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Zusammenfassung. Atherosklerose ist eine Krankheit der Arterien in
Folge derer der Blutfluss stark eingeschränkt oder gänzlich blockiert werden kann. Dadurch kann es zu Herzinfarkten oder Schlaganfällen kommen, zwei der häufigsten Todesursachen weltweit. Dies motiviert eine
mathematische Modellierung und Simulation dieser Krankheit. Die Zeitskala des Krankheitsverlaufs, primär bestimmt durch das Anwachsen eines Plaques in der Arterien-Wand über Jahre, unterscheidet sich stark
von der Zeitskala anderer als relevant vermuteter Phänomene, z.B. auf
die Wand wirkende Scherkräfte durch den Blutfluss, oszillierend mit dem
Herzschlag auf einer Sekundenskala. Dies verhindert eine direkte numerische Simulation dieser Modelle, da lange Zeiträume mit einer sehr feinen
Diskretisierung aufgelöst werden müssten. Das Ziel dieser Arbeit ist die
Konstruktion von einfacher zu lösenden Approximationen durch Mehrskalenmethoden mit einer rigorosen Fehleranalyse.
Motiviert durch einer Arbeit von Yang et. al. [Yan+15] werden zwei
vereinfachte Teilmodelle von Atherosklerose betrachtet, deren Mehrskalenanalyse sich rigoros durchführen lässt. Das erste Modell behandelt das langsame Plaque-Wachstum gekoppelt an die schnell oszillierenden Scherkräfte der Blutströmung. Dies ist mathematisch realisiert
durch eine langsame gewöhnliche Differentialgleichung gekoppelt an eine Strömungsgleichung mit schnell oszillierenden Randwerten und einem
vom Wachstum abhängenden, nicht-zylindrischen Orts-Zeit-Gebiet. Das
zweite Modell betrachtet schnell durch die Arterie advektierte Substanzen mit einer langsamen Diffusion durch die Arterienwand und besteht
aus einem System von Advektions-Diffusions- und Diffusions-ReaktionsGleichungen, gekoppelt über das permeable Interface.
Mit einem kleinen Parameter ε, welcher die Zeitskalenseparierung
ausdrückt, wird das Verhalten der Lösungen dieser Modelle im Grenzwert ε → 0 analysiert. Beide Modelle sind singulär gestört, d.h. der
Grenzwert der Lösungen erfüllt eine Differentialgleichung eines anderen
Typs. Für das erste Modell wird gezeigt, dass die Lösung mit der Ordnung O(ε) gegen die Lösung einer Grenzgleichung konvergiert, welche
die Auswirkung einer zeitlich-periodischen Strömungsgleichung mittelt.
Für das zweite Modell ergibt sich im Grenzwert ein gekoppeltes System
aus Advektions- und Diffusions-Reaktions-Gleichungen. Die Konvergenzordnung hängt dabei von der Lösungsregularität und der Advektionsgeschwindigkeit ab, für z.B. das stationäre Problem mit der PoiseuilleStrömung ergeben sich die Ordnungen O(ε1/2 ) und O(ε1/6 ) für den örtlichen L2 - und H 1 -Fehler im Strömungsgebiet und O(ε1/3 ) für den H 1 Fehler in der Wand. Verbunden werden hierfür Techniken für qualitative
Konvergenzaussagen von Advektions-Diffusionsgleichungen im singulären Grenzwert von verschwindender Diffusion mit einer speziellen Spurabschätzung für die Kopplung über das permeable Interface.
Für beide Modelle werden numerische Beispielrechnungen durchgeführt. Für das Plaque-Wachstums-Modell liegt hierbei der Fokus auf der
Lösung von zeit-periodischen Navier-Stokes-Gleichungen welche für das
Grenzproblem benötigt werden werden, ein existierender Algorithmus
wird dabei verbessert. Außerdem wird eine Fehleranalyse für die zeitdiskrete Grenzgleichung durchgeführt, welche verdeutlicht und quantifiziert, dass für die eﬀiziente numerische Lösung eine Balance der verschiedenen Fehlerquellen notwendig ist. Für das zweite Modell wird eine
discontinuous Galerkin Diskretisierung vorgestellt und die Übereinstimmung zwischen theoretischen und numerischen Ergebnissen gezeigt.
Der Aufbau der Arbeit ist wie folgt. Nach der Einleitung wird im 2.
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Kapitel eine Übersicht über die Krankheit Atherosklerose und existierende mathematische Modelle gegeben, gefolgt von einer Präsentation und
Entdimensionalisierung des Modells von Yang et. al. auf deren Grundlage die Skalierung der später betrachteten Modelle gewählt wird. Kapitel
3 bis 5 beschäftigen sich mit dem Plaque-Wachstums-Modell, im 3. Kapitel in abstrakter Form, um die Mehrskalen-Techniken zu präsentieren,
und in Kapitel 4 für das konkrete Modell mit einer Stokes-Gleichung auf
einem nicht-zylindrischen Gebiet welches von der Wachstums-Lösung abhängt. Kapitel 5 behandelt die Numerik dieses Modells. Im finalen Kapitel 6 wird die Mehrskalenanalyse und die numerischen Ergebnisse für
das zweite Modell der permeablen Wand präsentiert.
Abstract. Atherosclerosis is a disease of the arteries which can cause a
reduction or complete blockage of blood flow and may thus lead to heart
attacks or strokes, two of the most common causes of death worldwide.
This motivates mathematical modelling and simulation of the disease.
The timescale of disease progression, driven by the growth of plaque in
the artery wall over years, differs greatly from other processes which are
assumed to be relevant, e.g. the shear stresses exerted by the blood flow
on the artery wall, which oscillates with the heart beat every second.
This prevents a direct numerical simulation of such models, since long
timescales would have to be resolved with a very fine step size. The
goal of this thesis is to construct approximations which are simpler to
solve numerically, through the use of multiscale methods, and to prove
quantitative convergence results.
Motivated by a model by Yang et. al. [Yan+15], we will investigate
two simplified submodels of atherosclerosis for which a rigorous multiscale analysis is possible. The first model studies slow plaque growth
coupled to fast oscillating shear stresses caused by the blood flow. Mathematically this is realized through a slow ordinary differential equation
coupled to a fluid equation with rapidly oscillating boundary conditions
and growth-dependent, non-cylindrical space-time domain. The second
model investigates substances quickly advected through the artery but
only slowly diffusing into the semi-permeable wall. It consists of a system
of coupled advection-diffusion and diffusion-reaction equations.
With a small parameter ε, which expresses the timescale separation,
the behavior of the solutions to these models in the limit ε → 0 is investigated. Both models are singularly perturbed, meaning that their solutions converge to functions which solve a differential equation of different
type. For the first model it will be shown that the solution converges
with order O(ε) to the solution of a limit equation which averages the
effect of a time-periodic fluid equation. The second model yields a limit
consisting of a coupled advection and diffusion-reaction equation. The
order of convergence depends on the solution regularity and the behavior
of the advection field. For e.g. the stationary problem and Poiseuille flow
it will be shown that the spatial L2 - and H 1 -errors are of order O(ε1/2 ),
respectively O(ε1/6 ), in the advection domain. Inside the wall the H 1 error will be of order O(ε1/3 ). The derivation of this result combines
qualitative convergence theory for advection-diffusion equations in the
vanishing diffusion limit with a specific trace estimate for the coupling
through the permeable wall.
Numerical calculations are carried out for both models. For the
plaque growth the focus lies on the solution of the time-periodic Navier–
Stokes equation which will be required for the limit system, an existing
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algorithm from the literature is improved here. Furthermore, the error of
the time-discrete equation is analyzed, which quantifies and emphasizes
how the errors made in the different solution steps must be balanced for
eﬀiciency. For the second model a discontinuous Galerkin discretization
is proposed and the agreement between theoretical and numerical results
shown.
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Chapter 1

