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EXISTENCE OF NONNEGATIVE SOLUTIONS TO STOCHASTIC
THIN-FILM EQUATIONS IN TWO SPACE DIMENSIONS

STEFAN METZGER AND GUNTHER GRUN

ABSTRACT. We prove the existence of martingale solutions to stochastic thin-film equa-
tions in the physically relevant space dimension d = 2. Conceptually, we rely on a
stochastic Faedo-Galerkin approach using tensor-product linear finite elements in space.
Augmenting the physical energy on the approximate level by a curvature term weighted
by positive powers of the spatial discretization parameter h, we combine It6’s formula
with inverse estimates and appropriate stopping time arguments to derive stochastic
counterparts of the energy and entropy estimates known from the deterministic setting.
In the limit A N\, 0, we prove our strictly positive finite element solutions to converge to-
wards nonnegative martingale solutions — making use of compactness arguments based
on Jakubowski’s generalization of Skorokhod’s theorem and subtle exhaustion arguments
to identify third-order spatial derivatives in the flux terms.

1. INTRODUCTION

We are concerned with stochastic thin-film equations of the generic form
du = —div{m(u)V(Au — F'(u))} dt + div {/m(u)dW} (1.1)

on a space-time cylinder O x (0,7] where O is a bounded rectangular domain in R2.
Such kind of equations have been introduced to model dewetting of unstable liquid films
under the influence of thermal fluctuations. Here, the mobility m(:) may be chosen as
m(u) = u® + Bu?, a prototypical example for the effective interface potential F'(u) is
F(u) = w® —u2+ 1. It is based on a 6 — 12 Lennard-Jones pair potential and it
models disjoining/conjoining van der Waals interactions. Numerical simulations in 1D
have shown (see [21, 47|) that discrepancies with respect to time scales of dewetting
between physical experiment and deterministic numerical simulation can be overcome if
appropriately scaled noise terms are considered. The equations used for those models
come along with a number of intrinsic difficulties. First, the degeneracy of the mobility
m(+) in u = 0, secondly the singular behaviour of the effective interface potential at u = 0,
and thirdly the fact that even in the deterministic case it is still an open problem whether
solutions are continuous or bounded if the spatial dimension is at least d = 2. This is in
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sharp contrast to the one-dimensional case where Sobolev embedding results are the key
to establish Holder continuity in space and time.

The scope of the present work is threefold. First, we wish to establish the existence of
martingale solutions for a model problem with quadratic mobility m(u) = u?. Secondly,
we shall address the case that the stochastic integral in (1.1) is to be understood in the
sense of Stratonovich. It turns out that the correction term necessary to rewrite the
Stratonovich integral as an It6 integral can be included into the frame of the generic form
(1.1) just as a modification of the potential F'(-). In particular, this modification does not
affect the structural conditions formulated on F' in the Ito-case, provided some natural
hypotheses on the decay parameters of the corresponding Wiener processes are met.

Growing interest in stochastic thin-film equations with Stratonovich noise arose with
the work of Gess and Gnann [31] who proved existence of solutions to stochastic versions
of thin-film equations driven only by surface tension, i.e. with F'(-) = 0. Using a novel
approximation scheme, Dareiotis, Gess, Gnann, and the second author of this paper
[16] extended this result to stochastic thin-film equations with conservative nonlinear
multiplicative noise, covering in particular the case of a no-slip condition at the liquid-
solid interface which corresponds to m(u) = u®. While the results of [31] and of [16] still
do not allow for compactly supported initial data, Klein and the second author of this
paper use the 1D-predecessor of this work (see [28]) to construct nonnegative solutions
to initial data with compact support [46]. In this spirit, the present paper may similarly
serve as a starting point to obtain solutions to equations with compactly supported initial
data in the 2D setting.

Note that Davidovitch et al. [17] derived stochastic thin-film equations for surface ten-
sion driven flow to study numerically the influence of thermal noise on the spreading
behaviour. For mathematically rigorous results on the noise impact on free boundary
propagation, see |27, 20, 40, 30, 2| and the references therein which are preliminary stud-
ies devoted to stochastic second order degenerate parabolic equations of porous-media
and of parabolic p-Laplace-type. However, it is worth mentioning that the techniques of
[27, 40| are expected to be universal in the sense that they are based on energy methods
developed in [15, 43, 1, 12, 26, 25] which work for general classes of degenerate parabolic
equations of second and higher order.

Finally, as the third perspective of the techniques developed in the present paper, we
recall that Cahn—Hilliard equations with degenerate mobility are intimately related to
thin-film equations [22, 41]. Hence, we expect only slight modifications to be required to
obtain existence results for Cahn-Hilliard equations with Stratonovich conservative noise —
for results on stochastic degenerate Cahn—Hilliard equations with non-conservative noise,
we refer to the recent paper [62].

In [28], it has already been argued that space-time white noise is not compatible with
the finiteness of the physical energies encountered in thin-film flow. Therefore, we consider
Q-Wiener processes. To guarantee conservation of mass, we work on rectangular physical
domains O := O*x 0¥ := (0, L,) x (0, L,), and we prescribe periodic boundary conditions.
We may consider an ON-basis (gx)r e Where the gg; are given as the product g (x,y) :=
gi(x)g; (y) of appropriately scaled eigen-functions of the one-dimensional Laplace operator
on O and OV, respectively (cf. Remark 3.2).



We consider driving noise W given by

(Ek,leZ Aizﬂkzﬁzfz) (1.2)
Zk,leZ N8B,

where

e the ¢, o € {z,y}, k,l € Z constitute a family of i.i.d. Brownian motions,
e the A%, a € {z,y}, k,l € Z are a family of nonnegative real numbers converging
sufficiently fast to zero — see Hypothesis (B3) for more details.

Therefore, we are interested in global existence of a.s. nonnegative martingale solutions
to the stochastic thin-film equation

du = —div {m(u)V(Au — F'(w))}dt + Y > daly/m(u)Xpgu) A5 (1.3)

ac{z,y} k,leZ

on O x [0,00) subject to periodic boundary conditions.

As the analysis of stochastic thin-film equations is influenced by the deterministic the-
ory, we give a brief account on the literature, following here the exposition in [16].

A theory of existence of weak solutions for the deterministic thin-film equation in space
dimension d = 1 has been developed in [5, 3, 6] and [60, 8, 58| for zero and nonzero contact
angles at the intersection of the liquid-gas and liquid-solid interfaces, respectively, while
the multi-dimensional version with F' =0 in O x (0, 7] and zero contact angles has been
the subject of [14, 45|. For these solutions, a number of quantitative results has been
obtained — including optimal estimates on spreading rates of free boundaries, i.e. the
triple lines separating liquid, gas, and solid, see [50, 7, 42, 25|, optimal conditions on the
occurrence of waiting time phenomena [15], as well as scaling laws for the size of waiting
times [33, 26]. For the deterministic case with F' # 0, we refer to [44] for an existence
result based on numerical analysis.

A corresponding theory of classical solutions, giving the existence and uniqueness for
initial data close to generic solutions or short times, has been developed in [35, 34, 32, 37,
38, 36] for zero contact angles and in [54, 56, 57, 55, 24| for nonzero contact angles in one
space dimension, while the higher-dimensional version has been the subject of [52, 63, 39]
and [18] for zero and nonzero contact angles, respectively.

The outline of our paper is as follows. Conceptually, our existence result is based on
stochastic counterparts of integral estimates known from the deterministic setting which
we combine with Jakubowski/Skorokhod-type methods to construct martingale solutions
— see [11, 49] for the basic ideas and [48, 9| for applications to other problems. More
precisely, we will control the energy

E(u) ::/O%|Vu|2dxdy+/oF(u)dxdy (1.4)

and the so called mathematical entropy

S(u) ::/OG(u)dxdy (1.5)

G(u) == /1u/1 g drds (1.6)

is a second primitive of the reciprocal mobility.

where
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To derive those integral estimates, we mimic the 1d strategy used in [28], i.e. we perform
discretization in space and apply [t6’s formula to the resulting system of SDEs. Extending
this 1D approach (in particular the treatment of the additional terms arising from Itd’s
formula) to the two-dimensional setting requires the use of tensor product finite elements.
We adapt the stopping-time-approach of [28] to comply with the singularities in the
effective interface potential F'(-). In contrast to the spatially one-dimensional setting of
[28], boundedness of the physical energy £(u) does no longer imply strict positivity in our
case. Therefore, in the discrete setting, £(u) is augmented by the square of the L?-norm
of the discrete Laplacian of discrete solutions u; weighted by a factor which vanishes in
the limit A — 0. For the details, see (3.1) and (2.7).

Section 2 is devoted to notation and the large number of technical preliminaries which
come along with our discretization and the energy regularization mentioned before. More-
over, the assumptions on initial data, growth behavior of the effective interface potential
F and on the driving noise W are specified in Section 2, too.

Section 3 is devoted to the discussion of the semi-discrete scheme which is formulated in
such a way that it may be used for practical numerical simulations of stochastic thin-film
equations as well. Section 3 contains also the main existence result together with the
applied solution concept. Moreover, we present a lemma which permits the control of the
oscillation of discrete solutions on single finite elements.

In Section 4, we present the core result of the analysis in this paper — a discrete com-
bined energy-entropy estimate. It is based on a combination of It6’s formula with inverse
estimates for finite-element functions, and with error estimates for interpolation opera-
tors which are collected in a synopsis in Appendix A. Moreover, Section 4 contains results
on compactness in time of discrete solutions which — in combination with the aforemen-
tioned energy-entropy estimate — are the key to apply the Skorokhod-Jakubowski-method
(cf. [11, 49, 51]) to pass to the limit A — 0 which is the topic of Section 5.

It is worth mentioning that the passage to the limit in the deterministic terms poses
new intricacies due to the lack of strict positivity results. We base our arguments on
appropriate exhaustion arguments combined with generalizations of Egorov’s theorem for
Bochner-integrable functions.

Notation:. Throughout the paper, we use the standard notation for Sobolev spaces, i.e. for
a spatial domain O C R?, we denote the space of k-times weakly differentiable functions
with weak derivatives in LP(O) by W*P(0). For p = 2, we denote the Hilbert spaces
WHk2(0) by H*(0O). The corresponding subspaces of O-periodic functions will be denoted
by the subscript ‘per’. The subspace of O-periodic H'(O)-functions with mean-value
zero will be denoted by H!(O). Furthermore, we denote the dual space of H! (O) by

per

(H;er((’)))'. The space of continuous O-periodic functions is denoted by Cpe(O) and

C1..(O) is the space of O-periodic, Holder continuous functions with Hélder exponent 7.
For a time interval I and a Banach space X, the space of LP-integrable functions with
values in X is denoted by LP(I;X). Similarly, we denote the space of k-times weakly
differentiable functions from I to X with weak derivatives in L?(I; X) by W*?(I; X) and
the Holder continuous functions from I to X with Hélder exponent v by C7(7; X).

We shall also use some standard notation from stochastic analysis: The notation a A b
stands for the minimum of a and b, and Ly(X,Y’) denotes the set of Hilbert-Schmidt
operators from X to Y. For a stopping time 7', we write xr to denote the (w-dependent)
characteristic function of the time interval [0, 7.



Further notation related to the semi-discrete scheme is introduced in Section 2.

2. NOTATION, TECHNICAL PRELIMINARIES, AND BASIC ASSUMPTIONS ON THE DATA
We consider the torus O := 0% x 0¥ := (0, L,) x (0, L,). We introduce partitions 7,
and 7Y of O* and OV satisfying the following assumption:
(S) {77 }s0 and {T},,., are families of equidistant partitions of O and O, respec-
tively, into disjoint, open intervals such that

O = U K= and Oy = U Kv.

In particular, there exist positive constants ¢, C, such that
é1h < hy, hy < Coh
with h, := diam K* (K* € T/*), h, := diam KV (KY € 7,Y), and h € (0, 1).

Combining {7,7}, and {7/}, , we obtain a family of partitions {Q}, of O which is defined
via

Q) ={Q=K"xKY: K" €T and KY € T} (2.1)

Based on these partitions, we introduce the following spaces of continuous, piecewise linear
finite element functions.

Uy :={v € Cpar(O7) : 0|, € PL(K®) VK* €T}, (2.2a)
Ul :={v € Coer(OY) : 0|, € PI(KY) VKY€ T}, (2.2b)
Uy :=U; @ U} . (2.2¢)

Imposing periodic boundary conditions, we denote the vertices of 7,* by {ac,}Z:1 dim Up+1=
{@=Dheticidim Uz 1 and identify Zgimvp 1 = Ly with 21 = 0. Furthermore, we denote
the dual basis to these vertices by {ef},_; Ug Similarly, we denote the vertices of T,Y
by {yj}j:17...7ding+1, identify ygimpyy1 = Ly with y; = 0, and consider their dual basis
{e?}j: Lodim U Throughout this work, we will also identify zo with Zgimyy and yo with

Yaimuy- In the same spirit, we shall identify ef;, Us i1 with ef, ef with ef; Uz
Y

Y
dim U} +1

with ¥, and ef with e For the spaces introduced in (2.2), we define the interpolation

dimU}l"
operators
dim Uy
Tr i Coer(O7) = U} a— Z a(x;)el , (2.3)
=1
dlmUﬁ
T Coe(O¥) — U a Z ay;)ey (2.4)
j=1
L, + Cher(O) = U a—~ Li{T{a}} = L{Zi{a}}. (2.5)

For future reference, we state the following norm equivalence for p € [1,00) and u;, € Uy:

c( /O (uh)pdxdy) v < ( /O I,fy{(uh)p}dxdy) v < c( /O (up)? dxdy) " (2.6)
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with ¢, C' > 0 independent of h. Similar (lower dimensional) results also hold true for Z}
on UF and Z on U/. These nodal interpolation operators satisfy error estimates similar
to the ones established in [59] for simplicial elements. For the reader’s convenience, we
collect these estimates in Lemma A.1 in the appendix.

With these interpolation operators, we define the discrete Laplacian as follows:

/ Iﬁy{—Ahuhz/}h} dz dy L= / I}i{@muh&vwh} dx dy + / I;’j{ﬁyuhayz/}h} dz dy

=: —/Iﬁy{Aﬁuhwh} dxdy—/IZy{Azuh@/)h} dz dy
16) o

for all ¢ € Uy,.
We denote the forward and backward difference quotients w.r.t. the spatial coordinates x
and y by 0}he, 9 "= @fhy, and 87%, ie

Ot f(x,y) == (f(@+ heyy) — f(2,))/ ha (2.8a)
0, " f(a,y) = (f(z,y) = f(& = hayy))/ha (2.8b)
O f(x,y) = (f(x,y + hy) = f(2,y) /Dy, (2.8¢)

8, f(x,y) = (f(x,y) = fx,y = hy)) /by (2.8d

(with f extended outside of O by periodicity). Assuming equidistant partitions w.r.t. x
and y, the identities

xT

A%Uh = 8;rhy (8’hyvh) =0 hy (8+hyvh) (29b)

Y

Afvy, = O (0 wy,) = 0, (0= wy,) (2.92)

hold true for v;, € Uj,.
In addition, we introduce similar local interpolation operators as follows. We consider
the spaces

Cper, 1 i={v € Lg,(O7) : v|,., € C(K®) VK" €T}, (2.10)
Coer,rv = {v € L (OY) = 0|, € C(KY) VKY€ T} (2.11)

of bounded, piecewise continuous, periodic functions. As we can extend a continuous
function on an open interval to a continuous function on the closure of this interval, we
may apply Z7 and Z} locally on each element to obtain

Tivoe © Cperrr = {v € Char1e 0|, € PL(KT) VK* €T}, (2.12a)
Ty voe * Coerv = {v € Chargv V|, € PLUEKY) VKY€ TV} (2.12b)

Obviously, these local interpolation operators satisfy the identities

If:f,loc{aﬂﬂazv} - 8xa’fLIIf,loc{'U} ) and loc{a (lh’U} 0, ah 7loc{{)} ) (2133“)
Ti{3} = T {0} and TY{o} = V), {0} (2.13b)

for v € Cper7z, 1 € Cperﬂ, ¥ € Cper(O7), and v € Cper(O¥). Here, the first identity
follows directly from the definition of I} 1oe> @S Ozay, is constant w.r.t. z on every element.
In order to allow for a discrete version of the chain rule, we introduce for a continuous

function f : R — R and u € Cper(O) for every y € OY and x € (ih, (i + 1)h) = K* € T,*



the function
u((i+1)h,y)

@), () = f £(s)ds. (2.14)

u(ih,y)
Similarly, we define for x € O and y € (jh, (j +1)h) = K¥ € TY

u(z,(j+1)h)

), (,y) = ][ £(s)ds. (2.15)

u(z,jh)

Obviously, these definitions provide for u;, € Uy,
QT (wn)} = TP e} 0TS ()} =Te{ L )], 0y} (2.16)

On the periodic domain O, we define the Ritz projection operator R : H! (O) — U, via

per
/ VR{u} - Vu,dxdy = / Vu-Vudzrdy for all v, € Uy, (2.17)
@ @

with the additional constraint [, R{u}dzdy = [, udzdy.
Let us specify our assumptions on initial data, effective interface potential, and the noise.

(I) Let A be a probability measure on H, (O) equipped with the Borel o-algebra
which is supported on the subset of strictly positive functions such that there is a

positive constant C' with the property

—1
eSSSUD equpp A (c‘fh(I,fy{v}) + / Z;'{v} dedy + (/ Z;"{v} dzx dy) ) <C (2.18)
0 0

for any A > 0 with &, being a discrete version of the energy (1.4), which we will
define in (3.1).

(P) The effective interface potential F' has continuous second-order derivatives on R*

and satisfies for some p > 2 and u > 0 the following estimates with appropriate
positive constants:

F(u) >cu™?,
|F'(u)] <Cu™P '+ C,
Gu P = < F'u) <CuP%+C.
For nonpositive u, we define F'(u) := 4o00.

(B) Let (2, F, (Ft);¢, P) be a stochastic basis with a complete, right-continuous
filtration such that
(B1) W is a @Q-Wiener process on 2 adapted to (F;),~, which admits a decomposi-
tion of the form W =37 .. >} ey A2 guba B2 for independent sequences
of i.i.d. Brownian motions g5, (o € {x,y}) and a sequence of sufficiently
smooth basis functions gy;. Here, b, and b, denote the standard Carte-
sian basis vectors in R?. Furthermore, we will denote its components by
Wao = > 11z MudrBiy (@ € {z,y}). The corresponding components of ¢
will be denoted by @, and @,.

