Ixh
{
Iyh,loc{∂y(uhg̃h,kl)I

xy
h {v}}

}
dx dy ds if k ∈ Ixh , l ∈ Iyh ,

0 else .
(5.52b)

Proof. The proof follows the lines of Lemma 5.12 in [28]. We will only prove (5.52a), as
(5.52b) follows by similar computations.
To compute the cross variation with βxkl, we consider for given k, l the mappings Sx± :

Ω× [0, Tmax]×Q
1/2
x L2(Ω) → R which are defined as

z 7→ χTh
∑

k∈Ixh

∑

l∈Iyh

(
ˆ

O
Iyh
{
Ixh,loc

{
∂x(uh〈gkl, z〉L2)I

xy
h {v}

}}
dx dy ± (λxkl)

−1

ˆ

O
gklz dx dy

)
.

(5.53)

Computing the Hilbert-Schmidt norm of Sx±, we obtain

∥∥Sx±(uh, v)
∥∥
L2(Q

1/2
x L2(O);R)

= χTh
∑

k∈Ixh

∑

l∈Iyh

λx
kl

(
ˆ

O
Iyh
{
Ixh,loc

{
∂x(uhg̃h,kl)I

xy
h {v}

}}
dx dy

)2

±χTh2
∑

k∈Ixh

∑

l∈Iyh

λx
kl

ˆ

O
Iyh
{
Ixh,loc

{
∂x(uhg̃h,kl)I

xy
h {v}

}}
dx dy

λx
kl

λxkl

ˆ

O
gklgkl dx dy

+χTh
∑

k,l∈Z

(
λx
kl

λxkl

ˆ

O
gklgkl dx dy

)2

.

(5.54)

Using 〈〈Mh,v, β
x
kl〉〉t = 1

4
(
〈〈
Sx+(uh, v)

〉〉
t
−
〈〈
Sx−(uh, v)

〉〉
t
) and recalling the identity

´

O gklgkl dx dy = δkkδll, we deduce (5.52a). �

In addition to Mh,v, the processes

M2
h,v −

∑

k∈Ixh

∑

l∈Iyh

ˆ (·)∧Th

0

λxkl
2

(
ˆ

O
Iyh
{
Ixh,loc{∂x(uhg̃h,kl)I

xy
h {v}}

}
dx dy

)2

ds

−
∑

k∈Ixh

∑

l∈Iyh

ˆ (·)∧Th

0

λykl
2

(
ˆ

O
Ixh
{
Iyh,loc{∂y(uhg̃h,kl)I

xy
h {v}}

}
dx dy

)2

ds (5.55)
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and

Mh,vβ
x
kl − λxkl

´ (·)∧Th
0

´

O Iyh
{
Ixh,loc{∂x(uhg̃h,kl)I

xy
h {v}}

}
dx dy ds if k ∈ Ixh , l ∈ Iyh ,

Mh,vβ
x
kl else ,

(5.56)

Mh,vβ
y
kl − λykl

´ (·)∧Th
0

´

O Ixh
{
Iyh,loc{∂y(uhg̃h,kl)I

xy
h {v}}

}
dx dy ds if k ∈ Ixh , l ∈ Iyh ,

Mh,vβ
y
kl else

(5.57)

are also a martingales.
By equality of laws, we deduce that the following processes are also (F̃h,t)-martingales:

M̃h,v(t) :=

ˆ

O
Ixyh {(ũh(t)− ũh(0))I

xy
h {v}} dx dy

+

ˆ t∧T̃h

0

ˆ

O
Iyh

{√
[G′′(ũh)]

−1
x J̃xh∂xI

xy
h {v}

}
dx dy dτ

+

ˆ t∧T̃h

0

ˆ

O
Ixh

{√
[G′′(ũh)]

−1
y J̃yh∂yI

xy
h {v}

}
dx dy dτ ,

(5.58a)

M̃2
h,v(t)−

∑

k∈Ixh

∑

l∈Iyh

λxkl
2

ˆ t∧T̃h

0

(
ˆ

O
Iyh
{
Ixh,loc{∂x(ũhg̃h,kl)I

xy
h {v}}

}
dx dy

)2

ds

−
∑

k∈Ixh

∑

l∈Iyh

λykl
2

ˆ t∧T̃h

0

(
ˆ

O
Ixh
{
Iyh,loc{∂y(ũhg̃h,kl)I

xy
h {v}}

}
dx dy

)2

ds ,

(5.58b)

M̃h,vβ̃
x
h,kl − λxkl

´ (·)∧T̃h
0

´

O Iyh
{
Ixh,loc{∂x(ũhg̃h,kl)I

xy
h {v}}

}
dx dy ds if k ∈ Ixh , l ∈ Iyh ,

M̃h,vβ̃
x
h,kl else ,

(5.58c)

M̃h,vβ̃
y
h,kl − λykl

´ (·)∧T̃h
0

´

O Ixh
{
Iyh,loc{∂y(ũhg̃h,kl)I

xy
h {v}}

}
dx dy ds if k ∈ Ixh , l ∈ Iyh ,

M̃h,vβ̃
y
h,kl else .

(5.58d)

Here, we used

β̃αh,kl(t) =

ˆ

O

ˆ t

0

(λαkl)
−1
gklbα · d W̃ h dx dy (5.59)
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for k, l ∈ Z and α ∈ {x, y}. Furthermore, the quadratic variation of M̃h,v and the cross

variations with β̃αh,kl are given as

〈〈
M̃h,v

〉〉
t
=
∑

k∈Ixh

∑

l∈Iyh

ˆ t∧T̃h

0

λxkl
2

(
ˆ

O
Iyh
{
Ixh,loc{∂x(ũhg̃h,kl)I

xy
h {v}}

}
dx dy

)2

ds

+
∑

k∈Ixh

∑

l∈Iyh

ˆ t∧T̃h

0

λykl
2

(
ˆ

O
Ixh
{
Iyh,loc{∂y(ũhg̃h,kl)I

xy
h {v}}

}
dx dy

)2

ds

(5.60)

〈〈
M̃h,v, β̃

x
h,kl

〉〉
t
=

{
λxkl

´ t∧T̃h
0

´

O Iyh
{
Ixh,loc{∂x(ũhg̃h,kl)I

xy
h {v}}

}
dx dy ds if k∈Ixh , l∈I

y
h ,

0 else ,

(5.61)

〈〈
M̃h,v, β̃

y
h,kl

〉〉
t
=

{
λykl

´ t∧T̃h
0

´

O Ixh
{
Iyh,loc{∂y(ũhg̃h,kl)I

xy
h {v}}

}
dx dy ds if k∈Ixh , l∈I

y
h ,

0 else .