Introduction
1.1 Overview
Atherosclerosis is a cardiovascular disease in which plaque builds up inside
an artery’s wall. This can lead to a severe restriction of blood flow and can
cause heart attacks or strokes, some of the leading causes of death in the world
[GBD18]. Almost everybody is affected by some, mostly asymptomatic and
benign, stages of this disease, which begins in adolescence and progresses over
decades. This motivates a better understanding of this diseases’ progression
and risk assessments through mathematical models and subsequent numerical
simulations.
The disease features processes happening over vastly different timescales.
While progression happens over decades, the wall shear stress exerted by the
blood on the artery wall is hypothesized to play an important role in the
progression but varies on a sub-second timescale due to the pulsatile nature
of the blood flow. This poses numerical challenges since the fast processes
would have to be fully resolved over long timescales in direct approximations.
While many ad-hoc solutions to this problem have been proposed, the implicit
assumptions behind these simplifications have received little attention.
This thesis is concerned with the analysis and numerics of two aspects of
a plaque model by Yang, Jäger, Neuss-Radu and Richter [Yan+15] which was
the initial motivation for this work. The first aspect is slow plaque growth,
controlled by fast wall shear stresses due to the pulsatile blood flow. To allow
rigorous analysis this model is simplified as an ordinary differential equation
for the plaque growth state depending on the (integrated) wall shear stress
of a Stokes equation with oscillating boundary conditions and non-cylindrical
domain depending on the plaque state. The second model is concerned with fast
advection of substances in the artery with slow diffusion through the damaged,
permeable wall. This model consists of a coupled system of advection-diffusion
and diffusion-reaction partial differential equations.
To develop eﬀicient numerical approximations to these models we use a
typical strategy in multiscale analysis. We first express the scale separation
by a small number 0 < ε  1, in the sense that the separation between the
scales increases as ε → 0. Treating ε as a variable parameter instead of a fixed
constant, we then investigate the solution behavior as ε → 0, with the hope
that the corresponding solutions converge, in some appropriate sense, and that
1
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their limit satisfies another equation which can be solved eﬀiciently.
All models investigated in this thesis are of a singular perturbation type,
meaning that their mathematical structure changes in the limit ε → 0 such
that some initial or boundary values can no longer be satisfied. The first model
has a time-periodic fluid inflow, being driven by the periodic heart beat, and
multiscale averaging techniques are employed to prove convergence to the limit
system. The second model changes from a coupled parabolic-parabolic to a
coupled hyperbolic-parabolic system in the limit. Established estimates for the
fast advection limit in one domain are combined with trace and interpolation
techniques to prove convergence in the other domain.
Since the limit equation is solved as an approximation to the original model,
the quantification of the rate of convergence in terms of ε will be a focus of the
analysis. The first model also leads to a non-standard limit equation, which
requires the solution of a time-periodic (Navier–)Stokes equation in each step,
the numerical solution of which and overall error estimates will be major topics
of the numerical discussion.
Both models are simplifications such that a rigorous multiscale analysis is
possible. Consequentially their applicability to the medical problem is limited
and for this reason the numerical simulations are performed to illustrate and
complement the analysis without focusing on accurate medical parameters. It
is the hope that these tools can nevertheless be employed in more complex
models, even when a rigorous theory is out of reach, where e.g. the validity of
underlying assumptions could be checked numerically.