(B2) there exists a Fy-measurable random variable u® such that A = P o (u?) .
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(B3) the noise W is colored in the sense that ) %, ()\ﬁlz + )‘Z12> HgleIQ/ngoo(O) <C
for a positive constant C'.

Remark 2.1. (1) Under natural assumptions on the decay parameters Ay, and the basis
functions gr;, k,l € 7, Hypothesis (P) covers in fact also the case that the stochastic
integral is to be understood in the sense of Stratonovich. Assuming
e the basis functions to be given by g (x,y) = gi(x)g] (y) with gi(-) and g/ (-) as in
(3.4),
o decay parameters Ny, k,l € Z, o € {z,y} to satisfy

W= )‘Zz ) ?—k)l = Aot g(fz) = Al (2-19)
forall k,l € Z and o € {x,y},
the Ité correction of the Stratonovich term

> Oa(urpen) o dB

ae{z,y} k,I€Z
becomes
CsparDudt+ > " 0a (urgygn) dBg. (2.20)
ac{z,y} k,l€Z
Here, the positive constant Clgypqr 18 given by

CStrat = Lley )\30 _'_ 4 Z )\zl + 2 Z ()\zo + )\gk) y (221)
k,leZ\{0} keZ\{0}

where we omitted the superscript o as the decay parameters were chosen to be independent
of a. This allows to write the stochastic thin-film equation with Stratonovich noise in the
form

du = —div (¢*V (Au = Fgpp () dt+ D Y O (udugr) dBj (2.22)

ac{z,y} kIcZ

with the enerqy Fsu.q given by

FStrat(u) = {

F(u) 4+ Csipat (u — logu) + const.  if u >0

2.23
+00 if u<0 (2.23)

where the constant can be chosen in such a way that Fs.q satisfies (P) if (P) is satisfied
by F' itself. Hence, the analysis presented in this paper applies to the Stratonovich inter-
pretation, too.

(2) The approzimation of initial data is based on the nodal interpolation operator to cope
with the requirement of strictly positive discrete initial data. Therefore, we need the space
of initial data to be continuously embedded in C(O). The specification in (I) that initial
data should have H?-regularity is presumably not the optimal one. It is, however, consis-
tent with our reqularization procedure — see (3.6b) — of augmenting the pressure p, by a
discrete Bi-Laplacian. As the energy estimate formulated for (1.3) (see (3.9)) does not re-
quire more than H'-reqularity for initial data, it should have been possible to focus on H*'-
initial data and to apply nodal interpolation operators to appropriate H?-regqularizations,

e.g. by convolution. For the ease of presentation, we prefer to avoid those technicalities.



3. THE SEMI-DISCRETE SCHEME

In order to control the oscillation of the discrete solution u; on each element, we regu-
larize the energy under consideration. Introducing a regularization parameter 2 > ¢ > 0,
we define the regularized discrete energy and the discrete entropy as

Enlun) :Z%/Iif{\@muhIZ}+I;f{\0yuh|2}dxdy+/Iify{F(uh)}dxdy

© © (3.1)

+§h€/1,fy{|Ahuh|2}dxdy,
(@)

Sh(up) = /@ TG(up)}dedy  with  G(s) = /1 S /1 ' Ldrdr (3.2)

As it will be shown in Lemma 3.6, we assume that

(R) the regularization parameter ¢ is small enough such that there exists a constant
p > 0 such that
2 P

e
1> -4+ -4 — 3.3
>p+2+2p, (3.3)

where p is the exponent associated with the growth of F' (cf. Assumption (P)).

Remark 3.1. For every exponent p > 2 in the effective interface potential, positive pa-
rameters € and p exist, such that (R) holds true.

Given a positive time T}, we introduce a threshold energy Eyaxpn = Ch=r/@+p) for given
C > 0and 0 < p < 1 satisfying (R). Similarly as in [28], we consider associated stopping
times T}, := Tnax Anf {t > 0 : E(up) > Emaxn}- We approximate the infinite dimensional
Wiener process by a finite dimensional noise term. In particular, we introduce the sets
It C Z and I} C Z satistying

" x 2 2
(B3*) Eke[,ﬂg Ele[ﬁ ()‘klz + Al )hs ”leHw&w(o) < C for h ™\, 0,
(B4) Iy CI¢, I} C IV for h > h and Uoo If = Z and U, I} = Z.
Remark 3.2. Often the basis functions gy, are assumed to be eigenfunctions of the neg-
atiwe Laplacian on O under periodic boundary conditions. In particular, the functions

gr are assumed to be the product of eigenfunctions gi and g; of the one-dimensional
Laplacian on OF and OY, respectively, i.e.

cos (22’;”3) fork>1, cos (2”—ly> forl>1,

L
x 2 !
gi(z) = T % Jork=0, g¢'(y):= i % forl =0,
| sin (22k1> fork < —1, | sin (221?’) forl < —1.

(3.4)

In this case, we have ||grly2.00(0) ~ (k* +1?) and [95tllyps.000) < C(k3 +13). Therefore,

one may choose It = I} ={z € Z : |z| < éh*€/2} for given C > 0 to satisfy Assumptions
(B3 ) and (B4), i.e. the additional restrictions on the noise term imposed in (B3*)
vanish when passing to the limit h 0.
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With the perspective to simplify the implementation in a practical numerical scheme, we
approximate the basis functions gy by gnr = Z;,"{gr }-
In this work, we consider solutions

up, € L*(; C([0, Toax); Un)) (3.5a)
pr € L2(€4 L0, Trna; Un)) (3.5b)

to the following regularized, semi-discrete version of (1.3):
[ T @) dedy — [ T @) dedy
o o
TAT,
+ / / I,’f{ [G//(Uh)];laxphﬁﬂ/fh} dz dy dt
0 o

TAT), 1
+ / / Iff{[G”(Uh)]; 8yphay¢h} dz dy dt
o Jo

(3.6a)
TAT},
Y Y / TV {TE o AD, (unn) e} e dy B
keIf kel? 0 ©
T/\Th
+ Z Z )‘Zl/ / i{ L} 0o {0y (unBnir)on} } da dy Ay,
kelf kel 0 ©
/ T {pthn} drdy = xa, / T {0,undutn} ddy + X, / T {0,und,n} do dy

© © © (3.6b)

+X1, / T F (up)bn} d dy + x1, h° / I, { ApupAptpy } de dy .
O O

Remark 3.3. Note that for discrete solutions of (3.6a) the mass of discrete solutions,
ie. [oun(t)dedy = [, T, {un(t)} dz dy, is constant in time. Of course, it is natural to
choose ¥, = 1 as the test function in (3.6a). Obviously, the contribution by the elliptic
terms vanishes. So let us briefly prove that also the stochastic terms become zero. Using
(2.13a) and both up and gn i to be contained in Uy, we find

[ BT 0. i)}
O
= / LY { Owtn Ty soc{ Bnpi} + OxBn iy joe{un} } dzdy
O

= / Ty{0x (un@n )} drdy =0
o
due to integration by parts.

Definition 3.4. Let A be a probability measure on ngr((’)) satisfying (I). A triple

((Q, F, (ﬁt)tzo,fP),ﬂ, W) is called a weak martingale solution to the stochastic thin-film
equation (1.3) with initial data A on the time interval [0, Tp] provided

(1) (Q, F, (]—N"t)tzo, IP) is a stochastic basis with a complete, right-continuous filtration,
(2) W satisfies Assumption (B) with respect to (Q, F, (ﬁt)tzo,fP),
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(3) the solution @ is element of
L4 L0, Ty (O L6 L0, Tyt H2,(0))
N L7 (9 CYA([0, Toas]; (Hpee (0)))

per

for all ¢ < 0o and o < 8/5 such that \/m(a)V(Au — F'(a)) € L*([a > 0]),
(4) there exists an Fy-measurable H..(O;R")-valued random variable @° such that
A=Po (@), and the equation

/Oﬂ(t)qbdxdy: /(9a0¢dxdy+//[a>o} m(u)V(Aa — F'(a)) - Vodrdy ds
> Yo [ Val@moadedy ai

ac{z,y} k,l€Z

holds true P-almost surely for all t € [0, Thag] and all ¢ € WHT (O) with ¢* > 2.

per

(3.7)

(3.8)

The aim of this work is to establish the existence of weak martingale solutions starting
from semi-discrete solutions to (3.6). In particular, we shall prove the following theorem.

Theorem 3.5. Let Assumptions (S), (I), (P), (B), (R), (B3*), and (B4) be satisfied
and let Ty,ee > 0 be given. Furthermore, let (uh,ph)h\o be a sequence of solutions to the
reqularized Faedo-Galerkin scheme (3.6) for the stochastic thin-film equation (1.3) with
Emaz = Ch™P/CFP) for some given C > 0.

Then there exist a stochastic basis (Q,]:", (ﬁt)t>0,]l~3> as well as processes Uy, j;f, j,i/,

and u such that the following holds: The processes uy, j,"f, and j}{ have the same law
as the processes up, Ji = I,Z{ [G”(uh)]mlamph}, and J; = I;f{ [G”(uh)]glﬁxph}

and for a subsequence we P-almost surely have the convergences up — u strongly in
C([0, Tnag); LIY(O))NL(0, Thpae; WELIH(O)) (q < o), J& — J* weakly in L*(0, Thae; L2(O)),

per
which can be identified with —id, (At — F'(@)) on [a> 0], and J' — JY weakly in
L*(0, Trnaz; L*(O)), which can be identified with —ud, (At — F'(@)) on [a > 0]. Further-
more, U is a weak martingale solution to the stochastic thin-film equation in the sense of
Definition 3.4 satisfying the additional bound

E| sup

te [Ovaaw}

—l—E[// )| V(AT — F'(@) > dedy dt| < C(u®, P, Thnae)
u>0
(3.9)

with p < oo. In particular, P-almost surely, u(-,t) is strictly positive for almost all
t € [0, Tonaa)-
Lemma 3.6. Let u, € Uy, be strictly positive and let 1 > v > % + 5+ % and let

gh(uh) < Ch—r/2+p)
Then, there exists an h-independent constant C,s. > 0 such that the estimate
up (i, y;)

<C,.. 3.10



12 S. METZGER AND G. GRUN
holds true for all i € {1,...,dimU}}, j € {1,...,dimU}}, i€ {i—1,i,i+1}, and

Proof. Using the standard embedding theorems for Holder continuous functions and the
discrete embedding proven in Corollary A.4, we obtain

lunllen@) < ClIVunll oy < € (Ilunllis o + 18014l 2oy ) < CV/A=Enlun)

with ¢ < oo large enough. Furthermore, we have

1/p
sup ;' = ( sup u,")"" < C(h_2 / L, F(up)} do dy) < Ch P& (up)'"” .
(zy)€0O (zy)€0O o : )

3.11

Since there exists an element ) € Q) including the vertices (z;,y;) and (z;,y;) by as-
sumption, we combine the estimates above and obtain

Up(Ti, Yi U(ZL'Z,'!/) —Uh(l’;,yﬁ) _
kT b)) - |0 <0 s it W oo
uh(xiv yj) uh(xia yj) (z,y)€O (3 12)
S ChiQ/pgh(uh)l/phwhie/Qgh(uh)1/2 '
- Ch—Q/p—a/Z—l—vgh(uh)l/erl/? <O = Cho,
which completes the proof. O

We will start analyzing scheme (3.6) by showing that it admits a solution.

Lemma 3.7. Let T),4, be a positive real number and &y = Ch=r/+p) . Then there
exist stochastic processes uy, € L*(€; C([0, Trae); Un)) and py € L*(Q; L0, Traw; Ur)) as
well as associated stopping times Tj, such that:
o Almost surely, we have T), = Ty N inf {t € [0,00) : Ep(un(-,t)) > Emazn}-
o Almost surely, the process py solves (3.6b) for t < T and is contained in
C([0,Th]; Un).
o Almost surely, the process uy solves (3.6a) fort < Ty and is constant for t €
[ThaTmax]-

Proof. As the additional regularization term changes neither the Lipschitz continuity of
En(up) w.rt. up, when E,(u) < 2Emaxn, nor the Lipschitz continuous dependence of py, on
up, when & (up) < 3Emaxn, the result follows along the lines of proof of Lemma 4.2 in
[28]. O

As the solutions wu; are continuous in space and time for h > 0, the positivity of the
initial data immediately provides the positivity of the semidiscrete solutions.

Corollary 3.8. The solutions constructed in Lemma 3.7 are strictly positive for all h > 0.

4. A PRIORI ESTIMATES

In this section, we shall establish uniform a priori estimates for the semi-discrete solution
established in Lemma 3.7. These results will be used in the next section to pass to the
limit A\, 0 and this way to prove Theorem 3.5.
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4.1. The combined energy-entropy estimate. We start this section by demonstrating
that our spatial semidiscretization (3.6) satisfies a combined energy-entropy estimate as
long as the energy remains below the critical threshold energy &naxn which becomes
infinite for A N\, 0. Due to the cut-off mechanism implemented in (3.6), it is possible to
extend the results to [0, Tiax)-

Writing up(z,y,t) as ZdlmU” ijiU wii(t )ef(x)e?(y) and choosing ¥y, (x,y) = ef(x)e?(y)
in (3.6a) provides

dugj + x1, M, / G" (un)], xph@g(ef(x)e?(y))} da dy dt

o, M / 716", ayphay@f@)ey(y))}dxdydt

4.1
kelf,lel}
Mt S A / T {0, (unfinpn) € (2)e(y) ) } dardy dBY,
kelf,lel}
with M;; = [, ef oG y)dx dy. As we assume the subdivision to be equidistant, we have
M;; = h h,, for all i e {1 ..,drmUh} andj e{l,...,dimU/}.
Furthermore we define for ¢ € {1,...,dimU}} and j € {1,...,dimU}}
Ls(0) = x5 | Z{IG @) 0 67000 f oy
(4.2)
g [ z{iE ayphay<ef<x>ey<y>>} dedy.
Z5() =n M5 S | BT {00l )i @)} dody, (43
k,IE€Z
Zh(w) =x1, M;" > /Ix{fﬁroc{a (grt, @) p2unBnp)ef (2)ed(y) } fdady . (4.4)
kEZ

Here, (-,-);, denotes the standard L?*(O) inner product. With this notation we may
rewrite (4.1) as
dusy = Ly (1) dt Y~ (Z5(Nagw) A8 + Z5(Maga) ABY) (45)
kelg,lel}
For given positive parameters o and k, we consider the integral quantity
R(t) :== R(a, Ky hyup(t)) == a+ Ep(up(t)) + £Sh(un(t)) . (4.6)
D

Lemma 4.1. Let p > 1 be given. The first and second variations of R(s)” are given by

D(R(s)") = DR(s)"™ (DEx(un(s)) + £DSy(un(s))) (4.7a)
and
D*(R(s)") = PR(s)"™ (D*En(un(s)) + £D*Sp(un(s)))
+D(p — DR(s)"*(DEW(un(s)) + £DSh(un(s))) @ (DE(un(s)) + DSk (un(s))) (4.7b)
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with
Dc‘fh(uh(s))z/}h = /C)Iﬁ{ﬁxuhamwh} + Iﬁ{ﬁyuhﬁywh} dx dy (48)
+ / T {F' (up)p } dz dy + h° / T { ApupAppp} dady, (4.9)
0 o
D264 (un(9) n, ) = | THO0n0.0} +TE{0,000,0) dadly

+ / A F" (un) pnibn } do dy + h* / L, { AndnAnthn } dz dy,
o o

(4.10)
awmmwzéwm@mmw@, (4.11)
D28y (un(s))(¢n, ¥n) = /Oszy{G"(Uh)%i/ih} dzdy. (4.12)

Applying It6’s formula, we are able to show the following combined energy-entropy
estimate.

Proposition 4.2. Let p > 1 be arbitrary and let (up,pn) be a solution to (3.6) for a
parameter h € (0,1). Furthermore, let the Assumptions (B), (B3*), (I), (P), (R), and
(S) hold true. Then, for sufficiently large o and k depending only on (Ag)),, (A Ds
and T, there exists a positive, h-independent constant C' such that

sup R(t)”
te [O,Tmaa:]

+E _/OTh R(s)"! /Oz,f{[a”(uh)]y1|ayuh|} da dy ds]

E

+ ]E[ /0 " R /O {16 )], 0unl? } e dy ds]

Th _ Ty _
+E / R(s)" " | Apunll; ds} +]E{/ R(s)plha/ Iﬁ{|8$Ahuh|2}dxdyds}
0 0 o
T, -
+E / R(s)P~'he / I;;{\ayAhuh\?}dxdyds]
0 0
T, ~
+ I / R(s)p_l/Iﬁ{[|uh|_p_2h|6xuh|2}d:pdyds}
0 o

Ty
p—1 x —p—2 2
+E /0 R(s) /c’)zh{[|uh| p ]y|8yuh\ }dxdyds] <C.