(5.62)

Lemma 5.14. Let the Assumptions (S), (I), (P), (B), (R), and (B3∗) hold true.
Then, for all [0, 1]-valued continuous functions Ψ defined on Xu × XW , we have

Ẽ

[(
ˆ

O
(ũ(t)− ũ(s))v dx dy +

ˆ t

s

ˆ

O
ũJx∂xv dx dy dτ

+

ˆ t

s

ˆ

O
ũJy∂yv dx dy dτ

)
Ψ(rsũ, rsW̃ )

]
= 0 (5.63)

for all 0 ≤ s ≤ t ≤ T
max

.

Proof. To establish the claim, we pass to the limit in the identity

Ẽ

[(
M̃h,v(t)− M̃h,v(s)

)
Ψ(rsũh, rsW̃ h)

]
= 0 . (5.64)

Due to Lemma 5.5, we have χT̃h = 1 on [s, t] for h small enough depending on ω̃ ∈ Ω̃. We
start with the decomposition

ˆ

O
Ixyh {(ũh(t)− ũh(s))v} dx dy

=

ˆ

O
(ũh(t)− ũh(s))I

xy
h {v}dx dy −

ˆ

O
(I − Ixyh ){(ũh(t)− ũh(s))I

xy
h {v}}dx dy . (5.65)

Due to the strong convergence of ũh in C([0, Tmax];L
q(O)) P̃-almost surely and the con-

vergence properties of Ixyh (cf. Theorem 4.4.20 in [10]), the first term on the right-hand

side converges P̃-almost surely towards
´

O (ũ(t)− ũ(s))v dx dy, while the second term
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vanishes due to Lemma A.1, as the following computation shows.
∣∣∣∣
ˆ

O
(I − Ixyh ){(ũh(t)− ũh(s))I

xy
h {v}}dx dy

∣∣∣∣ ≤ Ch ‖ũh(t)− ũh(s)‖L1(O) ‖∇Ixyh {v}‖L∞(O)

≤ Ch

ˆ

O
ũ0h dx dy ‖∇v‖L∞(O) ≤ Ch .

(5.66)

Here, we used a standard inverse estimate (cf. Theorem 4.5.11 in [10]) and the non-
negativity of ũh. In order to deal with the remaining terms, we use the decomposition

ˆ t2

t1

ˆ

O
Iyh

{√
[G′′(ũh)]

−1
x J̃xh∂xI

xy
h {v}

}
dx dy dt

=

ˆ t2

t1

ˆ

O
Iyh

{√
[G′′(ũh)]

−1
x

}
J̃xh∂xI

xy
h {v}dx dy dt

−

ˆ t2

t1

ˆ

O
(I − Iyh)

{
J̃xhI

y
h

{√
[G′′(ũh)]

−1
x ∂xI

xy
h {v}

}}
dx dy dt

−

ˆ t2

t1

ˆ

O
J̃xh (I − Iyh)

{
Iyh

{√
[G′′(ũh)]

−1
x

}
∂xI
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h {v}

}
dx dy dt

=A+B + C .

(5.67)

Applying (A.1c) from Lemma A.1 pointwise in x together with an inverse estimate
(cf. Theorem 4.5.11 [10]) and applying Hölder’s inequality, we obtain

|B| ≤Ch

ˆ t2

t1

∥∥∥J̃xh
∥∥∥
L2(O)

∥∥∥∥∂yI
y
h

{√
[G′′(ũh)]

−1
x ∂xI

xy
h {v}

}∥∥∥∥
L2(O)

dt . (5.68)

Applying (A.1d) from Lemma A.1 and standard inverse estimates (cf. Theorem 4.5.11 in
[10]), we deduce
∥∥∥∥∂yI

y
h

{√
[G′′(ũh)]

−1
x ∂xI

xy
h {v}

}∥∥∥∥
L2(O)

≤

∥∥∥∥∂y
(
Iyh

{√
[G′′(ũh)]

−1
x

}
∂xI

xy
h {v}

)∥∥∥∥
L2(O)

+

∥∥∥∥∂y(I − Iyh)

{
Iyh

{√
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−1
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}
∂xI
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h {v}

}∥∥∥∥
L2(O)

≤

∥∥∥∥∂y
(
Iyh

{√
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−1
x

})
∂xI

xy
h {v}

∥∥∥∥
L2(O)

+

∥∥∥∥I
y
h

{√
[G′′(ũh)]

−1
x

}
∂y∂xI

xy
h {v}

∥∥∥∥
L2(O)

+ C

∥∥∥∥I
y
h

{√
[G′′(ũh)]

−1
x

}∥∥∥∥
L2(O)

‖∂y∂xI
xy
h {v}‖L∞(O) .