1.2 Sketch of the Multiscale Analysis for Plaque Growth
We sketch the multiscale analysis for the plaque growth model to illustrate the
techniques and results mentioned in the overview. To keep this section brief we
will not be concerned with technical definitions or details, which can be found
in Chapters 3 and 4.
The simplified plaque growth model assumes that the plaque is described
by a finite dimensional state q ∈ Q, e.g. the height of the plaque relative to
original wall, whose evolution is governed by an ordinary differential equation
depending on the wall shear stress exerted by the blood on the artery wall.
The blood flow geometry depends on the plaque state, coupling both equations.
Expressing the slowness of growth compared to the blood flow by 0 < ε  1,
the problem then is to find plaque state qε , fluid velocity vε and fluid pressure
qε such that
d
dt qε

= εg(qε , vε ) in I,

∂t vε − ∆vε + ∇pε = f (t)

in ΩIqε ,

(1.1a)
(1.1b)

supplemented with appropriate boundary and initial conditions, where I :=
(0, ε−1 T ) for some T > 0, f is a 1-periodic function representing the periodic
inflow of blood and ΩIqε is the non-cylindrical domain due to the plaque evolution, ΩIqε := {(t, x) | t ∈ I, x ∈ Ωqε (t) }, for a given family of domains {Ωq }q∈Q .
The Stokes equation is used in eq. (1.1b) for simplicity and, as mentioned in
the overview, the parameter ε is not a-priori given but must be identified in
real models. The variable qε is slow, whereas vε and pε are fast by assumption,
which is why eqs. (1.1) are known as a slow-fast system. Equations (1.1) are
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formulated on the fast timescale, where t denotes multiples of the period of the
heart beat. The slow plaque growth is of order O(ε) and the investigated time
interval has length O(ε−1 ), which reflects that we are interested in the evolution on a timescale on which qε changes significantly. With the transformation
τ := εt the system can equivalently be written on the slow timescale
d
dτ qε