(4.13)
Proof. Using the notation

dim U dim U}

en(t) == on(r,y,t) == Z Z Lij(t)ef (v)ed (y) (4.14)
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and
dim U dlmU
O (1) (was wy) ") 7= Pal, Y, ) (was wy)") = Y Z (Z5(we) + Zjj(wy))ef (2)e5 (y)
i=1 =
(4.15)
we may rewrite (3.6) as

duh = (ph(t) dt + (I)h(t)<dWQ7h) (416)

with
Waon:= Z Z N9k Brrba s (4.17)

a€{z,y} kelf,lel}

where b,, b, denote the standard Cartesian basis vectors of R%. Applying [t6’s formula,
we compute

_ tATh, _
R(t ANT,)" = R(0)P + / BR(s)P (D&, + kDSy)n(s) ds
0
AT}, ~
+ / ﬁR(S)pil(Dgh + KJDSh)(I)h(S)dWQJL
0

ATy
% Z / p ' D25h+’fD Sh)(‘bikzaq)zm)d

kelf,l e[y
AT, -
+ % / ﬁR(S)p_1<D25h + HDQSh)(q)%,kzv (I)Z,kl) ds
kely,lel} 0
AT}
w3 3 [ - DROPDE + DS @ (D, + KDS,) (¥4 ¥ ) ds
kelf, lel}
AT, -
+ % / p(p— 1)R(S)p_2(D5h +£DSy) @ (DE + “DSh)(q)%,kzv (I)Z,kl) ds
0

keI, lel}
= ROV +T+IT+IIT+IV+V +VI, (4.18)

where we used the abbreviations
dim U}’f dim U}L’

;. ja(s) = Pi(s) (Nt 0)") = Z Z Z5(Nasr)e; ()¢ (y) (4.19a)

dim Uy dim U

and D, (s) = 05 (s)((0, \gra)” Z Z Z5(Naem)ei (x)ef(y) . (4.19b)

Using Lemma 4.1, we compute

dim U¥ dim U}’

I:/O h]_)R(s)ﬁ_l Z Z /Iy{a updyef (x)el (y) } do dyLy;(s) ds
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dim Uy} dim U

AT},
+/ s)P! Z Z /Ih{6 updyel (y)ef (x) } da dyLij(s) ds

0

t/\Th dim Uy dlmU
AU 2 2 /Iy{F’ un)ef (2)¢)(y) } dr dyLiy(s) ds
0
d1mU}”fd1mUh

LR /OA " BR(s)! Z Z /O T2 Ay Ay (65 ()€ () b da dy Ly (5) ds

t/\Th dlmU dlmU
+"'€/ )P~ ! Z Z /Iwy{G' up)e )e?(y)}dxdyLij(s) ds
0 =1

= I, + L +1.+1;+1.. (4.20)
From (4.2) we obtain by straightforward computations

dim U dim U}/
[Zw S Y Lo @e) pdrdy
o i=1  j=1

dim Uy dimU}L’

= Z Z Mz‘jLz’jw«i — Dhg, (j — 1)hy)

i=1  j=1

= vz, /O Iﬁ{[G”(uh)];laxphaxI,fy{w}} +z,f{[G"(uh)];layphayz,fy{w}}dx dy (4.21)

for w € Cper(O) and therefore after integration by parts and using (3.6b)

Ia+Ib+Ic+Id

dim Uy dim U

t/\Th
:/ PRsP™H > Y /zfy{ —Apup + F'(up) + REAApuy,)
0

i=1 7=1

x Lij(s)ei (x)ej(y)} do dy ds

dim U}} dim U

:/OtAhpR EPIDY /fﬁ {puLij(s)es (2)eX(y) } do dy ds

= e e w0 Pz {16 ) o dr dyas.
(4.22)
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Similarly, we use (4.21) with w = G'(uy,) and (2.16) to compute

dim U dimU};

[zic) ¥ Y L@ pdedy
=, [ B{G @) 0md (G )}
+ {16 ()], 0yund, TG ()} | dady
— /O TH{O,undpn} + TE{Oyundypn} dar dy
= X7, /C)I}fy{Ahuhph} dx dy
== 8wl =, [ THOad, T (F ()} dady
+ X1, /C)I,f{ﬁyuhﬁyl,fy{F'(uh)}} dzdy + xn,h° /OI}fy{AhuhAhAhuh} dzx dy
= —x1, | Apuall; — X7, /OI;?{[F”(uh)]A@xuhIQ} +I}f{[F"(Uh)]y|8yuh|2} dzdy

—xr [ 10D} + T {0, A dedy.
O
(4.23)

From Assumption (P), we obtain the estimate [F”(up)], > é[lup| 7%, — ¢ and
[F"(un)], > &[|un|#7?], — ¢a. Therefore, combining the above estimates we conclude

tATy,
<= [ RGP Al ds
t/\Th B
ke / R [ Z10. 80} + T {10, 80u) dedy
0

s /zy{ funl 2], run )+ T ] [Junl 2], 0yl ey s

(4.24)
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Noting

dim Ug dim UY 2

D2E(®] 0, B 4y) = /O 7S Y ZOngnte ey bdrdy

dim U dim U}/ 2

+/OI,f Z Z ZE(Ngm) el (2)0,e4(y)| ¢ dedy

(4.25)
dim U dim U}/
[ Y 70 g0 i
o
dlmU“dlmUy 2
w [T 8 X X 20 )| dds,
dlmU”dlmUy
D28h<q)fz,klvq)i,kl):/zlfy G" (un) Z Z |sz Naow)%ef (2 )e?(y) dzdy, (4.26)
o

and similar identities for D>, (®j ), @ ;) and D>S,(®j ), @ 1), we combine [T1 and
IV and obtain after reordering

2

tAT), dim U}y dim U
_ p—1
3 / PR(s)" / T > Z LN gR) D¢ (2)el(y)| ¢ dzdyds
kerg,iery 0 o =1 j=
‘ /\Th dim UF dim UY 2
3 [ e [F Y Y Z0nenow))| o drdyds
ke[”‘ ler? =1 j=1
t/\Th dim U} dim U 2
+3 Z / I Z Z (AjBrt)Onei ()¢l (y)| p dzdyds
kelz ler? o
t/\Th dim U}} dim U 2
3 [ e 5 > X A0 o dedyds
ke[”‘ ler? o
t/\Th dim U dim U}/
+3 ) / /I;fy F"(u Z Z\ (2| e ()¢l (y) ¢ drdyds
kelz ler? o
t/\Th dim U? dim U}
* Z / /I’fy F(u Z Z |Z5( klgkl’ ¢; (v)ef(y) p drdyds
kelz lery o
t/\Th dim U} dim U” 2
+ 3l Z / /Ixy Ap Z Z i (Angr)e (v)ed(y)| pdrdyds
o

kel lel}
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2
t/\Th dim UY dim U}/
P / /Oz’fy A Z Z Z5(Nuow)ei (z)ef(y)| p dodyds

kely,lel}
t/\Th dim U dim U}
" /{ Z / 5 /Izy{G” Z Z ‘ZZ] Aklgkl} e; eyy drdyds
kelf, lel} o
tATh dim Uf dim U}/
i ;K Z / /I’fy G"(u Z Z ‘Zzg 11Okl ‘ ¢; ey (y) p dedyds
kely lel}
= I+ I1Iy+ I+ T+ I+ [T+ ITT+ Iy + I+ 11 (4.27)

To derive an estimate for I11,, we adapt the ideas of [28|. Using the periodicity, the specific
form of the one dimensional stiffness matrix on equidistant meshes and M;; = h,h, for
alli=1,...,dimU} and j =1,...,dim U}, we compute using (2.13a) and (2.13b)

dim U} dim UY 2

[23S Y Ztenae @) pdedy
o i=1  j=1

2

dlmUy dim Uy
-[0Y [T zvienace)| ard)a
oY =1 i=1
dim Uy dlmU
-2 2 / 2825~ 2525 ) (Nas) ) (w) dyh,
dim Uy dlmU
-3 Z/ o~ 25 O el) dy
dlmU“dlmU , , 9
= XT, Z Z (/ {Iﬁloc{ax(Aﬁluhéh,m)W}e?(y)}dxdy) h;lhy_1
dlmU””dlmU 2
< 2x1, Z Z ( v o, uhzh{ghkw} Yy )}dxdy) htho!

dim Uy dlmU 2
+ 2xm, Z Z (/ {)‘kl xghklz{ W}ef(y)}dxdy) hy'h,!

= (). (4.28)
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Recalling ¢7, | (z) = ¢/ (z — h,) and performing a discrete integration by parts (cf. Lemma
A.6 in the appendix), we continue with the estimate

dim U dim U}/

2
() <xn,C Y > (A;gl / I;;{@uhz,f{@;hw@hvmefﬂ(x)}e?(y)}dxdy) hy 'l
i=1  j=1 o

dim Uy dimUﬁ

2
+x1,C Z Z <)‘il/OIig{8;hzamuhzlf{gh,klef<x>}e?;(y)}dzdy) hy'hy'
=1 j=1

dim U7 dim U}

2
+xnC > Y (A;gl /O I,z{&cgh,klzif{8;"wuhef+1(a:>}e§*<y>}dazdy) hy'hy!
i=1  j=1

dim Uy dimU};

2
+x5,C Y > <Aiz /O Iﬁ{@hz@méh,kzlﬁ{uhef(w)}ei’»(y)}dxdy) hy'hy!
i=1  j=1

< OV sl o) [ TI0.f} dady
+ X1, CAg? H%l”iw(o)/(ofﬁ{|Aﬁuh|2}d$dy
+ x1, O’ ||8xgm||ioo(@)/Ofﬁy{lagh’”uhf}dxdy
+XThC)\i12Haihzamﬁh,sziw(o)/OI,fy{ui}dxdy

< X1, O 1020081l 00 0) B(S) + X1, CXi” N9k 0 0) /OI,fy{mﬁth} dzdy.
(4.29)

In the last step, we used Poincaré’s inequality and the pathwise conservation of [ o Undz dy
(see Remark 3.3, Assumption (I), and the norm equivalence (2.6)), as well as

10" 0T { gn} | e o) = 12T {05 0} 1w o) < 10207 002 10
< N102028mill oo 0y < 1Bkl woe (o) » (4:30)

which follows from (S) and the stability of the nodal interpolation operator. This provides

AT}, B
HL<0p Y N laulieme [ RGPS

kelf, lel}

t/\Th _
+Cp Y Azﬁngmniw(mfo R(s)"" /O Ty {| Ajun|*} dz dy ds.

kelf,lel}

(4.31)
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Similar computations show

tAT}, B
[[[d <Cp Z )\kl ”glew200(O / R(S)pdS

kelr,lel?
AT, ~ (4.32)
+00 Y Wlluliee [ ROPT [ T{I8mP) drdyds,
kelf, lel}
To control I11,, we compute
dim Uj; dlmU 2
[3]| X X @vimsgone) o
o
dim Uy dim U} 2
— [ B [ 1Y Z5henod)| de) pds
’ i=1 YOV | j=1
dim Uy dlmU
= Z Z Zij— ) (Nku8kt) P h, !
dim Uy dlmU 9
DYDY ( / {Izloc{amzlgh,kluh)eﬁww}}dxdy) !
dim Uy dlmU ) ) 9
dim U dlmU Y . 9
+2XTh Z Z ()‘gl/ {8 uhIh{gh ki¢; ( )}72j+1(y}3y2j(y)}dl‘dy) h;lhy_l
dim Uy dlmU

< x1,C Z Z (Agl/ff{a unZi {0, et () bel 4 (y }dazdy) 2hyt
d1mU}”fd1mU;f

2
+xnC Y Y (Azl /O I:i{a;hvaxuhzﬁ{@h,meﬂx)}e?(y)}dxdy) hy 'y
i=1 =1

dim U¥ dim U} 2
+x1,C Z Z ()‘il / Ty {0uon i {0, v unef () ey, (y) } da dy) hy'hy!
i=1 j=1 O

dim Uy dlmUy

+ x1,C Z Z ()‘ﬁz/zy{aJr a:ghklIh{uhe }e }dﬁdy) 1hy_1
=1 ] 1

< v, O gkl o /@ 7|0} dar dy

+ x5, ONEE gl 0 /O /{107 0,02} dr dy
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O g~ o /O {0, M up 2} de dy

O lgulmoy [ T{lunl?) dedy.
@
where we again used (2.13a) and (2.13b). Noting
/ {10} 0un)*} da dy = / TV Afup Afuy b dy dy
@ o

< %/OI,fy{|Afluh|2}dxdy+%/OI,fyﬂA%th}dxdy:%/OIZyﬂAhth}dxdy,
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(4.33)

(4.34)
we obtain
tAT), B
[[[b <Cp Z )\kl ”gkl”Wl (X,(O / R(S)pds
kel ier?
o . (4.35)
Cp X0 owlls "R [ T Apul?) dedyd
+Cp Z w19kl 7 0 (s) n | Apup)?} da dy ds
kelf,lel} 0 ©
and analogously
, ) AT .
I, <Cp > M llgwllieo) / R(s)P ds
kely, ey 0 (4.36)
tAT), ~ :
40 3 Ml [ BT [ T8} dedyds
kel lel’ 0 ©
h? h

We shall apply a similar strategy to deal with 171, and I11;,. We start with the decom-

position
dim U dim U} 2

/Ohy > Z sl (@) ()] b dedy

dimU}; dim Uy

<9 /O 78 ST 1Y ZE e AL ()] ely) pdedy

j=1 | =1
dim U} | dim UY 2

2 / 0S| Y Z5Onen)Alely)| ) b dedy
o i=1 | j=1
= [II,, +III,,. (4.37)

In order to control the first term, we use ¢/ ,(z) = ¢f(x + hy) and ¢, (z) = ¢ (x — h,),
apply Lemma A.6, and compute using (2.13a) and (2.13b)

dimUy dim Uy
> ZE e Atel (x Z Z5(Nagr)hg 2 (ef-1 (x) — 2¢§ (2) + efyy (2))

i=1
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dim U

= Z h;Zef(:p)(—Qij + Zz‘gil,j + Zierl,j)()‘glgkl)
i=1

dim Uy

= X1, Z ¢ (x)h, ' hy? /OIﬁ{)\ilﬁxﬁh,klsz{uhﬁ“(x)22%1)“%‘1(1) }ef(y)} dx dy
st

+xn Y € (@)h ! /O T NedeunTi{ o OO ()} dady
dZiZIU}’f

= X1, Z e/ (x)h, ' h," /Ozg{)‘ﬁzaxﬁiﬁh,mzf{%@ — hayy)ef (@) el (y) } dz dy
s

+xn, Y ef(z)hy 'Ryt /O Ty { N0 n it (€ + i, ) Ti{ Afune () }el (y) } da dy

Z:dling

txn2 Y e@)h /O T N0:05 " BTy { 0" unef () el (y) } da dy
i=1

dim Uy

+ X1, Z e (x)h; /Oz—lg{)‘ilafozuhIlf{gh,kl(x — ha,y)ef (2)}ef (y) } dady
=1

dim Uj;

+xn, > (x)hy ! / Ty { NaOuun (2 + he, )T { AT G el () }el (y) } da dy
i=1 o
dim U

+x1,2 Y e?(w)hzlhgl/0I}‘i{Aiﬁz@i"“uhlﬁ{6‘;hxéh,/§zef(af)}e?(y)}dafdy- (4.38)
i=1

Similar to (4.30), we use (S) and the stability of the nodal interpolation operator to
compute

HamAiIify{gkl}HLoo(O) = Hal“zlfy{a;hzaghzgkl}HLoo(o)
<0050, 8| e ) < 1020002001l 1w 0y < lialliseoy - (4:39)
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Therefore, we have

11 < xn O laullsnio) | Zo{lunl?} drdy
Xt C¥ louliniey [ (18T} dady
x5, O gl oy [ {10} dody "

4.40

X O gl o) [ T 107 drdy

o, O g e o /O T/ (|02} dr dy

xm, NP gl o /O (| ALun 2} dr dy

Similar computations show

11192 SXThC)\il2 HgleIQ/V?uoo(@)/OI;fy{|uh|2}d:Edy
_'_XThC)\ilQ HleH?A/I,oo(o) /C)IZy{\A%uh\Q}dxdy
X2, ON o a0 /O 77 {10 unl?} da dy
(4.41)
+ x7, CAE2 gl {0 Afuy|*} dz d
XTy, Kl |19kl L>(0) o h AUk T ay

+ x1,CAY° Hgszivz,oo(o) /C)Ig{\ﬁmuh\Q} dz dy

+ XThC)‘gIQ Hgkl ||12/V1,c>0(@) /Oz—fgfy{AiuhAzuh} dz dy .

Therefore,

tATY, B
I11, <CON? Hgkluivg,m(o) h® Z /0 PR(s)"ds

kerg,lel}

tATy, -~
1O gl BT Y / PR(s)" /@ T {| v} dodyds (4.49)

kel¥, lel}

+ OXg? ||9kl||ioo(@) h*® Z /0 ;T)R(s)p_l /OI,?f{|8xAhuh|2} dzrdyds

kel lel}
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holds true. Analogous computations provide

tAT), B
M <O Nl i Y [ pREPas

kely lel}

AT, ~
+ CAZIQ ||9kl||12/vl,oo(0) h® Z / ;T)R(s)p_l / I,fy{|Ahuh|2} dx dy ds
0 o

kelf,lel}

+ 0N Hgleiw(@) h® Z /0 PR(s)P™ /C)I,f{myAhuh\Q} drdyds.

kely lely

(4.43)
To control 111.+111f we compute forall: € {1,...,dimU}}, j € {1,...,dim U/}, k € I},
and [ € I}/

/QIZZ’{F"(%) (125(\agr) [* + 125 (Nogi)1*) € (2)ef () ; da dy

= X1, F" (i) M5! ( / LTy 10e{ MO (un@n i) € ()€Y (y) } } da dy)
o (4.44)

T (/ LT oA M0 (uni i) e ()€ () }} dy))

= XThF//<uij)Mi;1 <)‘£12A?jkl + )‘leBz‘zjkl) .

Using the definition of Zj/ ., we obtain for the first term

loc?