(5.69)

As v was chosen to be sufficiently regular to control ‖∂y∂xI
xy
h {v}‖L∞(O), the only problem-

atic term is the first one on the right-hand side. In view of (5.22e), we use the regularity
of v and apply an inverse estimate (cf. Theorem 4.5.11 in [10]) to obtain
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∥∥∥∥∂y
(
Iyh

{√
[G′′(ũh)]

−1
x

})
∂xI

xy
h {v}

∥∥∥∥
L2(O)

≤ C

∥∥∥∥∂y
(
Iyh

{√
[G′′(ũh)]

−1
x

}
− ũh

)∥∥∥∥
L2(O)

+ C ‖∂yũh‖L2(O)

≤ Ch−1

∥∥∥∥I
y
h

{√
[G′′(ũh)]

−1
x

}
− ũh

∥∥∥∥
L2(O)

+ C ‖∂yũh‖L2(O) . (5.70)

In conclusion, by Hölder’s inequality, we have

|B| ≤Ch
∥∥∥J̃xh

∥∥∥
L2(0,Tmax;L2(O))

(∥∥∥∥I
y
h

{√
[G′′(ũh)]

−1
x

}∥∥∥∥
L2(0,Tmax;L2(O))

+ ‖∂yũh‖L2(0,Tmax;L2(O))

)

+ C
∥∥∥J̃xh

∥∥∥
L2(0,Tmax;L2(O))

∥∥∥∥I
y
h

{√
[G′′(ũh)]

−1
x

}
− ũh

∥∥∥∥
L2(0,Tmax;L2(O))

.

(5.71)

Therefore, in view of Lemma 5.10, B vanishes in Lq(Ω̃) for any q <∞. In the same spirit,
we use Hölder’s inequality and (A.1c) in Lemma A.1 to prove that C vanishes in Lq(Ω̃).

|C| ≤

ˆ t2

t1

∥∥∥J̃xh
∥∥∥
L2(O)

∥∥∥∥(I − Iyh)

{
Iyh

{√
[G′′(ũh)]

−1
x

}
∂xI

xy
h {v}

}∥∥∥∥
L2(O)

dt

≤Ch

ˆ t2

t1

∥∥∥J̃xh
∥∥∥
L2(O)

∥∥∥∥I
y
h

{√
[G′′(ũh)]

−1
x

}∥∥∥∥
L2(O)

‖∂y∂xI
xy
h {v}‖L∞(O) dt

≤Ch .

(5.72)

Therefore, it remains to analyze the convergence properties of A. As J̃xh converges weakly

towards J̃x P̃-almost surely in L2(0, Tmax;L
2(O)), we may use the strong convergence of

Iyh

{√
[G′′(ũh)]

−1
x

}
in L∞(0, Tmax;L

q(O)) with q < ∞ (cf. (5.22e) in Lemma 5.10) and

∂xI
xy
h {v} in L∞(O) to conclude that

A→

ˆ t2

t1

ˆ

O
ũJ̃x∂xv dx dy dt P̃-almost surely. (5.73)

Analogous arguments provide the P̃-almost sure convergence
ˆ t2

t1

ˆ

O
Iyh

{√
[G′′(ũh)]

−1
x J̃xh∂xI

xy
h {v}

}
dx dy dt→

ˆ t2

t1

ˆ

O
ũJ̃y∂yv dx dy dt . (5.74)

As the Ψ-term is continuous, uniformly bounded, and converges P̃-almost surely, it re-
mains to control higher moments to conclude the proof by applying Vitali’s convergence
theorem.

As ũh is uniformly bounded in Lq(Ω̃;C([0, Tmax];L
q(O))) for arbitrary q < ∞ and the

error terms B and C, which where introduced by the nodal interpolation operators, vanish
also in Lq(Ω̃), it remains to establish the integrability of appropriate higher moments of

ˆ t2

t1

ˆ

O
Iyh

{√
[G′′(ũh)]

−1
x

}
J̃xh∂xI

xy
h {v}dx dy dt (5.75a)
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and

ˆ t2

t1

ˆ

O
Ixh

{√
[G′′(ũh)]

−1
y

}
J̃yh∂yI

xy
h {v}dx dy dt . (5.75b)

The desired integrability of higher moments of the first integral follows from the estimate

∣∣∣∣
ˆ t2

t1

ˆ

O
Iyh

{√
[G′′(ũh)]

−1
x

}
J̃xh∂xI

xy
h {v} dx dy dt

∣∣∣∣

≤ C
∥∥∥J̃xh

∥∥∥
L2(0,Tmax;L2(O))

∥∥∥∥I
y
h

{√
[G′′(ũh)]

−1
x

}∥∥∥∥
L∞(0,Tmax;Lq(O))

‖∂xI
xy
h {v}‖L∞(O) . (5.76)

Together with the bounds from Proposition 5.3 and Lemma 5.10, we obtain the uni-
form integrability of a q-moment for q > 1. A similar argument provides the uniform
integrability of the second term in (5.75b), which concludes the proof. �

Lemma 5.15. Let the Assumptions (S), (I), (P), (B), (R), (B3∗), and (B4) hold
true. Then for all [0, 1]-valued continuous functions Ψ defined on Xu ×XW , we have

Ẽ

[(
M̃2

v(t)− M̃2
v(s)−

ˆ t

s

∑

k,l∈Z
λxkl

2

(
ˆ

O
ũgkl∂xv dx dy

)2

dτ

−

ˆ t

s
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k,l∈Z
λykl

2

(
ˆ

O
ũgkl∂yv dx dy

)2

dτ

)
Ψ(rsũ, rsW̃ )

]
= 0 (5.77)

for all 0 ≤ s ≤ t ≤ T
max

, where

M̃v(t) :=

ˆ

O
(ũ(t)− ũ(0))v dx dy +

ˆ t

0

ˆ

O
ũJ̃x∂xv dx dy dτ +

ˆ t

0

ˆ

O
ũJ̃y∂yv dx dy dτ .

(5.78)

Proof. We will prove this by passing to the limit in the martingale (5.58b). Recalling the
arguments from the proof of Lemma 5.14, we obtain that

M̃2
h,v(t) :=

(
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(5.79)

converges along a subsequence P̃-almost surely towards

M̃2
v(t) =

(
ˆ

O
(ũ(t)− ũ(0))v dx dy

+

ˆ t

0

ˆ

O
ũJ̃x∂xv dx dy dτ +

ˆ t

0
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ũJ̃y∂yv dx dy dτ

)2

. (5.80)
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In order to deduce the convergence of the corresponding expected values, we need to
establish higher regularity of M̃h,v. Starting from the representation

M̃h,v(t) = −
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k∈Ixh
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l∈Iyh

λxkl

ˆ t∧T̃h
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xy
h {v}}

}
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(5.81)

and combining the martingale moment inequality

Ẽ

[
|M̃h,v(t)|

2q
]
≤ CqẼ

[〈〈
M̃h,v

〉〉q
t

]
for any q > 0 (5.82)

(see e.g. Proposition 3.26 in Chapter 3 of [53]) with Lemma 5.12 formulated for M̃h,v, we
obtain
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]
.