= g(qε , vε ) in I ,

ε∂τ vε − ∆vε + ∇pε = f ( τε )

in ΩIqε ,

where I := (0, T ). Note that since ε∂τ vε = O(1) we have ∂τ vε = O(ε−1 ).
Without resorting to tools like asymptotic expansions, we can see from
eq. (1.1a) that qε ≈ const for short times (on the fast timescale) as ε → 0,
formally setting ε = 0 in eq. (1.1a). This motivates the investigation of the
dynamics of eq. (1.1b) for fixed q̂ ∈ Q, where we assume that q̂ ≈ qε (t) for fixed
t ∈ I. Since f is 1-periodic and due to the stability of the Stokes equation, it
is reasonable to assume that the solution vε for short times then tends to the
periodic solution vπ (s; q̂) of
∂s vπ (s; q̂) − ∆vπ (s; q̂) + ∇pπ (s; q̂) = f (s) in Ωq̂

(1.3)

for s ∈ (0, 1) a.e. with vπ (0; q̂) = vπ (1; ŝ). Note that this is an independent
problem with periodic time s ∈ (0, 1) unrelated to t and τ . It must be stressed
that the stability of the parabolic eq. (1.1b) is central for this argument and
the validity of the subsequent limit equation.
The assumption qε ≈ const is clearly no longer satisfied over longer times,
but since vε approximates vπ for short times, the effect of vε on qε can be
approximated by vπ . This may convince the reader that as ε → 0 the behavior
of qε may be approximated by the solution q0 to the limit equation
Z 1
d
q0 (τ ) =
g(q0 (τ ), vπ (s; q0 (τ ))) ds for τ ∈ I
(1.4)
dτ
0
which we will call averaging type limit. Since q0 is independent of ε this
equation is naturally formulated on the slow timescale. Note that eq. (1.3)
is implicitly solved for fixed q0 (τ ) in the limit equation, which is known as
a cell-problem in the spatial homogenization theory and makes this equation
non-standard to solve numerically. Furthermore, note that the action of g
with periodic argument vπ is averaged, and not the periodic solution vπ itself.
For the linear Stokes equation this (incorrect) averaging of vπ is equivalent
to solving the stationary problem with averaged inflow boundary conditions,
which is a common approach in the literature, see Chapter 2.
Formalizing the previous intuitive reasoning we will show in Chapter 4 that
sup
t∈(0,ε−1 T )

|qε (t) − q0 (t)| ≤ Cε

with constant C > 0 depending on the data, which is the quality of approximation typically found in the averaging literature.

1.3 Outline
This thesis is composed of three parts which can be read independently. The
first is a review of the disease atherosclerosis and its mathematical models

4
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in Chapter 2. The final section of Chapter 2 discusses the model by Yang
et. al. which motivated the two models in this thesis and contains a nondimensionalization to identify the magnitude of parameters. Chapter 3 and
Chapter 4 are concerned with the mathematical analysis of the multiscale convergence for the model of slow plaque growth influenced by fast, oscillatory wall
shear stress given by the solution of the Stokes equation. The techniques for the
proof of multiscale convergence are first discussed in an abstract framework in
Chapter 3 to highlight the major techniques and assumptions. The extension
to the growth problem, being technically involved due to the moving domains,
is made in Chapter 4. The limit equation which appears in this context requires the solution of time-periodic fluid equations on a family of domains.
The numerical solution of this problem and error estimates for the discretized
limit equation are major topics of the numerical Chapter 5. The final part of
this thesis is a model of fast advection coupled through a permeable interface
with slow diffusion, discussed in Chapter 6. Under strong assumptions on the
inflow and advection field, satisfied in the setting of Yang et. al., this model is
analyzed using established techniques for fast advection limits, combined with
trace and interpolation techniques to prove convergence in the interior of the
wall. In the final section of Chapter 6 a discontinuous Galerkin discretization
of this problem is discussed and numerical results show the agreement with the
theoretical predictions.