A?jkl = (/o IIZ{I/f,loc{ax(uhgmkl)ef(x)e?(y)}} dx d?/)

= < > /Q T { 0 (ungn )¢ ()¢ (y) } da dy)

QeQn

<My 3 / T {10, (unine) 265 (2)e ()} o dy
QEQy Q@

< 2M;; Z /QIIfy{(|8xuh|2|gh,kl|2 + un) 10281 ?)ef () €] (y) } da dy
QeQn

<C @kl iy Mis D /Qflfy{mxuh\gef(ﬂf)e?(y)}dflfdy
Qe

(4.45)

+ Cll@nnllyre o) Mij Y /Iﬁy{\uh\%ﬂx)e?(y)}dxdy
QeQ,’ @

= C sl My | T 10 e (@)6}0)} dady

= Clanalrio My [ T et} oy
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Similar computations for B, provide
tAT),

]IIE+I]If SC/ pR /Iy{z'x F// uh }|a uh| }+Ix{z—y{F// up, }|8uh| }dxdyds
0

tATy,
+C'/ PR(s /Ixy{|u *F" (up) pdzdyds . (4.46)
0

Analogously, we compute
AT,

IIL+111; gCF;/ DPR(s /Iy{Im {G" (up) }Owun|* 3+ T { ZY{G" (un) }|Oyun|* }dadyds

0
tATy, -~
+ C/i/ ﬁR(s)p_l/I,fy{\uh\QG”(uh)}dxdyds. (4.47)
0 o

Collecting the above estimates and applying Assumptions (B3) and (B3*), we obtain

t/\Th t/\Th
III+1V <C/ R(s )pds+0/ R(s)" " | Apuyll; ds

t/\Th
/ s 'h /Iy{|8 Apuy*} dz dy ds

0

t/\Th
v [ Rer e [ To sy arayas
0
t/\Th
+C/ /Iy{zm {F" (un) }Dun|*} dz dy ds
0
t/\Th
—l—C/ /Il“{Iy{F” uh)}\a uh| }dxdyds (4.48)
0
t/\Th
_'_C/ /Iwy{‘uh‘ F// (up, }dxdyds
0
t/\Th
—l—CFL/ /Iy{l'f G// (un) }|Ox Uh‘ }dxdyds
0
t/\Th
+C/<;/ 1/Iff{l—g{G”(uh)H@yuh‘Q}dxdyds
0 o

tATh -~
+C/<;/ R(s)p_l/I,fy{\uh\QG”(uh)}dxdyds.
0 o

While the first term on the right-hand side is a Gronwall term, the remaining terms
need to be absorbed in the negative terms provided by I. For this reason, we need the
following estimates: Due to Assumption (P), we have F”(u,) < Cu;,?~> + C. Recalling
the oscillation lemma 3.6, we obtain the estimates

/Iﬁ{I,f{F”(uh)}\amth}dxdy§C/I}i{[\uh\p2]1|8xuh|2}dxdy+CR(s), (4.49)

/Ix{Iy{F” up) Hoyup|*} dzdy < C’/ {Uu | 7P ]y|8yuh|2}dxdy+C’R(s). (4.50)

Furthermore, Assumption (P), Poincaré’s inequality and our uniform control of the mass
of discrete solutions (see Remark 3.3, Assumption (I), and the norm equivalence (2.6))
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provide

[ T P )} e dy
O

SC’/I,fy{F(uh)}dxderC/Iﬁ{|8$uh|2}dxdy+C§CR(s) (4.51)
0 0

for « > 0. Applying Young’s inequality and the Lemma 3.6, we compute

< [ BTG () s} s dy
O
< [ Ul Y owun P dndy + Ok [ {0, oy
O O
<c / T/ [Jun 7] |O,unl?} ddy + Ch?R(s) (4.52)
O

and

/@/ TH{THG" () YO, unl} dedy < c/ Te{ [junl 2], JOyunl* } dwdy + CK*R(s)
@) @)
(4.53)

Noting the definition of G”(uy,), we obtain
/ LY {|un’G" (up) dz dy } < / ldedy < C. (4.54)
o o

Therefore, the last term in (4.48) can be controlled by Ck fOMTh R(s)"'ds for a > 0.
This allows us to rewrite (4.48) for k > 1 as

tATh, o tAT}, _
I +1V < Clﬁz/ R(s)’ds + C/ R(s)P " | Apuyf; ds
0 0
tATh, B
+ C/ R(s)plhs/ {10 Apuy |’ } da dy ds
0 o
tATh, B
+ C/ R(S)plhe/ I,f{|8yAhuh\2} dz dy ds (455)
0 o
tATh, B
+ C/ R(S)V1 / I}f{ [|uh|’p’2]m|8xuh\2} drdyds
0 o

t/\Th -
p— T —p—2 2
+C/O R(s) /Ozh{[\uh\ »=2] |0yl }dxdyds.
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Using (3.6b), we compute

(DEL + kDS) @ (DE, + kDSR) (P}, 115 P 1)

dlmU””dlmUy
<2 / n\ Oxtn Z Z 5 (Nagr) 0pe] (2)ef (y) p dody
(@]
dlmU”dlmUy
/I”*“ By Z Z ZE (Ao ed (2)0,eY(y) p dady
dlmU”dlmUy

/Iy F'(up,) Z Z i (Augr)el (2)ed(y) o dzdy

dim U dim U}

Tk / T A Y ZE 0 An(e(@)el(v) b ddy
o =1 j=1

2

dim UZ dim UY ’ (4.56)
2| [ 26t 3 Y 20k ) pdsdy
i=1  j=1

dim U dim U}/
=2 /I”‘“y Dh Z Z Z5 (Ao (2)ef(y) ¢ dzdy
dlmU”dlmU 2

+ 2k / < G (uy,) Z Z Z5(Angn)ei (2)ej(y) o dedy

2
=x1, 275 (/ Ty oo { O (unnga)pn} } da d?/)
o

2
+ X1, 267 A ( / LA 10ed 0u (unBiga) G (un) } } A dy)
(@]

= XThQ)‘ilQAI + XThQHJQ)\iﬁA[[ ,

where we used (4.3) in the last step. To control the first term on the right-hand side of
(4.56), we use (2.13a) and (2.13b) to compute

2 2
Ar <2 (/ T/ {OpunZy{@npapn}} do d?/) +2 (/ Zg{axﬂh,kzzﬁ{uhph}}) = A, +A, .
o o
(4.57)

Recalling (3.6b), (P), the integration by parts formula used in (4.38), Hélder’s inequality,
and the positivity of u,, we obtain
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2
A[a SC(/ Zg{@wuhIff{ﬂh,klAhuh}} dl‘ dy)
o
2
+C(/ Ig{\amuhﬂ,f{\gh’kﬂ(u;p*l + 1)}}dxdy)
o
2
+ C’(h5 / Iﬁ{@xuhlﬁ{gmklAhAhuh}} dZL‘ dy)
o
<c( [ o) deay) lanulieo 1wl
2

+C(/OI,%{\&Tuh\I,f{|§;h,kl\uhp/2uhp/21}}dxdy)

2
+C(/Ozgﬂamuhﬂ/fﬂﬁmkﬂ}}dxdy) (4.58)
+Cloullieo 1 [ T{I0:O P dnay e [ T S} aray
+C|]818xgleioo(o) hE/OIg{\@muh\Q}dxdyhe/OI,fy{\Ahuh\Q}dxdy
+ C | Oarall 1 0) ha/OI;fy“AﬁuhP}dﬂfdyhg/oszyﬂAhUhP}d$d?/
+ Cllgrll 1< o) hs/@ﬂi{@ﬁzuhmdﬂ?dyha/oszy{|ﬁhuh|2}dxdy
+ C 110,001 70 (o) he/OIZ{|8xuh|2}d:cdyhe/OI,fy{|Ahuh|2}dxdy

N0l o 7 [ T BT w0} dodyh [ T Aoy,

where we used fOI;{{mxajhyuhP} dedy = [, ;" {AfupAjuy} dedy. Using a discrete
version of Holder’s inequality, we obtain

/Iﬁy{ﬁiuhﬁiuh} dz dy < || Afunll A unll, < [ Arunlly - (4.59)
@]

Therefore, we have
Ar, CR(S) lguil o0y 1 Anunll;
+C gl o) (/ IZ{|8muh|QI,f{u;p_2}}dxdy) </ I;fy{u,;p}dxdy)
o o
+C ||gkl||ioo(@) /OI,f{|8$uh|2} dl‘dy

+C Hgszivz,oo(o) R(s) (he /Ozg{\amAhth} dody + R(s))
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< CR(s) llgalliy2e (o) <”Ahuh”i + / Ty {|0pun T {u, " *} } dz dy
© (4.60)

+h5/Iﬁ{|8xAhuh|2}dxdy+R(s)) :
o

Using (3.6b), Holder’s inequality, (P), the computations used in (4.38), Poincaré’s in-
equality, and R(s) > «, we obtain the estimate

2 2
A[b S C (/ Zg{@x@h,klIﬁ{uhAhuh}} dzx dy) + C (/ Zﬁ{@xﬁh,klIﬁ{th’(uh)}} dx dy)
@] @]

2
+ CY(h€ / Ig{amghMI,f{uhAhAhuh}} dz dy)
(@]
< CDagrall e oy llunlly | Anunlly
2
+Clauliee ([ 707} dodn) +C ol [ o)
(@] (@]

+ Ch® (10,0500 81| 7w 0y 1unll 27 | Anunll
2 T 2 2
+ C 10281l 100 (0) B° | AR unll, h° | Anually,

1 C110,0uual e 0 17 /O /{0y 2} de dy B | Apan

€ 2 2 1¢ 2

+ Ch7 1102040, 8k 100 0y lunlly, B M| Anulfj,
2 € 2 3¢ 2

+ C 102811l e 0y B (| ARunll}, 2 | Anualy,

+ C0,0,80l e 0 / T {10,unl?} dar dy ° || D2
(@]

2

< C(lgullfyaceion + 1 Nl laceio) ) R) (18nunlly + R(s))
(4.61)

Here, we used that [,updzdy = [, ujdzdy is uniformly bounded P-almost surely
(cf. Assumption (I) and Remark 3.3). Using (2.13a) and (2.13b) and G'(u) = u™!,
we obtain

Arr < Cllgull 0 /OI,?i{I;f{G”(uh)}quhP} dz dy + C [|0: gl o) - (4.62)

Therefore, we have

tAT),
vee 3 (laulio + lauliae) [ RGP

keIy,lel!

tAT),
T 2 2 p—1 2
+€ Y N (lauliemio) + 1 lauliemio) [ RSP ISnul ds
0

kery,lel}

tATy, -~
w0 Y Plalie [ RO [ D0l T{w ) drdyas

keIy, lel!
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+C Z X ||gkl||w2oo(o)/ R(S)p_lhe/ozg{|8$Ahuh|2}dxdyds

kely, ler

2 S 2 ol / (s /@ T (TG (u) 0run?} de dy ds.

kel lel}

(4.63)

Recalling Assumptions (B3) and (B3*) and Lemma 3.6 and mimicking the computations
n (4.52), we obtain for k > 1

tA\Th o tAT}, 51 9
V< Cxt / R(s)"ds + C / R(s)" | Apun|? ds
0 0

AT}, -
+C/ R(s)p_l/Ig{Uuh\pQ]x\amth}dxdyds
0 o

on (4.64)
+C/ R(s)p_l/Iff{UuMp2}y\8yuh|2}dxdyds
0 o
t/\Th o
+C/ R(s)p_lhe/ Z2{10:Apup|* } dz dy ds .
0 o
Analogously, we compute
t/\Th t/\Th
VI <Ot / R(s) ds+C/ RGP | A ds
t/\Th o
—i—C/ )p_l/Ig{[|uh|p2]1|8xuh\2}dxdyds
o
AT, . (4.65)
+C / R(s)P! / z;;{ [Jun] 7] y|ayuh\2} de dy ds
0 o
t/\Th o
+C / R(s)"'h? / I {10, Apup|*} dz dy ds .
0 o
In order to obtain bounds for the expected value of stochastic integral, we rewrite
t/\Th _
Z / )p_ / Ii?i{Iff,loc{ar(Ailgh,kluh)ph}} dx dy dgy
kel el ©
t/\Th -
w3 [ BR[| DT, (narm} d dy 45
kerg,ter? 0 ©
(4.66)

tATh _
a3 / R(s)"™ /OI;“{ {5 10 {0 (N8 piun) G (un) } } dae dy dB,

kely, le[y

tATh, _
th Y / PR(s)"! / TH{TY o 0, (N srtn) G (un) }} e dy Y,
0 O

kelf, lel}

=1, + 1L, +1I.+11,
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and apply the Burkholder-Davis-Gundy inequality. For this reason, we introduce the
Hilbert-Schmidt operators

DO =R Y [ DT lou (b drdy, (@67
kely,lel}
)@ = iR Y [ BT 0 ) ) G )} dedy.
kel lel}
(4.67D)

mapping le/ 2L2((’)) onto R and the Hilbert-Schmidt operators

To(s)(w) = xp, ()" ) /Im{fﬁloc{a ({gr,w) p2un@nu)pn}  dody,  (4.67c)
kely,lel!
@) = xR Y [ TTA0(0.) ) G )} dy
kely, lel!
(4.67d)

mapping Q;HLQ((’)) onto R. Recalling (4.60) and (4.61), we obtain

(Z T1(5)(Q3 *gu)| )1/2

k,l€Z
1/2

2
= XThR<8)ﬁil Z )\iﬁ (/OIlg{zif,loc{all?(uhghykl)ph}} dz dy)

kely lely

p—1 x 2 2
< CRE [ N (ol o) + B lomllfvs o))
kelf,lel}
1/2

2
(||Ahuh||h /Iy{|8 up P I {u,?” 2}}dxdy+h6 Zg{|6$Ahuh|2}dxdy+R(s))>
@

< xn CROP (1wl +1 [ Z{0 80 b asdy + R().
O
(4.68)

Similarly, we have

(Z [Ta(5)(Qy *gua)| )1/2

k,l€Z

< vn ORGP (18wl + [ Zeflou PT o)) oy

+ x1,CR(s)P (hs /OI,f{|6yAhuh|2} dzdy + R(s)) . (4.69)
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Following the computations in (4.62), we obtain

1/2
(Z |Ts(s 1(QY%gw) )| ) < x1,CrR(s) </Iy{Zx{G" (up) }HOzup| }dxdy+0)

k,l€Z

(4.70)

1/2
(Z T4 (5)(Q) gia) | ) < x1,CKR(s)P </Oz,f{zg{(;”(uh)}|ayuh\2}dxdy+C).

k,leZ
(4.71)

Therefore, the Burkholder-Davis-Gundy inequality yields together with Young’s inequality
and R(s) > «

sup |11,]
te[omiax}

Tmax/\Th .
<c|( [ R (1wl + [ o Tl dsdy
0 (@]

1/2
+ he/I}j{\@mAhth}dxdy—l—R(s)) ds) ]
0

E

(4.72)

<:E sup  R(t)P

te[ovaax/\Th]

TimaxATh,
+Ca™'E [/ R(s)P~ <||Ahuh||h /Iy{|8 up P Ty {u,”” 2}}dxdy
0

+ ha/Zg{|8xAhuh|2}dxdy+R(s)) ds} ,
o

e ald

E E sup  R(t)?

t€]0, TmaxATh]

sup ||| <

t€[0,Tmax]
1 Tmax AT -1 2 2 —p—2
+Ca ' E [/ R(s)? (||Ahuh||h + / i {10yun Ty {u, "7} } de dy
0 0

+ h’f/I,f{|8yAhuh|2}dxdy+R(s)) ds} :
o

1
8

(4.73)
and

sup  R(t)" 1]

t€]0, TmaxATh]

E| sup |II|]+ sup [[14] E

te [Ovaax} te [Omiax]

+Ca152E[/OTmaxATh R(s)"™! </OIg{zg{g”(uh)\amuhlz}})}

+ Ca'W2E { /0 T e < /O T3 {TV{G" (up) }Oyunl?} du dy + 0)} L (474)

1
<7
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Collecting the above results, we obtain

E| sup [II|| <iE| sup R()"|+Ca” 1]E{ s | Apu|; dxdyds]
t€[0,Timax] t€[0,Timax]
+Ca'E /Iy [Jun| 772 _|Opun]® }dxdyds]

/T
i

+Ca™'E R(s)P~ / {[|uh|_p_2]y|8yuh|2}dxdyds}
0

+C'0z_1]E/ R(s)P~ 1h5/Iy{|8 Apup|? }dxdyds}
0

Th
+Ca™'E / R(s /I”‘“{|8 Apup|? }dxdyds}
0
+ Ca‘ll-{lE[ } ,
(4.75)

where we again used Lemma 3.6 and mimicked (4.52). Collecting the intermediate results
established above, we obtain for  sufficiently large

Ty -~
Bl sw 0P| +E| [ r6 [ 2wl o} sayas)
£€[0, Tinax] 0 o
T p—1 T " -1 2
+El / R(s) / zi{ 16" ()], 0, }dxdyds}
0 o
T -1 2 T -1
+]El/ R(s)" || Apually, ds} +]El/ R(s)"~ ha/I,f{mxAhth}dxdyds}
0 0 0
Th _
+E[/ R(s )plif/zx{\a Apup| }dxdyds]
+ I [/ / {[Jun77%] |0pun|? }dxdyds]
+E {/ /I [|un| 72 |8yuh|2}dxdyds}
- Th _
< E[R(O)p} +C/<L4E{ / R(s)pds] . (4.76)
0
Applying Gronwall’s lemma concludes the proof. 0

4.2. Holder continuity in time. For compactness in time, the first step is to establish
uniform Hoélder continuity for the stochastic integral. In particular, we will prove the
following lemma.