(5.83)

It remains to pass to the limit in the remaining integrals in (5.58b), i.e. we have to analyze

the convergence behavior of
〈〈

M̃h,v

〉〉
t

for h ց 0 (cf. (5.60)). The first step is to show

that we may neglect the interpolation operators when passing to the limit. Applying
(2.13a) and (2.13b), we may rewrite the first component of M̃h,v using
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∂xũhg̃h,klI

xy
h {v}dx dy +

ˆ

O
∂xg̃h,klũhI
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h {v}dx dy + Akl +Bkl + Ckl +Dkl , (5.84)

where we used that g̃h,kl ∈ Uh. Combining (5.84) with the binomial theorem and (5.60),
we get
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−
∑

k∈Ixh
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λxkl
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kl + C2
kl +D2

kl dτ =: (#) . (5.85)

Using Lemma A.1 and standard inverse estimates (cf. Theorem 4.5.11 in [10]), we obtain
the estimates

Akl ≤Ch ‖∂xũh‖L2(O) ‖∂yI
xy
h {g̃h,klv}‖L2(O) ≤ Ch ‖∂xũh‖L2(O) ‖∂y(g̃h,klv)‖L∞(O) , (5.86)

Bkl ≤Ch ‖∂xũh‖L2(O) ‖g̃h,kl‖L4(O) ‖∇Ixyh {v}‖L4(O) , (5.87)

Ckl ≤Ch ‖∂x∂yg̃h,kl‖L∞(O) ‖I
xy
h {ũhv}‖L1(O)

≤Ch ‖∂x∂ygkl‖L∞(O) ‖ũh‖L2(O) ‖I
xy
h {v}‖L2(O) ,

(5.88)

Dkl ≤Ch ‖∂xg̃h,kl‖L∞(O) ‖ũh‖L2(O) ‖∇Ixyh {v}‖L2(O) . (5.89)

Recalling Assumption (B3), (2.6), and the regularity of v, we obtain

(#) ≤ Ch1/2
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2
H1(O) dτ . (5.90)

Therefore, the p-th moment of the left-hand side of (5.85) vanishes, which in particular
provides convergence P̃-almost surely after restricting ourselves to appropriate subse-
quences. It remains to discuss the convergence properties of

∑
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dτ . (5.91)

After integrating by parts, we may use the standard error estimates for the nodal in-
terpolation operator (cf. Theorem 4.4.20 in [10]) and Assumption (B3) to obtain the
strong convergence of λxklg̃h,kl towards λxklgkl in L∞(O) and the strong convergence of

∂xI
xy
h {v} towards ∂xv in L∞(O). Together with (5.22a), this provides the P̃-almost sure

convergence. Similar considerations provide the convergence of
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P̃-almost surely. As we already established the higher integrability of
〈〈

M̃h,v

〉〉
t
in (5.83),

we may conclude by applying Vitali’s theorem. �

In the same spirit, we get the following result.
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Lemma 5.16. Let the Assumptions (S), (I), (P), (B), (R), (B3∗), and (B4) hold
true. Then for all [0, 1]-valued continuous functions Ψ defined on Xu ×XW , we have

Ẽ

[(
M̃v(t)β̃

α
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α
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Ψ(rsũ, rsW̃ )

]
= 0

(5.92)

for all k, l ∈ Z, α ∈ {x, y}, and all s ≤ t ∈ [0, T
max

].

Lemma 5.17. Let the Assumptions (S), (I), (P), (B), (R), (B3∗), and (B4) hold
true. Then, we have
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Proof. As a martingale with vanishing quadratic variation is almost surely constant, it is
sufficient to show that

0 =
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T
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T

. (5.94)

To compute the last term on the right-hand side, we use the cross variation formula, which
can be found e.g. in Lemma 2.16 in Section 3.2 of [53], to obtain
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Following the arguments in [28], it is possible to show that the process s 7→
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M̃v(·), β̃αkl
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is absolutely continuous P̃-almost surely and consequently

d
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we conclude〈〈
M̃v(·)−

∑

α∈{x,y}

∑

k,l∈Z
λαkl

ˆ (·)

0

ˆ

O
∂α(ũgkl)v dx dy dβ̃αkl

〉〉

T

≡ 0 . (5.98)

�

Having established the previous results, we are now in the position to prove Theorem
3.5.

Proof of Theorem 3.5. From Proposition 5.3, Corollary 5.7, and Lemma 5.8, we infer the
existence of a stochastic basis (Ω̃, F̃ , (F̃t)t≥0, P̃), of a Wiener process

W̃ (t) =
∑

α∈{x, y}

∑

k, l∈Z
λαklgklβ̃

α
klbα , (5.99)

and of random variables

ũ ∈Lq(Õ;L∞(0, Tmax;H
1
per(O))) ∩ L2(Ω̃;L2(0, Tmax;H

2
per(O)))

∩ Lσ(Ω̃;C1/4([0, Tmax]; (H
1
per(O))

′
)) ,

(5.100a)

J̃x ∈L2(Ω̃;L2(0, Tmax;L
2(O))) , (5.100b)

J̃y ∈L2(Ω̃;L2(0, Tmax;L
2(O))) (5.100c)

with q <∞ and σ < 8/5. As shown in Lemma 5.10, these random variables satisfy

J̃x = ũ∂x(−∆ũ+ F ′(ũ)) P̃-almost surely in [ũ > 0] , (5.101a)

J̃y = ũ∂y(−∆ũ + F ′(ũ)) P̃-almost surely in [ũ > 0] . (5.101b)

Furthermore, we have Λ = P̃ ◦ (ũ0)
−1

by construction. Lemma 5.14 implies that

M̃v(t) =
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O
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ˆ t
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ũJ̃y∂yv dx dy ds