1.4 Notation
As already done in the sketch of the multiscale analysis above, we will investigate our models on either fast or slow timescale, e.g. the timescale of the
heart beat compared to the timescale of the plaque growth. We will denote by
t ∈ I := (0, T ) with T > 0 the fast and by τ ∈ I := (0, T ) with T > 0 the
slow timescale. Denoting the timescale separation parameter by 0 < ε  1,
these scales will be formally related by the transformation τ = εt. In particular
T = ε−1 T , where the length of the slow timescale T > 0 will be independent
of ε in our convergence results. We will not notationally distinguish between
the functions t 7→ f (t) and τ 7→ f (τ ), but the scaling should be evident out of
context and through the used notation for the argument. We remark that in
some parts of the literature the roles of t and τ are reversed, i.e. t denotes the
slow and τ the fast time variable.
We denote by C > 0 a generic constant which is always independent of
ε but may change with each occurrence. We will commonly write a ≲ b if
a ≤ Cb. We write A for the closure and A◦ for the interior of a set A in
some topological space and denote by 1A the associated indicator function.
The spatial dimension is denoted by d ∈ {2, 3} and the Euclidean distance
between a point x ∈ Rd and a set A ⊂ Rd by d(x, A). We use the following
notations for vector calculus: We write I ∈ Rd×d for the identity matrix and
Cof A := det AA−T for the cofactor matrix of some invertible matrix A ∈ Rd×d .
For a vector field u we denote
P by (∇u)ij = ∂j ui with i, j = 1, . . . , d the Jacobian
matrix and by div u := i ∂i ui the divergence.
For a matrix (representation
P
of a tensor) field A we write (div A)i := j ∂j Aij for i = 1, . . . , d.
In Chapters 2 and 6, where phenomena both inside the region of free blood
flow (the lumen) and inside the artery wall are examined, we will write Ωf ⊂ Rd
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for the fluid and Ωs ⊂ Rd for the structure domain. This follows the notation
from [Yan+15], but note that in some reviewed models in Section 2.2 fluid flow
is also modelled in the wall as a porous medium. We will denote quantities
defined on Ωf and Ωs with subscripts f and s, respectively, e.g. write vf for the
fluid velocity in Ωf and vs for the deformation velocity in Ωs . The exterior unit
normal vector on the boundary of Ωf and Ωs is denoted by nf , respectively ns .
The abstract examples for the theory developed in Chapter 3 are defined
on a single domain Ω ⊂ Rd and no subscripts are used. In the simplified model
from Chapters 4 and 5 only the fluid domain is considered, but this domain
depends on the plaque state q ∈ Q for Q ⊂ Rn for some n ∈ N and is written
as Ωq = Ωf,q , i.e. omitting the subscript f . For some function f : D(f ) → Y
with sets X, Y and D(f ) ⊂ X × Q we will use the notation fq (x) := f (x; q) if
(x, q) ∈ D(f ), where we write f (x; q) to convey that q is often a fixed parameter.
For some generic domain Ω ⊂ Rd , we will denote by Lp (Ω), H s (Ω), W s,p (Ω)
for 1 ≤ p ≤ ∞ and s ≥ 0 the usual Lebesgue and Sobolev spaces, and by
Lp (I, X), etc. for some Banach space X the corresponding Bochner spaces.
We will denote the scalar products on L2 (Ω), L2 (Ωf ) and L2 (Ωs ) by ( · , · ),
( · , · )f and ( · , · )s respectively. For the family of (fluid) domains Ωq studied
in Chapters 4 and 5 we write ( · , · )q for the L2 (Ωq ) scalar product.
For Sobolev spaces a subscript 0 will denote the subspace with homogeneous
Dirichlet boundary conditions, e.g. H01 (Ω) := {u ∈ H 1 (Ω) | u = 0 on ∂Ω}. For
Lebesgue spaces a subscript 0 willRindicate the subspace of functions with zero
mean, e.g. L20 (Ω) := {p ∈ L2 (Ω) | Ω p dx = 0}. The space H −1 (Ω) will denote
the dual of H01 (Ω). Subspaces of solenoidal, i.e. divergence-free, functions will
1
be denoted by σ, e.g. H0,σ
(Ω) := {u ∈ H01 (Ω) | div u = 0}. For functions in
p
L (Ω) the divergence must be understood in the sense of distributions. We will
omit the spatial dimension of objects if it is clear from the context, e.g. write
vf ∈ H 1 (Ω) for the fluid velocity field instead of vf ∈ H 1 (Ω, Rd ) ∼
= [H 1 (Ω)]d .
For a Banach space X we denote by Cπ (X) := {u ∈ C(R, X) | u(t + 1) =
u(t) ∀t ∈ R} the set of continuous, 1-periodic, X-valued functions.