Lemma 4.3. Let Tye, > 0,0 > 1, v € (0,3) and let the Assumptions (S), (I), (P), (B),
(R), and (B3*) hold true. If 2vp > 1 holds, for solutions (un,pp) to (3.6) the stochastic
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integral
dim U dim U
Z Z Z Lijri(t 9?(?3) (4.77)
= =1 keIf,lel}
with

Eon(®) =5 [ | DT 40 i) (@)el )} dady a5
0 © (4.78)

EAT),
M [ [ DT A0 () @) 0)} d dy A8

0 o
is contained in L?P(Q; CP([0, Tnad); L*(O))) with B :=v — .
Proof. According to Lemma 2.1 in [29] it suffices to show that

dim U}Y dim U

7% _XThZ ZM“F (%)

x / T d o S (@) i) @)el(y) b b dedy (4.79)
O

kelg,lel}
and

dim U dim U}/

2Ns)w) = Y Y My @)e(m)

. / T 0 S (g w) ) S (@)ely) b b dudy (480)
O

kelf,lel}

are progressively measurable and contained in L*(Q x (0, Tiax); Lo(L*(O); L*(O))) with
a uniform bound in h to establish I, € L2 (Q; W"?P(0, Tinax; L?(O))). Then the continuous
embedding

W20, T L2(Q)) = €5 ([0, Ton: L*(0)) (4.81)

completes the proof. Recalling the computations from (4.45) and using (B3), we imme-
diately obtain the bounds

2
SXThC/IZ{|8xuh|2}dxdy+C/I,fy{|uh|2}dxdy, (4.82)
o @

~

Zl‘

L2(L2(0);L2(0))

2
) SXThC/Iﬁ{\ﬁyuh|2}dxdy+0/I,fy{\uh|2}d:cdy. (4.83)
o o

~

VA

Lo(L2(0);L2(O
Progressive measurability is satisfied due to the pathwise continuity of the u; P-almost
surely. Hence, the result follows by Proposition 4.2. 0

In order to show compactness in time, we shall use Lemma 4.3 to establish the Holder
continuity of uy, as a mapping from [0, T},.,.] into appropriate Sobolev spaces.
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Lemma 4.4. Let Tynqp > 0 and let the Assumptions (S), (I), (P), (B), (R), and (B3*)
hold true. Then, for p sufficiently large, a solution u, to (3.6) is uniformly bounded in
L2 (Q; CY4([0, Tonaa; (HL..(O))) for o < 8/5, i.e.

per

Up(to) — up(t 1 A\’
< w0 |lun(ts) n( I)H(Hper((’))) ) ] <C. (4.84)

_ 1/4
t17t26[07Tmaw] ‘t2 tl‘ /

E

Proof. Denoting the standard L?-projection onto U, by Py, , we obtain

/O(uh(tz) — up(t1)) dxdyD -

-1
lantte) = ity = s (19l
0#ypeH],(0)

< sup (nwnH%(

0#ApeHL . (O)

o | [ Tttt —uh<t1>>7>Uh{w}}dxdyD

+  sup (rwu;(@) /. <r—z;fy>{<uh<tz>—uh<t1>>7>Uh{w}}dxdyD

0F#YEH S, (0)

= s (ol 1)+ swp (Il 171)- (459)

0#AYeHL,,(0) €H[e,

To derive an estimate for |I|, we start with the identity

toNT},

/ TV {(up(ta) — up(ty))dn} do dy + / G” (un)] mph&,;(bh} dz dyds
t1 N\T;

toNTh, "

/ Iy [G"(Uh)];layphayébh} dzdyds = / T, {(In(t2) — In(t1))pn } da dy
° ° (4.86)

t1N\Ty,

resulting from (3.6a) for 0 < t; < 5. Using (4.86) with ¢, = Py, {¢»} and Hoélder’s
inequality, we deduce the estimate

toNTy, 1/2
1I] < ( / G” (un)] |8$ph|2} dxdyds)
¢

1NTh
taAT), 1/2
( / G’” (up)] |8x73Uh{1/1}\2} dz dy ds)
t1NTy,
to AT}, 1/2 (487)
w7 [ m{ie e, om i} asdyas)
t1N\Ty, (@)

taAT), 1/2
([0 ]z, o )P} asdyas)

t1 Ty,

+ Clln(t2) = In(t)l 20y Pua{¥H L2(0)
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In order to derive bounds for the first term on the right-hand side, we use the estimate

toNT}, 1/2
(/ / G” (up)] \8177Uh {1/1}\2} dz dy ds)
t

1A\Ty
toNT}, 9 9 1/2
<[l 102 10 05
t

AT (4.88)
3/4 2 1/2
< O((t2 = 0" Nlunl s ormirmon) - 1¥llnco)
3/8 3/4
< C(tQ - tl) / HwHHl HAhuhHm (0, Tmax; L2(O ||uh||L/°° (0,Tmax; HY(0))

3/8
+Cty—ty)" 191 1110 ”uh”LOO(O,Tmax;Hl((’))) :

In the last step, we used the inequality

3/4
||uh||L8 (0, Timax; L (0)) = <C ||Ahuh||L2(o Tmax;L2(0)) ||uh||L/OO(O,Tmzm;Hl(O))+ ¢ ||uh||L°°(0,Tmax;H1((’))) )

which follows from the discrete Gagliardo—Nirenberg inequality proven in Corollary A.4.
Using similar computations for the second term on the right-hand side of (4.87) and
estimating the remaining term with help of Lemma 4.3, we obtain

swp([[¢llt o |f|)”]

0AYeHL . (0)
toNT}, o/2
< / G" (up)] |8$ph|2} dx dy ds)
t

1AT}y,

E

30/4 o
(HAh“hHL? 0, Timax; L2(O)) HuhHLO‘{ (0. Tmax; HL(0)) T HuhHLOO(O,TmaX;Hl((’))))] (4.89)

to AT}, L o/2
([ ] z{icr ), o} aayas)
t @

1ATh

30/4
(HAhuhHLz o Tz 108130 g o) + bl 1t 0 ) |

+ C(ty — t1)
Applying Young’s inequality, we end up with

1 g
s ([l o) 171) ]
0#YEH ], (0)

ta AT},

E

<Oty — 1) *E [ / G" (up)] |8xph|2}dxdyds]

t1\Ty,

toNT},
+C(ty—t 3(’/81El /I,"f{[G”(uh)]yl‘ayph\Q}dxdyds}
t1NTy,
30/8 o/(4—20) 30/(4—20) 2/(2—0)
+C(tz — 1) /E[HAh AT 0N s e [N FEASA R
+ C(ty — tl)

(4.90)
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As we assumed o < 8/5, we have o/(4 — 20) < 2. Therefore, we may apply Young’s
inequality once again to obtain

o/(4—20) 30/(4—20)
HAhuhHLQ(O Tax; LQ(O)) H h”Loo(O Tmax; HI(O))

60/(8—bo
< C ||Ahuh||L2(0 Tmax;L2(0)) +C ||uh||Lo<{(0 Tma)x HY(0)) * (491)

In view of Proposition 4.2, we conclude

Bl s (IWllgolll) | < Cl=t)*" +Clta—t)”  (4.92)

0#£peHL . (O)

for p large enough.
Using (A.le), an inverse estimate, and the stability properties of Py, , we obtain

(11 < Ch||lun(tz) = un(tr)l 20y 19l 10y - (4.93)

To obtain an estimate for ||uh(t2) — un(t1)||2(0), We again start with the identity (4.86)
and choose ¢, = (up(t2) — up(t1)). This provides the estimate

to AT},
lun(ts) — un(t)| < / {16 0], 0und unt2) — un(12)) e dy s

t1 AT},
ta AT},

» / T (G ()] Dm0, (1) — (1))} dr dy ds

+ [Mn(t2) = In(t)l 2oy [lun(t2) — un(t)l 2 o)
= N1 —|— N2 + N3 .
(4.94)

Using Holder’s inequality and Young’s inequality, we compute

to AT}, ) 4/3 3/4
N, S/ (/ Ig{)[G"(uh)]; @Cph) }d:p dy)
t1\Ty, O

< ([ mu0te) - eI oy Vs
<C(ts =)' /t o ( /O T { | [G”(uh)]xlamphr/g} de dy) i (4.95)

1NTh
1/2
+ C(ty — t1)1/2/ (/ T3 {10: (un(t2) — un(t))[*} da dy) ds

@)
= (tz — tl)l/lea + (tz — tl)_l/QNlb .

toNT},

t1 AT}y,

For the first term, we obtain from Hélder’s inequality

vo< [0 ([ m{ierome ) ([ 2o

ta AT},
<C / R(s) / Ig{[G”(uh)];l\ﬁmphP}dxdyds,
t (@]

1Ty

) 1/2
} dx dy) ds

(4.96)
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where we used
e 1/2 1/2
([2{lerwiaa) <o [mrfaw) < lule < cre.
@) @
(4.97)

Concerning Nj,, we obtain from a discrete version of the Gagliardo-Nirenberg inequality

(cf. Corollary A.4)
Ny, <C(ty —t1) Jun(tz) — Uh(tl)H?/le(O)
<Oty — 1) [|Anun(ta) — Apun(t)|l, [lun(ta) = un(t)]l g1 (o) (4.98)
+ C(ty —t1) |lun(tz) — uh(tl)”?“{l((’)) :

Estimates for Ny can be derived in a similar manner. To derive bounds for N3, we use
the results from Lemma 4.3 and obtain

E[N] <SE[[Jun(tz) — un(t)ll;] + C5E [Hfh(tz) — In(t) 720y

<OE[[Jun(tz) — un(t:)[1}] + Cilta — t1)*.

as the first term on the right-hand side of (4.99) can be absorbed for ¢ small enough, we
obtain

]E[h" |up(ts) — Uh(t1)||z2(0)]

< Oty — 1) W [ /t R /@ {16 ()], 0.0} g ds]

1NTy

(4.99)

r to AT},
+C(ty — 1) hE / R(s) / I,f{[G”(uh)]; 1\ayph\2}dx dy ds]
@]

LJ t1 AT},

+ Oty — ) BT A (t2) — A (00 [772 1 (2) — wn () 152

+ Cty — 1) W B | ||lun(ts) — uh@l)y\;l(@] + Cho(ty — 1) + Cho (ty — 11)7°

< Cho(ty —t1)"* + C(ta — 1) *E|  sup lun(s) 70y | +CR7(t2 — t)7"

SE[Ovaax]

(4.100)
where we used (2.9). Choosing 8 > 1/4 (cf. Lemma 4.3) completes the proof. O

5. PASSAGE TO THE LIMIT

5.1. Compactness. As uy is only strictly positive for A > 0, we lack h-independent
bounds on the pressure p,. Therefore, we consider the fluxes

g=n{iewony,  pen{fowionf. 6y

which are uniformly bounded in L*(Q; L*(0, Tax; L*(O))). Note that solutions (up, pp)
to (3.6) may be equivalently characterized by (up, Apup, Ji, J7). In the following, we
consider these objects in the spaces

X, = O([0, Tone; LI(O)), ¢ < o0, (5.2a)
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Xau = (L0, Tonas L(0))) e (5.2b)
X = (L0, T L(0))) e - (5.2¢)
Xyv := (L*(0, Tax; L*(0))) our - (5.2d)

Lemma 5.1. Let Ty4p > 0 be arbitrary but fived. Let (up, Apup, J¥, J}f)h be a sequence
of discrete solutions to (3.6). Then the families of laws (pu,)y,, (Bayu, )y, (Hiz),, and

(1) , are tight.

Proof. From Proposition 4.2 and Lemma 4.4, we obtain that (uy), is uniformly bounded

in L2(Q; L(0, Thnax; H(0))) N L7 (Q; CY4([0, Toax); (H,(0)))) for o < 8/5. Due to the

per

well-known compactness theorem by Simon (cf. [64]), the ball By in L>=(0, Tiay; H..(O))N

per

CY4([0, Thnax; (H,.(0))') is a compact subset of C([0, Tax); L9(O)). Furthermore, we

per

have for any R > 0

Houy, (Xu\ER) =P [||Uh||zoo(o,Tmax;H1(0)) + ||Uh||21/4([0,Tmax};(ngr(O))’) > Ro} (5.3)

—0 2 ag
<R E|:||uh||L°°(0,Tmax;H1(O)) +C+ ||uh||01/4([0,Tmax};(HPl)er(O))/):| )

which shows the tightness of (u,,),. As closed balls in L?(0, Ty L*(O)) are compact in
the weak topology, the tightness of (1a,u, )y, (1), and (u Jg)h is a direct consequence of
Markov’s inequality and the bound obtained in Proposition 4.2. ([l

Following the lines of [28], we introduce the Polish space

X 1= (C((0, Tn): L*(0)))° (5.4)
as an additional path space. Let puw := (=, ,uWy)T be the law of
T
W= (D Nagubin Y Migubl) - (5.5)
kl€Z kleZ

As Xy is a Polish space, uw is a Radon measure and therefore regular from the interior,
le.

MW<(C([O,TmaX]; LQ(O)))2> = sup {uW(K) . K C (C(]0, Trax); LZ(O)))2 compact} .
(5.6)
To deal with the initial data, we introduce the space X, := H!,.(O). Together with the

per
tightness results of Lemma 5.1, we obtain the following result.

Lemma 5.2. On the path space X := X, X Xay X Xj=e X Xy X Xy X X, the joint laws
wy defined by

pn(Ax BxCx Dx EXxF):=
P[{u, € Ayn{Apu, € B}n{Ji e Cyn{J) e Dyn{W € E}n{u’ € F}|, (5.7)
for h € (0,1] are tight.

Using Jakubowski’s theorem (cf. [51]) which is a generalization of Skorokhod’s theorem
(cf. [65]), we obtain the following result.
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Proposition 5.3. Let (up, Apup, Ji, J)) be solutions to (3.6) in the sense of Lemma 3.7
defined on the same stochastic basis (2, F, (Ft),»q, P) with respect to the Wiener process
W. Then there exists a subsequence which we again denote by (un, Apup, JF, J)) such
that there are a stochastic basis (Q, F,P), a sequence of random variables

in 19— C([0, Tal: LYO)) (g < 0), (5.8a)
Anun Q= L2(0, Thnaw; L2(0)) (5.8b)
JE Q= L0, Thae; L*(0)), (5.8¢)

JV Q= L0, Thae; L*(0)), (5.8d)

ay :Q— H).(0), (5.8¢)

a sequence of (L*(O))?-valued processes W, on Q, random variables

i € L*(%C([0, Traa); L(0))) (g < 00), (5.9a)
Au € L*(Q; L*(0, Thao: L*(0))), (5.9b)
J* € L(Q; L*(0, Thaw; L2(0))), (5.9¢)
JY € L2(Q; LX(0, Trae; L2(0))) | (5.9d)
@’ € L*(0; H,.(0)), (5.9¢)

and an L*(O)-valued process W on Q which satisfy the following properties:

i) The law of (ty, A/;:u/h, j,f, j;f, Wi, ) on Xy X Xay X Xje X Xy X Xy X X,y under
P coincides for any h with the law of (up, Apup, Ji, JY, W,u)) under P.

i) The . sequence (Up, Apup, j,f, j;f, Wi, w))  converges P-almost surely towards
(a, Au Je, JY. W, 0% in the topology of X.

Remark 5.4. In particular, one may use the interval [0,1] for Q, its standard Borel
o-algebra for F, and the Lebesque measure for P (cf. [51]).

Similarly to T}, we introduce the random stopping times

Th = Tmax A inf {t Z 0: gh(ﬂh(t)) Z gmax,h} . (510)

Lemma 5.5. Along a subsequence, the convergence limp~ o Th = T,z holds P-almost
surely.

Proof. Following the lines of [28], we compute for each 7 € (0, Tryax]
Pﬁﬂ<rﬂ:PHE<Tchmmﬂ% (5.11)

Hence T), — Tipax in probability for A 0, which implies the P-almost sure convergence
for a subsequence. O

Lemma 5.6. Under the Assumptions (S), (I), (P), (B), (R), and (B3*), Anup, can

be identified P-almost surely as the discrete Laplacian of Gy, i.e.

Ahuh = Ahﬂh . (512&)
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Furthermore, the flux components j,f and j;f can be identified P-almost surely as
JE = XThIg{ [G”(ﬁh)]glﬁx(—Ahth + L F'(up)} + heAhAhﬁh)} , (5.12b)

Iy = XT*hIIf{ G (i), 0y (— A, + T {F (1) } + hsAhAhah)} - (5.12¢)

Proof. As Apuy, depends continuously on uy, (cf. (2.9)), (5.12a) follows by equality of laws.
As for every fixed h > 0, the functions u;, and 7y, are almost surely in C([0, Thax]; C(O)),
the stopping times T(w) and T,(@) are also continuous functions of u, and iy, respec-
tively. By inverse estimates (cf. Theorem 4.5.11 in [10]) and the oscillation lemma 3.6, the
same holds true for the terms on the right-hand side of (5.12b) and (5.12¢). In particular,
the expectation

6|
coincides with

gl

for arbitrary ¢ € C™([0, Thax); (C2.(O))). As the latter one is equal to zero, this gives

per

Tm ax

JE¢da dy dt
(@]

- /OTmaXthIi{ [G”@h)];l@m(—Ahfch+Iﬁy{F’<ah)}+h€AhAhah)}H (5.13)

Tm ax

Jrodrdydt
o

- /OT"““XThzg{ [G”(uh)]xlam(—Ahuh+I,fy{F/(uh)}—O—hEAhAhUh)}H (5.14)

the claim w.r.t. Jh. The argumentation for j}j is the same.
0

Corollary 5.7. Let the assumptions of Proposition 5.5 and Lemma 5.6 hold true. Then
the limit function Au introduced in (5.8b) can be identified with the Laplacian of 4 P-
almost surely.

Proof. Choosing ¢ € Cg, > (0), a Taylor expansion provides 8, =9 ¢+ 0, by oy hygb — A¢
in L>°(0O). Therefore, shifting the discrete Laplacian onto the test function before passing
to the limit provides the desired result. O

We proceed by showing that W and W, are Q-Wiener processes adapted to suitably
defined filtrations (E)t>0 and (F), t);>0: respectively. We define (]:t)t>o to be the P-

augmented canonical filtration associated with (4, W, ), i.e.
Fii=o(o(ri,W)U{N € F : P(N) =0} Uo(a")). (5.15)

Here, 7, is the restriction of a function defined on [0, Tj,.x] to the interval [0,7] with
t € [0, Thmax). Analogously, we introduce the filtrations (Fj;),., as the P-augmented

canonical filtration associated with (i, W, @9)

.7:“;17,5 = o(o(ryap, rtWh) U{N € F P(N) =0}Uo(ay)). (5.16)

>0
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Lemma 5.8. The processes W, and W are Q- Wiener processes adapted to the filtrations
(Fhit)yso and (Ft)ysq- They can be written as

Wit)= D D Meubiuyba and W)= > > Augubiba.  (5.17)

ae{zx,y} k,l€Z acf{z,y} k,I€EZ

Here, <B/C:,kl>ae{x I and (B,‘jl)ae{m o).k 1z are families of independently and identically

distributed Brownian motions with respect to <~7}h7t)t>o and (ft)tzo.

For a proof we refer to [28]. Combining the results of Proposition 5.3 and Lemma 5.6
with the discrete Gagliardo-Nirenberg inequality allows us to establish improved conver-
gence results.

Lemma 5.9. Let @, and Apuy, be the random variables identified in Proposition 5.5. Fur-
thermore, let the Assumptions (S), (1), (P), (B), (R), and (B3*) hold true and let q €
(1,00). Then u, converges strongly along a subsequence towards u in L*(0, Tyyep; WH1(O))
P-almost surely.