(5.102)

is an (F̃t)t≥0-martingale, and by Lemma 5.17, we obtain

ˆ
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∂x(ũgkl)v dx dy dβ̃xkl +
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∂y(ũgkl)v dx dy dβ̃ykl . (5.103)

It remains to establish the energy estimate (3.9). Starting from Proposition 4.2, using
Fatou’s lemma and the definition of the fluxes (5.1), we find

Ẽ

[
lim inf
hց0

(
sup

t∈[0,Tmax]

(
1
2

ˆ

O
Iyh
{
|∂xũh|

2
}
+ Ixh

{
|∂yũh|

2
}
dx dy +

ˆ

O
Ixyh {F (ũh)}dx dy

)p)]

+ Ẽ

[
lim inf
hց0

ˆ Tmax

0

ˆ

O
|J̃xh |

2 + |J̃yh |
2 dx dy dt

]
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≤ lim inf
hց0

Ẽ

[
sup

t∈[0,Tmax]

Eh(ũh)
p +

ˆ Tmax

0

ˆ

O
Iyh

{
|J̃xh |

2
}
+ Ixh

{
|J̃yh |

2
}
dx dy dt

]

≤ C(p, u0, Tmax) , (5.104)

where we used 1
2
hε
´

O Ixyh {|∆hũh|2} dx dy ≥ 0. By the norm equivalence (2.6), we obtain

Ẽ

[
lim inf
hց0

(
sup

t∈[0,Tmax]

(
1
2

ˆ

O
|∇ũh|

2 dx dy +

ˆ

O
Ixyh {F (ũh)} dx dy

)p)]

+ Ẽ

[
lim inf
hց0

ˆ Tmax

0

ˆ

O
|J̃xh |

2 + |J̃yh |
2 dx dy dt

]
≤ C(p, u0, Tmax) . (5.105)

Similarly as in the proof of Theorem 3.2 in [28], we may use the lower semi-continuity in
appropriate topologies to find that

E

[
sup

t∈[0,Tmax]

(
1
2

ˆ

O
|∇ũh|

2 dx dy

)p
+

ˆ Tmax

0

ˆ

O
|J̃xh |

2 + |J̃yh |
2 dx dy dt

]
≤ C(p, u0, Tmax) .

(5.106)

So let us focus on the remaining term
´

O Ixyh {F (ũh)}dx dy.

Step 1: There is a positive constant C such that
ˆ

O
F (ũh) dx dy ≤

ˆ

O
Ixyh {F (ũh)}dx dy + C . (5.107)

Indeed, with the notation of Assumption (P), we find F to be convex for s ∈ [0, û] where
û is given by

û = p+2

√
c̃1
c̃2

(5.108)

with the constants c̃1 and c̃2 introduced in (P). Introducing δ̂ := û/Cosc with Cosc being

the constant in (3.10) and using the definition for SQh

δ̂
from (5.21d), we find that

max
(x,y)∈O\SQh

δ̂

ũh ≤ û . (5.109)

Therefore, we have

F (ũh) ≤ Ixyh {F (ũh)} on O \ SQh

δ̂
(5.110)

due to the convexity of F on (0, û).
Using (P) once more, we find

0 ≤ F (ũh) ≤ C(δ̂−p + 1) on SQh

δ̂
. (5.111)

Combining (5.110) and (5.111), (5.107) is established.

Step 2: Estimate on Ẽ

[
ess supt∈[0,Tmax]

(´
O F (ũ) dx dy

)p]
.
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From (5.22a) and (5.22b) together with Sobolev’s embedding result, we infer P̃-a.s. that
for almost all t ∈ [0, Tmax]

ũh(ω̃, t, ·) → ũ(ω̃, t, ·) in Cγ(O) . (5.112)

Hence, F (ũh(ω̃, t, ·)) → F (ũ(ω̃, t, ·)) pointwise which implies together with Fatou’s lemma

ess sup
t∈[0,Tmax]

ˆ

O
F (ũ(ω̃, t, ·)) dx dy ≤ lim inf

hց0
sup

t∈[0,Tmax]

ˆ

O
F (ũh(ω̃, t, ·)) dx dy. (5.113)

As both sides of inequality (5.113) are non-negative, we can take the p-th power on both
sides. Taking the expectation concludes this step.

Step 3: Estimate on Ẽ

[
supt∈[0,Tmax]

(´
O F (ũ) dx dy

)p]
.

We fix t0 ∈ [0, Tmax] arbitrarily and choose ω̃ ∈ Ω̃ such that ũ(ω̃, ·, ·) ∈ C([0, Tmax];L
q(O))

and M(ω̃) := ess supt∈[0,Tmax]

´

O F (ũ) dx dy < ∞. The latter limitations are satisfied by

almost all ω̃ ∈ Ω̃ due to Proposition 5.3 and Step 2.
We will now show that ũ(ω̃, t0, ·) vanishes only on a set of measure zero. Therefore, we
take a sequence (sn)n∈N in [0, Tmax] which satisfies sn → t0 for nր ∞,

ˆ

O
F (ũ(ω̃, sn, x, y)) dx dy ≤M(ω̃) , (5.114)

and ũ(ω̃, sn, ·) → ũ(ω̃, t0, ·) pointwise almost everywhere. Assuming that the set N ,
where ũ(ω̃, t0, ·) vanishes, has positive measure, we obtain by Egorov’s theorem the ex-
istence of a set N δ ⊂ N ⊂ O such that µ(N δ) > (1− δ)µ(N ) for δ ∈ (0, 1) such that
ũ(ω̃, sn, ·) → ũ(ω̃, t0, ·) uniformly in N δ. This provides

ˆ

N δ

F (ũ(ω̃, sn, x, y)) dx dy
n→∞
−→ +∞ . (5.115)

However, at the same time we have
ˆ

N δ

F (ũ(ω̃, sn, x, y)) dx dy ≤

ˆ

O
F (ũ(ω̃, sn, x, y)) dx dy ≤M(ω̃) . (5.116)