Proof. We follow the lines of Lemma 5.1 in [59]. Using Holder’s inequality, we compute

~1 1
1 — @ll 20,y nswracoy < C llin = @ll 00 1, ooy iin — Bl S50 2 a0y - (5:18)

Due to the discrete Gagliardo-Nirenberg inequality (cf. Lemma A.2), we have @ €
L2(0, Thnax: Wi(O)) P-almost surely. As @iy, is P-almost surely in U, ML (0, Tiax; H}.(0))
with Apty, € L*(0, Thax; L2(O)), we may use the discrete Gagliardo-Nirenberg inequality
(cf. Corollary A.4) to show that @ is also P-almost surely in L?(0, Tiax; W-h4(O)). There-

per

fore, it suffices to show that @, converges strongly towards @ in L?*(0, Tiax; H'(O)). Using
the triangle inequality, we derive

an =l 20 mpirr o)) < N = RAGH p20, s 0y + IRACY = ll 20,11 0
(5.19)

where R is the Ritz projection operator defined in (2.17). As R{a@} converges strongly to-
wards @ in H'(O) and since 1, is L°°(H')-regular, it only remains to show that the
first term on the right-hand side vanishes. We define A, : U, — U, N HY(O) via
fo (Apon)tn dedy = fo Voy, - Vi, dz dy for all ¢, 1, € Up, and compute

Tm ax

|V, — VR{Q}H%?(O,T;L?(O)) <

. (An(an — R{a})) - (an — R{a})dxdy

< [An(an = R{EH I r2(0,mme 2200 180 = RAGHI 2200 1300522009
< Clltn — R{UH 120,12 (0y) - (5-20)
Together with the strong convergence of @i, in L?(0, Tinax; L2(O)) P-almost surely, which

we have from Proposition 5.3, and the strong convergence of R{%} towards @, we complete
the proof. 0

5.2. Convergence of the deterministic terms. In this section, we identify the limit
functions J¢ and .J/ introduced in Proposition 5.3 and use the a priori estimates from
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Proposition 4.2 to establish additional (weak) convergence properties. In order to identify
the limit of the fluxes, we consider the discrete pressure

Un 2 P = — X7, Antn + XT”hI;fy{F/(ﬂh)} + X7, M AnApin

P-almost everywhere. In addition, we introduce the sets
S5 = {(@,t, (2,4)) € QO % (0, Tome) X O = dilw, t,2,) > 5} : (5.21a)
Ss(@,t) :={(x,y) € O : a(w,t,(x,y)) >}, (5.21b)
52 = { (@1, (2,9) € A (0,T) x O+ IQ € Qp st (3,9) €Q

(5.21c)
and ﬂh(d),t,-)‘Q > 5} ,

St (@, 1) ::{(a:,y) €O : 3Q € 9y s.t. (z,y) € Q and uy(w,t, )‘Q > 5} : (5.21d)

On these superlevel sets, we will be able to identify the limit functions of py,, J v, and J e
In particular, the following lemma holds true.

Lemma 5.10. Let u, and u be the random variables identified in Proposition 5.3. Fur-
thermore, let the Assumptions (S), (I), (P), (B), (R), and (B3*) hold true. Then,
there exists a subsequence, again denoted by uy, such that for all ¢ < oo and q the follow-
ing convergence properties hold true:

iy — @ in L(Q; C([0, Thnad); LI(O))) (5.22a)
iy — @ in L(Q; L*(0, Thaa; WH(0))) (5.22b)
diy, = @ in L (€ L(0, Tynaw; Hy e (0))) (5.22¢)
Apty, — Al in L*(Q; L*(0, Thae; L*(0))) (5.22d)
Ig{ [G”(ﬂh)];l} — in L9(Q; L0, Thnaa; LY(O))) (5.22¢)
Z,f{ (G" ()], 1} — 1 in L9(Q; L0, Trnaa; LI(O))) (5.22f)
In addition, we have

X5 X151 0cPh = X551 0aP in L*($; L*(0, Tonars L*(0))) (5.23a)
X2 X519 = Xiss1 0P in L*(Q; L*(0, Thnas; L(0))) (5.23b)

with p= —Au+ F'(a) on Sy for all § > 0 and
Jr—~ J° in L*(Q; L*(0, Thnaa; L2(0))) (5.24a)
JV—~ Y in L*(Q; L*(0, Thnaa; L2(0))) (5.24b)

where J* and JY are the limit functions introduced in Proposition 5.3. For every d > 0, we
are able to identify these limit functions on the superlevel sets S5 as J* = u0,(—Au + F'(u))
and JY = a0, (—Au + F'(u)).
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Proof. By Proposition 5.3, we have in particular u; — u. Choosing p sufficiently large in
Proposition 4.2 and combining Proposition 5.3 with Vitali’s convergence theorem and with
the bounds on @ and on Aay, (see Proposition 4.2), we obtain the strong convergence
of i, towards @ in L9(; C([0, Tmax); L7(€))), which gives (5.22a). To establish (5.22b),
we use the continuous Gagliardo—Nirenberg inequality and Lemma A.2 to show that

~ ~ 114 2) 2
litn = @l e atony < CIOWEITEGIE oo NN o o)
2) 2
+ C || ||%2q(0 Tr{:ix H2 )) ||u||%ooq((g7Tm)a/Xq,Hl(O)) (525)

+C HuhHL2 (0, Timax; HL(O)) +C Ha”qﬂ (0,Tmax; HY(0))
for all g < ¢ <3 . As this choice of ¢ in particular implies that ¢(¢ — 2)/q < 2, we may
use Holder’s mequahty to show that ]E[Huh — u||L2(0 Tmax-Wl»Q(O))] is uniformly bounded.

As we already established the P-almost sure convergence in Proposition 5.3, an applica-
tion of Vitali’s convergence theorem provides the result.

From the bounds on 1, stated in Proposition 4.2, we obtain the weak convergence @, — u
in L2P(Q; L0, Thnax; H] . (0))) along a subsequence. As the strong convergence of iy,
towards @ is already established in (5.22a), we are able to identify u and .

To establish the weak convergence expressed in (5.22d), we again start with the uni-
form L2(€; L*(0, Thax; L*(O)))-bounds on Ay, stated in Proposition 5.3. These bounds
provide the existence of a subsequence converging weakly in L2(€; L?(0, Toax; L*(0)))
towards some limit function v. As we also have A, — A@ P-almost surely (cf. Propo-
sition 5.3 and Corollary 5.7), combining the aforementioned uniform bounds and Vitali’s
convergence theorem provides

Tmax Tmax
/ / Aptp¢ de dy dt — / / Augdx dy dt (5.26)
0 o 0 0

strongly in L7(Q) for r < 2. Therefore, we have v = A .

Vet - o

vanishes for A \ 0. Using Holder’s inequality, we obtain

q
To establish (5.22¢), it suffices to show E

Lo (O,Tmax;Lq((’)))]

q
| sup / I}i{ [G”(ah)]ml}—ah dxdy]
te[omiax} O
) 1/2
- T 3
< <]E sup h{ (G"(ap)], }—uh dxdy])
te[omiax] (@]

2g—2 1/2
X <]E sup / Iﬁ{ [G”(ﬂh)]wl} — Uy, dz dy]) . (5.27)
te[omiax} O

In the following, we will show that the first factor converges towards zero while the second
factor remains bounded. Since [G” ()], " e (¥) € [mingege U7 (7, y), maxee ke Uy (7, y)),

we compute on each ) € Qy,
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J

2
d:pdyS/IZ{|maxﬂh—minah|2}dxdy

Iy{ [G”(ahﬂ;l} — i

hQ/Ig{|8$ﬂh|2}dxdy, (5.28)
Q

which provides the first result. To show that the second integral remains bounded, we

use that on each element K* = (ih,, (i + 1)h,) we have [G"(in)], | . (¥) = Un(ihe,y) -

Up(( + 1)hs,y). Applying the inequality of arithmetic and geometric means and Jensen’s
inequality, we obtain on each @) := (ih,, (i + 1)h,) x KY

{ [G”(ahﬂ;}

/ }QZg{uh(lhl‘)y) + Uh(('l + ]- z Y } 2 dr dy

2q—2

dzdy < / ‘Iﬁ{\/ﬁh(ihx,y)ﬁh((i + l)hgg,y)}‘zq2 dz dy
Q

/ 1Zy{uiq (ihg,y) + 020 2((i+1)hx,y)}dxdy:/Ixy{u% 2}dxdy. (5.29)
Q

Summing over all € Q; and applying (2.6), we obtain the result for p large enough.
The convergence expressed in (5.22f) can be shown with analogous computations.
To address (5.23a), we combine the bounds in Proposition 5.3 with the estimate

Xson Xisy 0 dwdy < 672C | {(G ), 0.l b dady,  (5:30)
o 19574l 9]

which indicates that X[Sgh]x[géﬂxﬁh is uniformly bounded in L?(Q; L*(0, Tinax; L*(0))).
5/4

Therefore, there exists a subsequence converging towards a limit function ns. In the

following, we have to show that ns = 0,p on Sj.

We approximate the characteristic function x(s,; by a family of functions Xy (w,t)yepy :

Q X [0, Thnax) = C22.(O) satisfying

per

v (w,t, (z,y)) = 0 for (z,y) € Ss(w, 1),
- 1 if dist ((z,y),055(w, 1) > =+, (5.31)
(@t (2,y)) :{0 i dist (2, y), 95 (0.1)) < <]

N+1

To identify ns on S5 with 0,p, we will show that

Tmax Tmax
[ by drdydt| = —F 50, (o n) da dy d .
E{ /O /O nsd dedy t] E{ /O /O 50, ($3n) d dy dt (5.32)

for sufficiently regular test functions ¢. In the following, we will show that this equation

is valid even in the slightly more general case when ¢y is replaced by the test function
¢ e L(€; C([0, Thnax; C2.(0))) with supp ((w,t) C Ss(w,t).

As 1y, converges strongly in Wpleg(O) (¢ < 00) PP-almost surely for almost all ¢ € (0, Tryax)

(O) with v < 1

almost everywhere in Q x (0, Thnax)- This allows us to apply an appropriate version of

Egorov’s theorem (cf. Theorem 42 in [19]) and to deduce for all ¢ > 0 the existence of a

and hence almost everywhere in Q x (0, Tnax), we have @y, — @ in CJ,,
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subset &, C Q x (0, Thnax) with measure smaller than ¢ such that @, converges uniformly
in (2 x (0, Tax)) \ € =: €. Therefore, we compute

Tmax Tmax
{ L s mphc“dxdydt] L | syt asdydeapia)

/ / xPthSL’dydtdIP / / Qh xpth:L’dydtdIP[ |=A+B.
c 6/4 .
(5.33)

Applying Holder’s inequality, we immediately obtain |B| < C1'/2. As i, converges uni-
formly towards @ in €, we have supp ((w,t) C Ss(w,t) C S{%Z(w t) for h sufficiently
small. Using the deﬁnitlon of Py, we obtain

A= —/C/ﬁh@fdxdydtdﬂ)[@]
/ /XT Apiindy¢ dz dy dt dP[@ / /XT T F (1) Y 0,¢ e dy dt dP[]

—hF / / X7, AnAyiind,C da dy dt AP[Q]
cJO

= A; + Ay + As.
(5.34)

The convergence of A; towards [,. [, Aud,¢ dz dy dt dP[@] is a direct consequence of the
weak convergence (5.22d). To obtain the convergence of Ay, we use

//XThF’ i) 0,C da dy dt dP[@ //XT — T F' (1) }0,¢ A dy dt dP[@)] .

Assupp C(w,t) C Sﬁﬁ(w, t), the second term vanishes for A N\ 0 due to Lemma A.5 and the

first term converges towards — |, e i) o F'(1)0, Cdx dydt d]P[ | due to Vitali’s convergence
theorem. The treatment of As is more delicate, as the bounds on h®A,Apt, are not
obvious. We begin by splitting As into

= — hs/ / X7, L, AhAhuhI y{@ Q}}dxdydtd]ls[d)]
/ / (I —T) AhAhahI,fy{ﬁxf}} de dy dt dP[@] (5.35)
— K / / Xz, AnAniin(I — I ){0,(} dw dy dt AP[@) =: A3, + A3, + As, .
cJo

Recalling (2.7) and applying Holder’s inequality shows that As, vanishes, since

| Az, | <h? HhE/QaﬂﬁAhthHL?(Q;LQ(O,TMX 6$I’fy{8x§}

:L2(0))) L2($5L2(0, Timax; L2(0)))

o}

+ W2 HhE/Qa Ahuh”L? ;L2(0, Timax; (5.36)

;L2(0))) ’ L2(Q;L2(0,Timax; L2(0)))

<he/?C.
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Due to (2.9) we have h Hhe/QAhAhuhHLQ G1L2(0 Tt L2(O)) < C. Therefore, standard esti-

mates for Z;¥, which can be found e.g. in Theorem 4.4.20 in [10], provide

g/2 €/2 ~ T s
\A&|§Ch/hHh/Am&mﬂhqﬁﬂanmi%@»HVLﬂ{@CH

L2(L2(0,Timax; L2(0)))

< Che/?.

(5.37)
Similar considerations based on Lemma A.1 provide
e/2 || 1,6/2 ~ _ gy -
|A3€| <h Hh AhAhuhHLQ(Q;LQ(O,Tmax§L2(O))) ’(I Ih ){axg} L2(L2(0,Tmax; L2(0)))

< OpL+e/2 _

- L2($;L2(0,Tmax; H2(0)))
(5.38)

Collecting the results above, we have

A—)/ /Au@dedydtdIP //F’ )0,C dz dy dt dP|[@]

//Tm/pa ¢ dady dt dP[@ / /Aua ¢ da dy dt dP[&] (5.39)
/ / @)9,C dz dy dt P[] .

As @ > 8 in supp 9,C, the last two integrals can be bounded by Ct'/2. Therefore, we may

identify s with xs,0.p, which provides (5.23a). The convergence expressed in (5.23b)

can be proven by similar computations.

The weak convergence expressed in (5.24a) and (5.24b) can be established analogously
o (5.22d). Therefore, it remains to show that the fluxes J* and J¥ coincide with

&8;,3]5 and a0,p, respectively. Reusing the ideas of the proof of (5.23a), we choose C €

L=(Q; C™([0, Trax]; C2.(O))) with supp C(w, ) C Ss(w,t) and compute

per

]E[/Tmax/ JV¢ da dy dt} |:/Tmax/ { (G ()] xph}gdxdydt}
Tinax )
—E [/ / X th]X[S(s]Zg{ [G//(fbh)]xla$]5h}§dl‘ dy dt:|

_HE{/TMX/ X[SQh X[Salzy{ [G"(a )] mph}Cdxdydt]
= ]E[ / " / Y52 Xisei Zh {m}axﬁhé dz dy dt] (5-40)
U - / X2 X151 (I Zﬁ){f’ { [G"(@n)], } xph}Cdxdydt]

Tmax ~
+B { / s X[Sé]zg{ [G”(&h)]xlamﬁh}gdx dy dt]
=: B+ By + B3 :

1/2
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The convergence

Tmax - Tmax
B, —» E [ / / X5, 00, pC da dy dt] [ / / @0, pC dz dy dt] (5.41)
0 (@]

follows directly from (5.22¢) and (5.23a). Combining (A.1lc) (cf. Lemma A.1) with stan-
dard inverse estimates (cf. Theorem 4.5.11 in [10]) and (5.30) provides the estimate

@Iﬁ{ [G’f(ahﬂ;}
L2(5L2(0,Timax; L2(0)))
+h ”8th”LQ(Q;LQ(O,TmaX;LQ(O)))

< 051< h{ [G"(an)], 1} — Up
L2(5L2(0,Tinax; L2(0)))
(5.42)

Therefore, By vanishes for h N\, 0 due to (5.22¢), and (5.22a). Applying Holder’s inequality
and the bounds established in Proposition 5.3, we obtain

( Ss] — X[Sa/ﬂ)g

Similar to the arguments used in the proof of (5.23a), we may use Egorov’s theorem to
obtain the existence of a subset &, C Q~>< (0, Tnax) with measure smaller than ¢ such that
@iy, converges uniformly in C27(O) in (2 X (0, Tinax)) \ €, =: €. As we have x(s; C X(52n)

5/4

per

By g(]h‘

102Dnl| 1255

By < C (5.43)

L2(Q;L2(0,Tmax; L2(O))) .

in & for h small enough and supp ¢ C S5, we obtain By < ~CL1/ 2 for all © > 0. As we
also have Ji — J* in L?(€; L*(0, Tinax; L*(0))), we obtain J* = 40,(—At + F'(@)) on
Ss. The identification of JY on Ss follows by similar arguments. OJ

5.3. Convergence of the stochastic integral. We consider for arbitrary but fixed
v € C%.(O) the operator My, : ©Q X [0, Tinax] = R defined by

per

Mi(t) = / T (un(t) — un(0))0} de dy

/ n / { (G ()] ﬁy{v}}dxdydr
/ o / zw{ JIG ), o Ixy{v}}dxdydT -
— ZZ/tATh/Iy{Ihbc{a (unn) Ly {v}}} de dy dBf;

kely ier}

tAT),
T Z Z/ /Iw{Igloc{a UnGh, ki Ixy{v}}} dz dy dj}); .

kelf ier?

Remark 5.11. In contrast to [28], we define M, using functions v in C2 (O) instead

per
of per( ). This seems to be necessary, as the limit process in Lemma 5.14 requires
convergence and stability properties of the projection of v that are not provided by the
L?-projection. Hence, the requirements on the reqularity of v are also higher.
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By the optional stopping theorem, My, , is a real valued martingale, i.e. we have
E[(Mp(t) — Mpo(8)V(rsup, rsW)] =0 (5.45)

for all 0 < s <t < Thax and for all [0, 1]-valued functions ¥ defined on X,. Here, r
denotes the restriction of a function on [0, Ty.x] onto [0, s].

Lemma 5.12. For the quadratic variation of My, ,, we have

AT}, )
(M), Z Z/ Nt (/ LI} o {00 (unn ) T, {0} } } da dy) ds
kelf lery @
T Z Z/ v (/ Li{ Ty o Oy (undn i) Z; {0} } } da dy) ds (5.46)
kelf lery

, AT, ,
<C ol / n () o s

Proof. We consider the mapping R(un,v) : Q X [0, Tmax] X (L2(O))* — R defined by

(0t Gr2) 2 (60) [ T Toed Bulin S 3 (o 2dinan {0} o oy
(@)

kelf lery

+XTh(taW)/Iif Hioed Dulun DY {8kt 2) 128n) Ti" {0} p ¢ dedy.
(@]

kely ler

(5.47)
We obtain for the Hilbert-Schmidt norm

2
52, 0) (& @)@z 0pm)

=xn,(tw) DY N < /O T T socl Ou(undra) T, {0} } } d dy)2

kely ler?