This contradiction provides µ(N ) = 0 and F (ũ(ω̃, sn, ·)) → F (ũ(ω̃, t0, ·)) pointwise almost
everywhere. Hence, by applying Fatou’s lemma, we obtain
ˆ

O
F (ũ(ω̃, t0, x, y)) dx dy ≤ lim inf

n→∞

ˆ

O
F (ũ(ω̃, sn, x, y)) dx dy

≤M(ω̃) = ess sup
t∈[0,Tmax]

ˆ

O
F (ũ(ω̃, t, x, y)) dx dy . (5.117)

Again, taking the p-th power and the expectation concludes this step.
Together with (5.104) and (5.107), the energy inequality (3.9) is established. Finally,

we may combine (5.100a) and (3.9) to deduce the positivity properties of ũ claimed in the
theorem. �

Remark 5.18. As the estimate (3.9) is only of a qualitative character we did not strive
for an optimal result. In fact, it is — being based on (5.111) — a rather coarse estimate.
If more information is available on F , for instance number and height of local maxima,
much better estimates are available — based on appropriate convexity arguments.
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6. Conclusion

We have proven the existence of martingale solutions to stochastic thin-film equations
with conservative linear multiplicative noise in two space dimensions. As our result covers
driving noise both in the Itô- and in the Stratonovich-sense, we expect it to be a starting
point to construct solutions for solely surface tension driven thin-film evolution (i.e. F ≡
0) subject to compactly supported initial data.1 This raises questions about the impact
of noise on the evolution of the solution’s support (“finite speed of propagation” and
“waiting time phenomena”). It is well-known in the (deterministic) theory of thin-film
equations that analytical concepts in two space dimensions carry over to higher dimensions
while the argumentation in dimension d = 1 takes advantage of the Sobolev embedding
H1 →֒ C1/2 and is therefore much less involved. Hence, a generalization to d = 3 (with
the perspective of applications to models for phase separation) is feasible as well. Finally,
the implementation of numerical schemes related to the finite element approach presented
here will provide further insight into the impact of noise on thin-film evolution.

Appendix A. Auxiliary results

Lemma A.1. Let Qh satisfy (S) and let I be the identity operator. Furthermore, let
p ∈ [1,∞), q, r ∈ [1,∞], q∗ := q

q−1
, and r∗ := r

r−1
. Then the estimates

‖(I − Ixh){f
x
h g

x
h}‖Lp(Ox) ≤ Ch2x ‖∂xf

x
h‖Lpq(Ox) ‖∂xg

x
h‖Lpq∗ (Ox) (A.1a)

‖∂x(I − Ixh){f
x
h g

x
h}‖Lp(Ox) ≤ Chx ‖∂xf

x
h‖Lpq(Ox) ‖∂xg

x
h‖Lpq∗ (Ox) (A.1b)

‖(I − Iyh){f
y
hg

y
h}‖Lp(Oy) ≤ Ch2y ‖∂yf

y
h‖Lpq(Oy) ‖∂yg

y
h‖Lpq∗(Oy) (A.1c)

‖∂y(I − Iyh){f
y
hg

y
h}‖Lp(Oy) ≤ Chy ‖∂yf

y
h‖Lpq(Oy) ‖∂yg

y
h‖Lpq∗(Oy) (A.1d)

hold true for all fxh , g
x
h ∈ Ux

h and f yh , g
y
h ∈ Uy

h . In addition the estimates

‖(I − Ixyh ){fhgh}‖Lp(O) ≤ Ch2x ‖∂xfh‖Lpq(O) ‖∂xgh‖Lpq∗(O)

+ Ch2y ‖∂yfh‖Lpr(O) ‖∂ygh‖Lpr∗(O) ,
(A.1e)

‖(I − Ixh){fhgh}‖Lp(O) ≤ Ch2x ‖∂xfh‖Lpq(O) ‖∂xgh‖Lpq∗(O) , (A.1f)

‖Iyh{(I − Ixh){fhgh}}‖Lp(O) ≤ Ch2x ‖∂xfh‖Lpq(O) ‖∂xgh‖Lpq∗(O) , (A.1g)

‖∂x(I − Ixh){fhgh}‖Lp(O) ≤ Chx ‖∂xfh‖Lpq(O) ‖∂xgh‖Lpq∗(O) , (A.1h)

‖(I − Iyh){fhgh}‖Lp(O) ≤ Ch2y ‖∂yfh‖Lpr(O) ‖∂ygh‖Lpr∗(O) , (A.1i)

‖Ixh{(I − Iyh){fhgh}}‖Lp(O) ≤ Ch2y ‖∂yfh‖Lpr(O) ‖∂ygh‖Lpr∗(O) , (A.1j)

‖∂y(I − Iyh){fhgh}‖Lp(O) ≤ Chy ‖∂yfh‖Lpr(O) ‖∂ygh‖Lpr∗(O) (A.1k)

hold true for all fh, gh ∈ Uh.

Proof. The estimates (A.1a)–(A.1d) are proven in Lemma 2.1 in [59]. In order to prove
(A.1e), we reduce the problem to the one dimensional setting using

‖(I − Ixyh ){fhgh}‖
p
Lp(O) ≤ ‖(I − Iyh){fhgh}‖

p
Lp(O) + ‖Iyh{(I − Ixh){fhgh}}‖

p
Lp(O) =: A+B

(A.2)

1In the case of Itô-noise, no formal a priori-estimates are known for the case of compactly supported
initial data.
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and apply (A.1a)–(A.1d). This provides

A ≤ Ch2py

ˆ

Ox

‖∂yfh‖
p
Lpq(Oy) ‖∂ygh‖

p

Lpq∗(Oy)
dx ≤ Ch2py ‖∂yfh‖

p
Lpq(O) ‖∂ygh‖

p

Lpq∗(O)
. (A.3)

Using Jensen’s inequality, (2.6), and Hölder’s inequality, we obtain for r ∈ (1,∞)

B ≤

ˆ

Oy

Iyh

{
ˆ

Ox

|(I − Ixh){fhgh}|
p dx

}
dy ≤ Ch2px

ˆ

Oy

Iyh

{
‖∂xfh‖

p
Lpr(Ox) ‖∂xgh‖

p

Lpr∗(Ox)

}
dy

≤Ch2px

(
ˆ

O
Iyh{|∂xfh|

pr} dx dy

)1/r(ˆ

O
Iyh
{
|∂xgh|

pr∗
}
dx dy

)1/r∗

≤Ch2px ‖∂xfh‖
p
Lpr(O) ‖∂xgh‖

p

Lpr∗(O)
.

(A.4)

The corresponding estimate for r ∈ {1,∞} is straightforward. The estimates (A.1f)–
(A.1k) can be derived from (A.1a)–(A.1d) in a similar manner. �

Lemma A.2. Let Assumption (S) hold true and let the operator Ah : Uh → Uh∩H1
∗ (O)

be defined by
ˆ

O
(Ahφh)ψh dx dy =

ˆ

O
∇φh · ∇ψh dx dy ∀ψh ∈ Uh . (A.5)

Then there exists a constant C < 0, such that for all φh ∈ Uh the estimates

‖φh‖L∞(O) ≤ C ‖Ahφh‖
κ
L2(O) ‖φh‖

1−κ
H1(O) + C ‖φh‖H1(O) , (A.6a)

‖φh‖W 1,p(O) ≤ C ‖Ahφh‖
ν
L2(O) ‖φh‖

1−ν
H1(O) + C ‖φh‖H1(O) , (A.6b)

hold true with κ = 1
2
, ν = 3p−6

2p
and p ∈ [2, 6] for d = 3, and κ = 1

4
, ν = p−2

p
and p ∈ [2,∞)

for d = 2.

Proof. A similar result for continuous, piecewise linear finite element functions defined on
a simplicial triangulation has been proven in Lemma A.1 in [59]. This proof relies solely on
standard error estimates for second order problems (see e.g. Chapter 3 in [13]), standard
inverse estimates for finite element functions (see e.g. Theorem 4.5.11 in [10]), and the
properties of the Clément interpolation operator (see e.g. Lemma 1.127 in [23]). As the
first two results remain valid for quadrilateral finite element spaces satisfying (S) and the
Clément interpolation operator, which was originally only defined for simplicial elements,
can be replaced by the more general operator proposed in [4] that satisfies the same error
estimates as the Clément interpolation operator, we refer the reader to [59]. �

Lemma A.3. Let Assumption (S) hold true and let the operator Ah : Uh → Uh∩H1
∗ (O)

be defined by
ˆ

O
(Ahφh)ψh dx dy =

ˆ

O
∇φh · ∇ψh dx dy ∀ψh ∈ Uh . (A.7)

Then there exists a constant C < 0, such that for all φh ∈ Uh the estimate

‖Ahφh‖L2(O) ≤ C ‖∆hφh‖L2(O) , (A.8)

where ∆h denotes the discrete Laplacian defined in (2.7).
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Proof. Noting that the definitions of ∆x
h and ∆y

h in (2.7) imply

−

ˆ

Ox

Ixh{∆
x
hφhψh}dx =

ˆ

Ox

∂xφh∂xψh dx pointwise for all y ∈ Oy ,

−

ˆ

Oy

Iyh{∆
y
hφhψh} dy =

ˆ

Oy

∂yφh∂yψh dy pointwise for all x ∈ Ox ,

(A.9)

we compute

‖Ahφh‖
2
L2(O) =

ˆ

O
∂xφh∂xAhφh dx dy +

ˆ

O
∂yφh∂yAhφh dx dy

=

ˆ

O
Ixh{(−∆x

hφh)Ahφh}dx dy +

ˆ

O
Iyh{(−∆y

hφh)Ahφh}dx dy

≤ C ‖∆x
hφh‖L2(O) ‖Ahφh‖L2(O) + C ‖∆y

hφh‖L2(O) ‖Ahφh‖L2(O) ,

(A.10)

which concludes the proof. �

The following corollary is a direct consequence of Lemma A.2 and Lemma A.3.

Corollary A.4. Let Assumption (S) hold true and let ∆h be the discrete Laplacian defined
in (2.7). Then there exists a constant C < 0, such that for all φh ∈ Uh the estimates

‖φh‖L∞(O) ≤ C ‖∆hφh‖
κ
L2(O) ‖φh‖

1−κ
H1(O) + C ‖φh‖H1(O) , (A.11a)

‖φh‖W 1,p(O) ≤ C ‖∆hφh‖
ν
L2(O) ‖φh‖

1−ν
H1(O) + C ‖φh‖H1(O) , (A.11b)

hold true with κ = 1
2
, ν = 3p−6

2p
and p ∈ [2, 6] for d = 3, and κ = 1

4
, ν = p−2

p
and p ∈ [2,∞)

for d = 2.

Lemma A.5. Let G : R ⊃ I → R be of class W 1,∞, let a partition Qh of a domain O
satisfying (S) be given. Furthermore, let Uh be the corresponding space defined in (2.2c).
Then the estimate

‖Ixyh {G(uh)} −G(uh)‖
2
L2(O) ≤ C ‖G‖2W 1,∞ h2

ˆ

O
|∇uh|

2 dx dy (A.12)

holds true for arbitrary uh ∈ Uh.