) YA ( / Ii:{Iz,loc{ay<uh@h,kz>z,fy{v}}}dxdy)

kelf 1ery
= X7, (W) DD NSA (L w) YD NPB?L (5.48)
kel lery kel lery

To estimate the first term, we use (2.13a) and (2.13b) and compute

2 2
@] @]
<C ”gh,leioo(o) Haxuh”i%o) ”Iify{U}H;(@) + Hamgh,leioo(@) HuhHi%o) Hzlfy{v}”;(@)
(5.49)

Using (B3), the standard error estimates for Z;¥, and a similar estimate for B2, we
conclude

2 2 2
HR(uhaU><t7w)”Lg(Ql/Q(LQ(O))Q;R) < Cxry, (t,w) ”UhHHl(o) HU”HQ(O) : (5.50)
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Applying Lemma 2.4.3 in [61]| concludes the proof. O

In the next lemma, we will study cross variation of My, , with the processes

g = | / (A8) " guabn - AW da dy (5.51)

for k,l € Z and a € {x,y}.
Lemma 5.13. For k,l € Z and o € {x,y}, the cross variation (M, Bpy), is given by

(Mas, B2, = { N o [ T T o A0 (un i) T {0}  dady ds ifk € IF, 1 € Y,
U9 O

else,
(5.52a)
T, T m T
(Mn, BLY), = A OM " fOZ {Iyloc{8 (wn8h k)] y{v}}}dxdyds ifkelr, lel,
' t 0 else.
(5.52b)

Proof. The proof follows the lines of Lemma 5.12 in [28]. We will only prove (5.52a), as
(5.52b) follows by similar computations.
To compute the cross variation with f};, we consider for given k, [ the mappings SY :

Q X [0, Tinax] ¥ @2/ >L2(2) — R which are defined as

s Y ( / TH{T e 00 (g 2) ) T 0} ) ddy + () /@ guz da dy) |

keIt lel}

(5.53)
Computing the Hilbert-Schmidt norm of S%, we obtain

HSi(uh, HL (QY212(0)R) = XTh Z (/ Iy{Zh loc{ﬁ Ung), 7) Ixy{v}}} dx dy)

ke[zlely

+x1,2 Z Z)‘ / Iy{zh tocd 0 (U@, 37 Ly’ {v}}}da dy)\x / grigr do dy

Eerzlery
e 2
-FXH%AEEI <;§-}£}gmgklda:dy) .
kI€Z
(5.54)
Using (Mo, B0, = 3({(S%(un,v))), — ((S%(un,v))),) and recalling the identity
Jo 885 dz dy = 0,507, we deduce (5.52a). ]

In addition to My, the processes

Z Z / Aﬁf </o LT o 0o (unfn )T, {0} } } da dy) 2 ds

kely iery

-2, / AZf < /O LA T 10c {0y (undn ) T, {v} } } da dy)st (5.55)

kel lery
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and

Mh,vﬁ]fl - )\il fO(.)/\Th foI]:z{I/f,loc{ax(uhghykl)zﬁy{v}}} dz dy ds ifk e [ﬁ, l e []?7{7

M85 else ,
(5.56)
MuoBy = Ny [N [ T T A0y (undn ) T (v} } } dady ds it ke If, Le I},
Mo else
(5.57)

are also a martingales. .
By equality of laws, we deduce that the following processes are also (Fj,;)-martingales:

Mio(t) = / T2 (an(t) — i (0)) T2 {0} } da dy

/ . / { G ()] 0, Iﬂﬁy{v}}dxdydT (5.58a)

/ / I"”{ (G ()], Jya Ixy{v}} de dydr,

e (o) ZZAizz /tATh (/ T T} 10 0n (uhghkl)ﬁy{v}}}dxdy) ds

keI 1e1?
2

— Z Z \Y /MTh (/O Ti{ L} 10 {0y (Unn i) T, {0} } } da dy) ds,

kely ler?

(5.58b)

MiaBi s = Ny [ [ T oo 0u (s T {v}} } dady ds it k € If, L€ I},

M B pa else,
(5.58¢)
MioB 0 = N JS" fo T T 1o L0 () T {03} dady ds ik € I, Le 1Y,
Mh,vﬁil{,kl else.
(5.58d)

Here, we used

Bt a(t) // (A2) ™ b - AW, dz dy (5.59)
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for k,1 € Z and « € {x,y}. Furthermore, the quadratic variation of ./\>lh7v and the cross
variations with 5, are given as

() =2 |

keIf leT?

tAT),

2
A ( [ BT Outingns T 1 o dy) as
O

- Z Z /0 )‘ZIQ (/o Iff{Ig,loc{ay(ahﬁh,kl)z;fy{v}}} dx dy) 2 ds

kel 1er?

(5.60)
<<Mh Bx >> — )\gl fot/\Tth I]:Z{Iiiloc{am (ﬁhghkl)IZy{v}}} dz dy ds if k € [}f7 lE []?7{ ,
0 PRk 0 else ,
(5.61)
<<Mh By >> — )‘Zl Ot/\Th OZ;’j{IﬁJOC{@y(ﬁhgml)I,fy{v}}} dl‘ dy dS lf k? Gllf, ZE ]g s
0 ERLLL 0 else.
(5.62)

Lemma 5.14. Let the Assumptions (S), (I), (P), (B), (R), and (B3*) hold true.
Then, for all [0, 1]-valued continuous functions W defined on X, X Xw, we have

D K /O (i(t) — ii(s))o de dy + / t /O @I 0,0 dz dy dr
- / t /O @JYd,v dxdydT) \Il(rsﬂ,'r’sW)] =0 (5.63)

for all0 < s <t < T
Proof. To establish the claim, we pass to the limit in the identity

i [(Mh,v(t) - /\?lh,v(s)> U (ryiin, rsvi/h)] _0. (5.64)

Due to Lemma 5.5, we have y7 =1 on [s,t] for h small enough depending on & € Q. We
start with the decomposition

/O T (iin(t) — an(s))} de dy
- /O (n(8) — ()3 {0} da dy — /@ (I — Z){(an(t) — ()T {0} } dedy . (5.65)

Due to the strong convergence of i, in C([0, Thax]; L7(©)) P-almost surely and the con-
vergence properties of Z;¥ (cf. Theorem 4.4.20 in [10]), the first term on the right-hand
side converges P-almost surely towards [, (a(t) — @(s))vdz dy, while the second term
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vanishes due to Lemma A.1, as the following computation shows.

/O(T — L") (n(t) — an(s))Z,"{v}} da dy‘ < Chljan(t) = an(s)| 11 (o) IV {0} 1 o)

< Ch/ a1y do dy VUl o0y < Ch.
@
(5.66)

Here, we used a standard inverse estimate (cf. Theorem 4.5.11 in [10]) and the non-
negativity of 4. In order to deal with the remaining terms, we use the decomposition

[* [{Vem oz o
// { [G"(un)], } L0, v} dz dy dt
//[ Iy{if { [G" ()], azﬂﬁy{v}}}dxdydt (5.67)
/tl /th I?i{ { (6" ()], } Iwy{v}}dxdydt

=A+B+C.

Applying (A.lc) from Lemma A.l pointwise in x together with an inverse estimate
(cf. Theorem 4.5.11 [10]) and applying Holder’s inequality, we obtain

to
Bl<on [ ,|em{ Ve e )
t1

Applying (A.1d) from Lemma A.1 and standard inverse estimates (cf. Theorem 4.5.11 in
[10]), we deduce

FANCINREREY

dt | (5.68)
12(0)

L2(0)

< Jou(m{ Vi oz )|
s -mimView azmy|
S|P Ty VG @)L p)an e+ TG @)L 90T o}
papfewi e, Jaifeijamro],
AT | LY E A2 [
ne (5.69)

As v was chosen to be sufficiently regular to control [|0,0,Z;,"{v}| o e, the only problem-

atic term is the first one on the right-hand side. In view of (5.22¢), we use the regularity
of v and apply an inverse estimate (cf. Theorem 4.5.11 in [10]) to obtain
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L2(0)
+ C |0y tnl| 2 o)

o(z{ Vi@ | - ) .
< 7 { [G”(am;l} — i,

In conclusion, by Hoélder’s inequality, we have
+ 10yl 120,13 0:02(0)

h{[m@m;} )
L2 (0,Tmax; -2 (0))

Vi ) - o

+ C|9yiinl oo - (5.70)
L2(0)

L2(0, Tmax; L2(O)) (

L2(0,Tmax;L2(0)) ‘ L2(0,Timax; L2(0))

(5.71)

Therefore, in view of Lemma 5.10, B vanishes in Lq(Q) for any ¢ < oo. In the same spirit,
we use Holder’s inequality and (A.lc) in Lemma A.1 to prove that C' vanishes in L9(f2).

s [ -z Jowi oz
<on [ o viera.'}

<Ch.
Therefore, it remains to analyze the convergence properties of A. As j,f converges weakly
towards J® P-almost surely in L?(0, Tiax; L*(O)), we may use the strong convergence of

Iﬁ{ [G”(&h)]xl} in L>®(0, Tnax; L(O)) with ¢ < oo (cf. (5.22¢) in Lemma 5.10) and
0, Z;{v} in L>*(O) to conclude that

dt
L2(0)

Ji

L2(0)

Jh ”ayal“zhy{v}HLoo((’)) dt
L*(0)

L*(0)

to N N
A— / / uJ*0,vda dy dt P-almost surely. (5.73)
@

Analogous arguments provide the P-almost sure convergence

// { [G" ()], Tr O Ixy{v}}dxdydt%/ /uJyavdxdydt (5.74)

As the U-term is continuous, uniformly bounded, and converges P-almost surely, it re-
mains to control higher moments to conclude the proof by applying Vitali’s convergence
theorem. 3

As 1y, is uniformly bounded in L7(€2; C([0, Thax); L9(O))) for arbitrary ¢ < oo and the
error terms B and C, which where introduced by the nodal interpolation operators, vanish
also in LQ(Q), it remains to establish the integrability of appropriate higher moments of

// { [G"(un)], }Jhazmy{v}d:cdydt (5.75a)
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and / / Iﬂf{ (G ()], }Jya T{v} dz dy dt . (5.75b)

The desired integrability of higher moments of the first integral follows from the estimate

{ (G"(ap)], }Jhafw{v}dxdydt’

e}

Together with the bounds from Proposition 5.3 and Lemma 5.10, we obtain the uni-
form integrability of a g-moment for ¢ > 1. A similar argument provides the uniform
integrability of the second term in (5.75b), which concludes the proof. U

10225 {0} oo oy - (5:76)

L2(0,Tinaxs 12(0)) L0, Thnaxs L9(O))

Lemma 5.15. Let the Assumptions (S), (I), (P), (B), (R), (B3*), and (B4) hold
true. Then for all [0, 1]-valued continuous functions ¥ defined on X, X Xw, we have

2
(/\;l% / </ ﬂgklﬁxvdxdy> dr
5 kleZ o
2 -
/ A (/ ﬂgklﬁyvdxdy) d7‘> \I/(Tsﬂ,TSW)] =0 (5.77)
5 klEZ o

for all 0 < s <t < Tae, where

E

t t
M,(t) ::/O(fa(t)—ﬁ(O))vdxdy—i-/o /O&jm&vvdxdydeL/o /Oﬁjyayvdxdydr.
(5.78)

Proof. We will prove this by passing to the limit in the martingale (5.58b). Recalling the
arguments from the proof of Lemma 5.14, we obtain that

W30 = [ 7200 - w0y} asay

/“Th / { G ()| Jhalxy{v}}dxdydr
/MTh / I”C{ G (an)], Jyazxy{v}}dfdyd7>2 (5.79)

converges along a subsequence P-almost surely towards

weo = ( [ o - aoaray

t t 2
+/ /ﬂjxﬁwvdxdydT +/ /ﬂjyayvdxdydT) . (5.80)
0o Jo 0 Jo
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In order to deduce the convergence of the corresponding expected values, we need to
establish higher regularity of M, ,. Starting from the representation

AT,
Myo(t) = ZZ)\ / /Iy{Ihloc{ﬁ g )Ty {0} } de dy dBy

kel lery

(5.81)
AT,
o Z Z Ak / / Im{Ilgloc{a UpGh, ki Ixy{v}}} dzdy dﬁh kl
kel 11
and combining the martingale moment inequality
E[\th(t)ﬁq} < Cq]~E[<<./\;lh,v>>q} for any g > 0 (5.82)
t

(see e.g. Proposition 3.26 in Chapter 3 of [53|) with Lemma 5.12 formulated for thv, we

obtain
tA\T), ) g
/0 [0(5) | o s

B[IMuu(0)1] < CE[{(Mi0))'] <C 0l i0 B

E

(5.83)
<C||v|% sup  Ep(up)! +C| .

H2 (0) max
Se[omiax]

[t remains to pass to the limit in the remaining integrals in (5.58b), i.e. we have to analyze
the convergence behavior of <</\>lhv>> for h 0 (cf. (5.60)). The first step is to show
t

that we may neglect the interpolation operators when passing to the limit. Applying
(2.13a) and (2.13b), we may rewrite the first component of M, ,, using

| BT 0. ) T )} oy
- [ BTG} dr dy+ [ THO G T o} e dy
= / Oplin@n Ly’ {v} dz dy + /Oaa:ﬁh,klﬂhzzy{v} dz dy
/O (I = T uin T (G} e dy — / Diin(I = TG {v}} d dy
/o (I = Zi){0:0n T, {tnv}} de dy — / (I — LY {2y, {v}} dr dy

= / 81(%@;17“)2;3’{@} dz dy —+ Akl + Bkl + Ckl + Dkl , (584)
(@]

where we used that g, € Uj,. Combining (5.84) with the binomial theorem and (5.60),
we get

2

DIP IR /MT (/ Ty 10ed 0 (andn i) L {0} } } da dy) dr

kel tery
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2

tAT),
- Z Z Aiﬁ/o </c') 0w (Unn, k) L;," {v} dx dy) dr

kEIP 11

tAT)
<C <<Mh,v>>t 3 Agﬁ/o A2 B+ O+ Dhdr

kEIT 1eT?

1/2

tAT),
+C Z Z AF2 /O A2 4+ B+ O+ D dr =: (#). (5.85)

kelf 1er?

Using Lemma A.1 and standard inverse estimates (cf. Theorem 4.5.11 in [10]), we obtain
the estimates

Aw <Ch ||a$ﬂh||L2((’)) ||8yIIfy{gh,klv}||L2(o) <Ch ||amﬂh||L2((’)) ||8y(gh7klv)||Loo(o) ) (5-86)
Bu <Ch ||amﬂh||L2((’)) ||gh,kl||L4(o) ||vszy{v}||L4(o) ) (5-87)
Cht < Ch]|0:0y 8l oo o) 1T {n v} 11 0

< C 0.0yl 0 Nl o) 1T 0 o
Dy < Ch|0u@hmill oo 0y 1Tl 1200y 1V {0 H 120 - (5.89)

(5.88)

Recalling Assumption (B3), (2.6), and the regularity of v, we obtain

tAT),

tAT), 1/2
(#) < Ch'2 <<Mh,v>>t(/o a7 o df) +Ch / lanllzs ) - (5:90)

Therefore, the p-th moment of the left-hand side of (5.85) vanishes, which in particular
provides convergence P-almost surely after restricting ourselves to appropriate subse-
quences. It remains to discuss the convergence properties of

SN /0 o < /O ax(ahgh,kl)z,fy{v}dxdy)QdT. (5.91)

keI 1e1?

After integrating by parts, we may use the standard error estimates for the nodal in-
terpolation operator (cf. Theorem 4.4.20 in [10]) and Assumption (B3) to obtain the
strong convergence of A}, gn i towards Aj,gr in L°(O) and the strong convergence of
9, {v} towards d,v in L=(O). Together with (5.22a), this provides the P-almost sure
convergence. Similar considerations provide the convergence of

2

Z Z)‘il /OMTh (/o Li{Z} o L0, (tnn i) L, {v}}} da dy) dr

keIf leT!

P-almost surely. As we already established the higher integrability of <<M hov >> in (5.83),
t
we may conclude by applying Vitali’s theorem. U

In the same spirit, we get the following result.
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Lemma 5.16. Let the Assumptions (S), (I), (P), (B), (R), (B3*), and (B4) hold
true. Then for all [0, 1]-valued continuous functions ¥ defined on X, X Xw, we have
B[ (M050 - M) 3 [ [ ontiguyodsayar ) v, i) = o
Te (5.92)
forallk,l € Z, o € {z,y}, and all s <t € [0, Tyaal-
Lemma 5.17. Let the Assumptions (S), (I), (P), (B), (R), (B3*), and (B4) hold

true. Then, we have

M / / (Ugr)v dx dy dﬁkl + Z A / / (gr)v dx dy dﬁkl
kleZ k,I€Z
(5.93)

Proof. As a martingale with vanishing quadratic variation is almost surely constant, it is
sufficient to show that

0= ((My( >> <<Z Z/ Agl/ ugklvdxdydﬁkl>>

ac{z,y} k,l€Z

<< PP / Z /Oﬁot@gkl)vdxdy dB;?l>> . (5.94)

ae{x y} kl€Z

To compute the last term on the right-hand side, we use the cross variation formula, which
can be found e.g. in Lemma 2.16 in Section 3.2 of [53], to obtain

<< 22 /()Akz/a (ag)v dz dy dﬁkl>>

ae{m y} kJIEZ

= > Z/ Akl/a ugmvdxdyd<< W), 5kl()>> . (5.95)

s
ac{z,y} k,l€Z

Following the arguments in [28], it is possible to show that the process s — <<MU(), B >>

is absolutely continuous P-almost surely and consequently
a(( M), B)) =2 / O (ii(5)ga)v d dy ds (5.96)
s o
Using the identities

(1), = ¥ S [ ([ taminarar) o

ac{z,y} kleZ

) )
— << POED IR /0 /O O (Tigry)v dz dy dﬁgl>> . (5.97)

ac{z,y} k,lcZ
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<<./\;lv() — / / (g )v dzdy dﬁkl>> =0. (5.98)

ac{z,y} k lEZ

we conclude

O

Having established the previous results, we are now in the position to prove Theorem

3.5.

Proof of Theorem 3.5. From Proposition 5.3, Corollary 5.7, and Lemma 5.8, we infer the
existence of a stochastic basis (0, F, <~7:t)t207 IP), of a Wiener process

W)= > > Migubiba, (5.99)
ac{z,y} k,l€eZ
and of random variables

i € LY(O; L0, Tra; Hjer (0))) N L? (25 L0, Tonax; Hor (0)))

per per
A L (5 OV, T: (L (O))) (0100
J® € L*(Q: L2(0, Thnax; L2(0))) (5.100D)
JV € L34 L2(0, Tinax:; L*(0))) (5.100c)

with ¢ < oo and ¢ < 8/5. As shown in Lemma 5.10, these random variables satisfy
J® =00, (— At + F'(0)) P-almost surely in [@ > 0], (5.101a)
JV =0d,(—Au + F'(11)) P-almost surely in [@ > 0]. (5.101b)

Furthermore, we have A = P o (710)_1 by construction. Lemma 5.14 implies that

t t
./\;lv(t):/(ﬂ(t)—ﬁo)vdxdij/ /ﬂjxamvdxdydst/ /&jyﬁyvdxdyds
o 0o Jo 0o Jo
(5.102)

is an (F;) i>o-martingale, and by Lemma 5.17, we obtain

¢ ¢
/(&(t)—ﬂo)vdxdy—i-/ /&ja”&vvdxdydst/ /ﬁjyﬁyvdxdyds
0 o
t
= Z)\ //8 gr)v dz dy dBF, + Z)\ //ay(ﬂgkl)vdxdy dgy, . (5.103)
0o Jo

k,leZ k,leZ

It remains to establish the energy estimate (3.9). Starting from Proposition 4.2, using
Fatou’s lemma and the definition of the fluxes (5.1), we find

E

P
li%l\glf< sup (%/Iﬁ{|8xﬂh\2}+2,f{\8yah|2}dxdy +/ I;fy{F(ah)}dxdy) )]
[ o o

teomiax}
- TmaX - -
+E liminf/ / JilP + P daed dt]
it [ [ 1P 1P acay
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< liminf E
RN\

— Tmax ~ ~
sup c‘fh(&h)p-i-/ /I,g{\J,‘ﬂz}+I,f{\J,f|2}dxdydt]
0 o

te [O,Tmax]

< OP, u°, Thax), (5.104)

where we used 3h° [, T,*{|Aytn|*} dzdy > 0. By the norm equivalence (2.6), we obtain

P
liminf | sup <% / |Viig|? dz dy + / I,Y{F(up)} dzx dy)
hNO-\ 4€(0,Trnax] o o

Tmax ~ ~
+ ]E[liminf/ / |JE2 4 [ JY)? dz dy dt} <O, u°, Thax) . (5.105)
h™0- Jo (@

E

Similarly as in the proof of Theorem 3.2 in [28], we may use the lower semi-continuity in
appropriate topologies to find that

P Timax ) )

E| sup (%/ |Vﬂh|2dxdy) +/ / |J,f|2+|J;f|2dxdydt < OP, u”, Thax) -

t€[0,Tmax] o 0 o
(5.106)
So let us focus on the remaining term [, Z,*{F (us)} dz dy.
Step 1: There is a positive constant C' such that
/ F(ay)dxdy < / Z{F(up)}dedy + C'. (5.107)
o o

Indeed, with the notation of Assumption (P), we find F' to be convex for s € [0, 4] where
4 is given by

i= (5.108)
with the constants ¢; and ¢ introduced in (P). Introducing § = U/ Cose with Coge being

the constant in (3.10) and using the definition for SSQh from (5.21d), we find that

max U, < u. (5.109)
(2,9)€O\S

Therefore, we have
F(un) < I, F(an)} on O\ S (5.110)

due to the convexity of F' on (0, u).
Using (P) once more, we find

0< F(ay) <C(P+1) on S2" . (5.111)
Combining (5.110) and (5.111), (5.107) is established.

Step 2: Estimate on E |ess UD€ (0, Tpnan] ([, F(a)dx dy)ﬂ :
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From (5.22a) and (5.22b) together with Sobolev’s embedding result, we infer P-a.s. that
for almost all ¢ € [0, Tinax]

ap(@,t,-) = a(@,t,-) in C7(0). (5.112)

Hence, F(uy(@,t,-)) — F(u(®,t,-)) pointwise which implies together with Fatou’s lemma

ess  sup / F(u(@,t,-))drdy < liminf sup / F(up(@,t,-))dxdy. (5.113)
t€[0,Tmax] J O WO 4€[0,Tmax] J O

As both sides of inequality (5.113) are non-negative, we can take the p-th power on both
sides. Taking the expectation concludes this step.

Step 3: Estimate on I [supte[O’Tmax} ([, F(a)dx dy)ﬂ :

We fix ty € [0, Tnay] arbitrarily and choose & € Q such that (@, -, -) € C([0, Thax); LI(O))
and M () := ess SUP;c(o 1y Jo F(@) dzdy < oo. The latter limitations are satisfied by
almost all @ € Q due to Proposition 5.3 and Step 2.

We will now show that 4(@, to, -) vanishes only on a set of measure zero. Therefore, we
take a sequence (s,), oy in [0, Tmax] which satisfies s, — to for n 7 oo,

/OF(fL(dJ, Spy x, y)) dedy < M(@), (5.114)

and (@, s,, ) — @(w, ty, -) pointwise almost everywhere. Assuming that the set N,
where @(w, tg, -) vanishes, has positive measure, we obtain by Egorov’s theorem the ex-
istence of a set N° C N C O such that p(N?) > (1 —§)u(N) for 6 € (0,1) such that
W@, Sn, -) — W@, to, -) uniformly in A°. This provides

/ F(u(@, $p,2,y)) dzdy =3 400. (5.115)
N6
However, at the same time we have
/ F(u(@, sy, 7,y)) dzdy < / F(u(@, s, z,y)) dedy < M(w). (5.116)
N3 o

This contradiction provides u(N) = 0 and F(u(®, s, ) = F(u(®, to,-)) pointwise almost
everywhere. Hence, by applying Fatou’s lemma, we obtain

n—oo

/ F(u(@,ty, z,y))drdy < lim inf/ F(u(@, sn,z,y))dzdy
o o

< M(©) =ess sup / Fu(@,t,z,y))dedy. (5.117)
t€[0,Tmax] J O
Again, taking the p-th power and the expectation concludes this step.
Together with (5.104) and (5.107), the energy inequality (3.9) is established. Finally,
we may combine (5.100a) and (3.9) to deduce the positivity properties of 4 claimed in the
theorem. 0J

Remark 5.18. As the estimate (3.9) is only of a qualitative character we did not strive
for an optimal result. In fact, it is — being based on (5.111) — a rather coarse estimate.
If more information is available on F', for instance number and height of local maxima,
much better estimates are available — based on appropriate convexity arguments.
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6. CONCLUSION

We have proven the existence of martingale solutions to stochastic thin-film equations
with conservative linear multiplicative noise in two space dimensions. As our result covers
driving noise both in the It6- and in the Stratonovich-sense, we expect it to be a starting
point to construct solutions for solely surface tension driven thin-film evolution (i.e. F' =
0) subject to compactly supported initial data.! This raises questions about the impact
of noise on the evolution of the solution’s support (“finite speed of propagation” and
“waiting time phenomena”). It is well-known in the (deterministic) theory of thin-film
equations that analytical concepts in two space dimensions carry over to higher dimensions
while the argumentation in dimension d = 1 takes advantage of the Sobolev embedding
H' < C'? and is therefore much less involved. Hence, a generalization to d = 3 (with
the perspective of applications to models for phase separation) is feasible as well. Finally,
the implementation of numerical schemes related to the finite element approach presented
here will provide further insight into the impact of noise on thin-film evolution.

APPENDIX A. AUXILIARY RESULTS

Lemma A.1. Let Qy satisfy (S) and let I be the identity operator. Furthermore, let

p € [l,00), q,r € [1,00], ¢* := ﬁ, and r* := —*=. Then the estimates

(I =Z){f glf}HLp(ow < Ch3 |0, fh”m(ow 1025, || oo (07) (A.la)
10:(1 = Zi){f gh}HLp(ow < Chy |0, fh”m(ow 102951 oo (07) (A.1b)
1L =TS g3 o ony < CRG N0y £ Loagom) 100901 o (o) (A.lc)
10,(I = Z;){f gh}”Lp ovy = Chy |0, thqu(Oy) 10y g3l o (ov) (A.1d)

hold true for all f¥, g € UF and f, g, € Uy. In addition the estimates
I = ") fagn ooy < OB 10 ful ooy 10290l Lo o) (A10)

+ Ch?; ||ayfh||Lpr(o) ||8ygh||Lw*(o) g .

I = Z){ frgn ooy < C 10w full 1oacoy 1029 Lo o) (A.1f)
IZA(T = T fagn} H ooy < Chz 102full oao) 1029nll 1o o) - (Alg)
10:(I = Zy ) fugn ooy < Cha [0 full oaoy 10298l oar (0) (A.1h)
11 = T {fugn}l ooy < Oy 119, thLpr(o) 10yl Lor 0y » (A.1i)
17 {1 — IZ){fhgh}}HLp(O) < Chy 10y full v o) HaythLpr*(@) : (A.1))
10,(I — II%{fhgh}HLp(@) < Ch, HaythLpr(o) HaythLpr*(@) (A.1k)

hold true for all frn, gn € U,.

Proof. The estimates (A.la)-(A.1d) are proven in Lemma 2.1 in [59]. In order to prove
(A.le), we reduce the problem to the one dimensional setting using

(I = T fagn H ooy < I = T fngn ooy + 1T = T frgn} o0y =t A+ B
(A2)

"n the case of It6-noise, no formal a priori-estimates are known for the case of compactly supported
initial data.
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and apply (A.la)—(A.1d). This provides

A< Ch?/p/ 10y thqu o) ||aygh||ipq*(oy) dz < Ch?;p ||8yfh||z£pq(o) ||8ygh||ipq*(o) - (A3)

Using Jensen’s inequality, (2.6), and Holder’s inequality, we obtain for r € (1, 00)

s [ md [ 1= zteraa < on [ B0 o 10010 oo b

Y

1/r 1/r*
<c( [ miesryasay) ([ mgoa ) aray)

<ON 0, fall30r 0 195 [ o -
(A.4)

The corresponding estimate for r € {1,00} is straightforward. The estimates (A.1f)-
(A.1k) can be derived from (A.la)-(A.1d) in a similar manner. O

Lemma A.2. Let Assumption (S) hold true and let the operator Ay, = U, — Uy N H(O)
be defined by

/o (Apon)Yp dedy = /Ov¢h - Vi do dy Vi, € Uy, . (A.5)
Then there exists a constant C < 0, such that for all ¢, € U, the estimates
168l (o) < C 1 Annl1T2(0) 011110y + C dnll1 o) - (A.6a)
I6nllwrnio) < C Il AR0R 117200y I0nll oy + C lonll o) - (A.6b)
hold true with k = %, v 3”7 andp € [2,6] ford=3, andk = §, v = ’%2 and p € [2,00)

for d = 2.

Proof. A similar result for continuous, piecewise linear finite element functions defined on
a simplicial triangulation has been proven in Lemma A.1 in [59]. This proof relies solely on
standard error estimates for second order problems (see e.g. Chapter 3 in [13]), standard
inverse estimates for finite element functions (see e.g. Theorem 4.5.11 in [10]), and the
properties of the Clément interpolation operator (see e.g. Lemma 1.127 in [23]). As the
first two results remain valid for quadrilateral finite element spaces satisfying (S) and the
Clément interpolation operator, which was originally only defined for simplicial elements,
can be replaced by the more general operator proposed in [4] that satisfies the same error
estimates as the Clément interpolation operator, we refer the reader to [59]. 0

Lemma A.3. Let Assumption (S) hold true and let the operator Ay, = U, — Uy N H(O)
be defined by

[ dinaray= [ Vo, vundray Vi € U (A7)
o o
Then there exists a constant C' < 0, such that for all ¢, € U, the estimate

[Arenl 120y < C N1 ARG 20y - (A.8)

where Ay, denotes the discrete Laplacian defined in (2.7).
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Proof. Noting that the definitions of A} and A} in (2.7) imply

—/ Ti{Avgnin} do = / Op Gn0x Yy d pointwise for all y € O,
i ’ (A.9)
— | {A)opn}dy = / Oy Pr0yhn, dy pointwise for all x € O,
Oy Oy

we compute

Anlleio) = [ dundsAuondady + [ 0,00, 410 dadly

— [ T-atomat dedy+ [ oA} drdy  (A10)
© o

S C ||Ai¢h||L2(O) ||Ah¢h||[,2(o) + C ||Az¢h||L2((’)) ||Ah¢h||L2(O) ,
which concludes the proof. 0

The following corollary is a direct consequence of Lemma A.2 and Lemma A.3.

Corollary A.4. Let Assumption (S) hold true and let Ay, be the discrete Laplacian defined
in (2.7). Then there exists a constant C' < 0, such that for all ¢y, € Uy, the estimates

98]l (o) < C 1AmnI520) 190l 0y + C llonll 1oy - (A-1la)
I6nllwrnio) < C 1RG0 90ll1(0) + Cllnll o) + (A.11b)

hold true with k = 3, v = % and p € [2,6] ford =3, and k = 1, 1/:’%2 and p € [2,00)
for d=2.

Lemma A.5. Let G : R D I — R be of class W, let a partition Qp, of a domain O
satisfying (S) be given. Furthermore, let U, be the corresponding space defined in (2.2c).
Then the estimate

IZH{G ()} = Glun) 20y < C G0 b2 /O [Vuy|* dz dy (A.12)

holds true for arbitrary u, € Uy,.

Proof. We will prove that the claim holds true on every @Q € Q). After an appropriate
translation, we may assume that @ is given by @ = co{(0,0), (hs,0), (hs, hy), (0, hy)}.
For arbitrary (z,y) € @, we have

= 1G(u(0,0)) + 3(8:G(un))(&F,0) -z + 3(9,G(un)) (z,&Y) -y (A.13)
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with &7, &5 € [0, h,] and &7, &) € [0, hy]. Similarly, we have
(Ty{Gun) (@, y) = 3(L;{G (un) 1)(0,0) + 3(0: T, { G (un) (T, 0) - @
+ 50, LHG () (@, ¢F) -y + 5(L{G(un)}) (ha, hy)
+ 3 LG (un) (G hy) - (= ha)
+ 30, L {G ) })(, G3) - (y — hy)
with (7, (5 € [0, h,] and (7, (Y € [0, hy]. Therefore, we have
|G (un(z,y)) — (T;{G(un)}) (@, y)I*
< Ch|(0:G(un)) (&7, 0)° + Chyl(0,G (un)) (2, &) " + Chg|(0oG (un) ) (€5 hy)
+ Chy|(9,G(un)) (@, E)I* + Chzl (0T, { G (un) }) (ST, 0)
+ Ch| (0, G (un) }) (w, () * + Ch| (0T { G (un) (G ) (A.15)
+ Chy|(0,T,°{ G (un)}) (@, 63)I
< CR? || Gl (10sun (-, 0)* + [8zun (-, by )* + |9yun(x, -)|?)

(A.14)

+ OB |Gl (185un(, 00 + [0sun (-, ) [P + T {18y un(, )P })-
Integrating over () and using the norm equivalence stated in (2.6) provides the result.
O
Lemma A.6. Let Assumption (S) hold true. Then the identities
— / aj(2)Z; { b5 (2)0, " ¢ (x) } dz = / aj(2)Z; {0, " by (x)ch(x — hy) } dw
‘ oF (A.16a)

+ | 0" ag(2) L {bh (2)cy (2) } de

o
[ at@m @G} = [ Al @B 0 — ki) do
—i—/ ay(x + hy )Ly {AVb; (z) ey (x)}dz (A.16Db)
+2 [ 0fay(2) T {8, by (x)cp(2) } da
o
- [ @z ) = [ a o B - )} dy
Qv (oL
+ [ o amn W)

| aom ity ay = [ Matw) T — b))y

Ov

(A.16¢)

[ ey ) THUA WY (1160

+2 [ OMal (y)ZY{ 0, b (y)en(y) } dy
Oy

hold true for periodic functions aj, € Cyer 12, by, cj, € Uy, aj € Cper 7w, and by, ¢ € Uy
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Proof. To show the second identity in (A.16a), we use the periodicity of the considered
functions and compute

o [ @) T {0 @)} da
— [ e+ T+ b)) do - [ @R @) ds
_ / (
o
+ [ @i+ ) - T @) @)} s
- [ G @TH01@) = ¥ ~ k)i b} o
+

/x (ay(x + hy) — aj ()L { by (x)cp (z) } de .

We will now use (A.16a) to prove (A.16b).

/m (2)TF {bf (2)0, "= 9= cf () } da

a
aj
(A.17)
OSC

)
4 he )T { (b (2 + D) — by () ey () } A
b{L‘

/ a; (2) T { 8, " by (2) 9™ ¢ (v — hy) } do — / "= a (2) T { by (2) 9, "= ¢ () } da
o o=
- - [ a@m{or @ @) dr
— / o af (x — I)I,f{bﬁ(a: — hx)ﬁgh”cﬁ(:c)} dx
o

= ay(2) T {9, "= 9, "= by (x)ch (v — hy) } dz + / " ay (2) {9, " by (z) } da

(’)x
+/ M af(x — hy) I {0, by (v — hy)ch(z — hy) } dz
(’)z
/ O 0 he g (4 — B VT2 [ (& — hy)ct ()} da
Oz
/ (x4 ho )TN (x)cp(x)de +2 [ 0F " af (2)T {9, " bj (x)cf () } da
xr O&C
= [ MR b))}
(A.18)
The identities (A.16¢) and (A.16d) can be established in a similar manner. O
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