Proof. We will prove that the claim holds true on every Q ∈ Qh. After an appropriate
translation, we may assume that Q is given by Q = co {(0, 0), (hx, 0), (hx, hy), (0, hy)}.
For arbitrary (x, y) ∈ Q, we have

G(uh(x, y)) =
1
2
G(uh(x, 0)) +

1
2
(∂yG(uh))(x, ξ

y
1) · y

+ 1
2
G(uh(x, hy)) +

1
2
(∂yG(uh))(x, ξ

y
2) · (y − hy)

= 1
2
G(uh(0, 0)) +

1
2
(∂xG(uh))(ξ

x
1 , 0) · x+

1
2
(∂yG(uh))(x, ξ

y
1) · y

+ 1
2
G(uh(hx, hy)) +

1
2
(∂xG(uh))(ξ

x
2 , hy) · (x− hx)

+ 1
2
(∂yG(uh))(x, ξ

y
2) · (y − hy)

(A.13)
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with ξx1 , ξ
x
2 ∈ [0, hx] and ξy1 , ξ

y
2 ∈ [0, hy]. Similarly, we have

(Ixyh {G(uh)})(x, y) =
1
2
(Ixyh {G(uh)})(0, 0) +

1
2
(∂xI

xy
h {G(uh)})(ζ

x
1 , 0) · x

+ 1
2
(∂yI

xy
h {G(uh)})(x, ζ

y
1 ) · y +

1
2
(Ixyh {G(uh)})(hx, hy)

+ 1
2
(∂xI

xy
h {G(uh)})(ζ

x
2 , hy) · (x− hx)

+ 1
2
(∂yI

xy
h {G(uh)})(x, ζ

y
2 ) · (y − hy)

(A.14)

with ζx1 , ζ
x
2 ∈ [0, hx] and ζy1 , ζ

y
2 ∈ [0, hy]. Therefore, we have

|G(uh(x, y))− (Ixyh {G(uh)})(x, y)|
2

≤ Ch2x|(∂xG(uh))(ξ
x
1 , 0)|

2 + Ch2y|(∂yG(uh))(x, ξ
y
1)|

2 + Ch2x|(∂xG(uh))(ξ
x
2 , hy)|

2

+ Ch2y|(∂yG(uh))(x, ξ
y
2)|

2 + Ch2x|(∂xI
xy
h {G(uh)})(ζ

x
1 , 0)|

2

+ Ch2y|(∂yI
xy
h {G(uh)})(x, ζ

y
1 )|

2 + Ch2x|(∂xI
xy
h {G(uh)})(ζ

x
2 , hy)|

2

+ Ch2y|(∂yI
xy
h {G(uh)})(x, ζ

y
2 )|

2

≤ Ch2 ‖G‖2W 1,∞ (|∂xuh(·, 0)|
2 + |∂xuh(·, hy)|

2 + |∂yuh(x, ·)|
2)

+ Ch2 ‖G‖2W 1,∞ (|∂xuh(·, 0)|
2 + |∂xuh(·, hy)|

2 + Ixh
{
|∂yuh(x, ·)|

2
}
) .

(A.15)

Integrating over Q and using the norm equivalence stated in (2.6) provides the result.
�

Lemma A.6. Let Assumption (S) hold true. Then the identities

−

ˆ

Ox

axh(x)I
x
h

{
bxh(x)∂

−hx
x cxh(x)

}
dx =

ˆ

Ox

axh(x)I
x
h

{
∂−hxx bxh(x)c

x
h(x− hx)

}
dx

+

ˆ

Ox

∂+hxx axh(x)I
x
h{b

x
h(x)c

x
h(x)}dx

(A.16a)

ˆ

Ox

axh(x)I
x
h{b

x
h(x)∆

x
hc
x
h(x)}dx =

ˆ

Ox

∆x
ha

x
h(x)I

x
h{b

x
h(x− hx)c

x
h(x)} dx

+

ˆ

Ox

axh(x+ hx)I
x
h{∆

x
hb
x
h(x)c

x
h(x)}dx

+ 2

ˆ

Ox

∂+hxx axh(x)I
x
h

{
∂−hxx bxh(x)c

x
h(x)

}
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(A.16b)

−

ˆ

Oy

ayh(y)I
y
h

{
byh(y)∂

−hy
y cyh(y)

}
dy =

ˆ

Oy

ayh(y)I
y
h

{
∂−hyy byh(y)c

y
h(y − hy)

}
dy

+

ˆ
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∂+hyy ayh(y)I
y
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y
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y
h(y)}dy

(A.16c)

ˆ
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h{b
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h(y)∆

y
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∆y
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y
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y
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y
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ˆ
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y
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ˆ
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y
h

{
∂−hyy byh(y)c

y
h(y)

}
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(A.16d)

hold true for periodic functions axh ∈ Cper,T x
h
, bxh, c

x
h ∈ Ux

h , ayh ∈ Cper,T y
h
, and byh, c

y
h ∈ Uy

h .



67

Proof. To show the second identity in (A.16a), we use the periodicity of the considered
functions and compute

−hx

ˆ

Ox

axh(x)I
x
h

{
bxh(x)∂

−hx
x cxh(x)

}
dx

=

ˆ

Ox

axh(x+ hx)I
x
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x
h(x+ hx)c

x
h(x)}dx−

ˆ

Ox

axh(x)I
x
h{b

x
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x
h(x)}dx

=

ˆ
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x
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x
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+

ˆ
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x
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=

ˆ
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+
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x
h(x)}dx .

(A.17)

We will now use (A.16a) to prove (A.16b).
ˆ
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−hx
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}
dx
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}
dx−
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}
dx

−

ˆ

Ox

∂+hxx axh(x− hx)I
x
h

{
bxh(x− hx)∂

−hx
x cxh(x)

}
dx

=

ˆ

Ox

axh(x)I
x
h

{
∂−hxx ∂−hxx bxh(x)c

x
h(x− hx)

}
dx+

ˆ

Ox

∂+hxx axh(x)I
x
h

{
∂−hxx bxhc

x
h(x)

}
dx

+

ˆ

Ox

∂+hxx axh(x− hx)I
x
h

{
∂−hxx bxh(x− hx)c

x
h(x− hx)

}
dx

+

ˆ

Ox

∂+hxx ∂+hxx axh(x− hx)I
x
h{b

x
h(x− hx)c

x
h(x)} dx

=

ˆ

Ox

axh(x+ hx)I
x
h{∆

x
hb
x
h(x)c

x
h(x)}dx+ 2

ˆ

Ox

∂+hxx axh(x)I
x
h

{
∂−hxx bxh(x)c

x
h(x)

}
dx

+

ˆ

Ox

∆x
ha

x
h(x)I

x
h{b

x
h(x− hx)c

x
h(x)}dx .

(A.18)

The identities (A.16c) and (A.16d) can be established in a similar manner. �
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