Chapter 2

Models for Atherosclerosis
We start with a brief summary of the disease atherosclerosis and involved
structures in Section 2.1, focusing on the influence of the dynamics of blood
flow (hemodynamics) and the causes of plaque growth. No prior knowledge
is assumed. In Section 2.2 we review mathematical models for atherosclerosis
which cover different processes and stages of the disease. Three foci of this
review are the influence of the wall shear stress, the realization of growth and
the ad-hoc resolution of the problem of multiple timescales as discussed in the
introduction. The final Section 2.3 discusses one specific model by Yang et. al.
[Yan+15] which was the motivation for this thesis. A non-dimensionalization
is performed to highlight how different timescales emerge through parameter
magnitudes.

2.1 The Disease Atherosclerosis
Atherosclerosis is a cardiovascular disease in which plaque builds up inside the
artery’s wall which can cause a narrowing (stenosis) the region of blood flow
[GJ10]. Extreme stenosis or events like a rupture of the plaque may reduce
blood flow suﬀiciently to cause a heart attack or stroke [Her+16], which are
leading causes of death in the world [GBD18]. Atherosclerosis develops over a
span of decades, with initial stages of the disease found in some locations as
early as in the first decade of life [Sta99]. The disease is also ubiquitous: In one
study it was found in 95% of the subjects after the fourth decade of life [Sta99].
The initial stages are benign and asymptomatic, the likelihood of a progression
towards later, malign stages is driven by several accepted risk factors, such as
smoking, adiposity, high blood pressure, blood cholesterol, diabetes mellitus,
age, sex, personal and family history [Her+16; GJ10].
Mortality due diseases caused by atherosclerosis has drastically declined
since the middle of the 20th century in high-income countries [Her+16]. Today, critically blocked arteries are either opened up with stents or bypassed
[Moh+13] and progression slowed down using statins [Ped16]. But even with
optimal treatment, recurrent events occur in 10% to 20% of cases in the first
12 months after acute syndromes, highlighting the need for further research
[LBT16]. This research is hindered by the slow progression of the disease, diﬀiculties of in-vivo monitoring and deficits of laboratory animal models [NWS08].
The description of processes involved in atherosclerosis fills volumes, so only
7
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an overview can be given here. We refer to [GJ10; LBT16] for a more detailed
exposition.

Review of Structures Involved in Atherosclerosis
Arteries
Arteries transport blood away from the heart. They enclose the blood flow region (lumen) with a wall subdivided into three enveloping layers of tissue: The
innermost tunica intima, tunica media and outermost tunica adventitia. The
initial stages of atherosclerosis occur in the tunica intima, but later stages can
extend into tunica media and adventitia [Sta99]. Arteries differ substantially
in function and composition. Arteries closest to the heart, like the aorta, are
the largest and elastic to stretch in response to the blood pulse. Their walls
have their own blood vessels (vasa vasorum) which enter either through the
intima or adventitia [RL07]. Medium-sized arteries for blood distribution are
muscular, but may still be exposed to considerable external movement, like the
coronary arteries which are attached to the heart. Atherosclerosis is uncommon in smaller arteries [Ros99]. The intima, normally thin compared to the
other layers, can thicken with age [Sta+92], either focally (eccentric thickening), common near bifurcation points and at the entrances of branch vessels
[Sta99], or uniformly (diffuse thickening). Regions with intimal thickening are
associated to altered mechanical stress and susceptible to atherosclerosis, but
the thickening itself is not considered part of the disease [Sta+92].
The tunicas are separated by elastic tissue [SK04]. The tunica intima is delimited from the lumen by a contiguous mono-layer of cells, called endothelium,
which acts as a permeability barrier [Sta+92]. The endothelium is supported by
an extracellular matrix, below which lie layers of smooth muscle cells, although
these may be missing in some cases and thickness of extracellular matrix and
muscle cell layers varies significantly with intimal thickening [Sta+92]. The
tunica media contains layers of smooth muscle cells supported by an extracellular matrix with elastic fibres which control the elastic behavior of large
arteries [SK04]. The adventitia is a collection of smooth muscle and other cells
embedded into a loose matrix containing elastic fibres [SK04].
Blood
Blood is a suspension of particles in a plasma containing, among other things,
platelets, red and white blood cells. Blood is a non-Newtonian fluid with
shear-thinning, viscoelastic and, albeit controversial, yield stress behaviors,
see [RSK08] also for the remainder of this paragraph. These effects are mainly
caused by red blood cells, which are oval biconcave disks that can deform, aggregate and align. Under low shear rates, they stack into a structure called
rouleaux, which themselves can form complex three-dimensional networks.
These structures take seconds to minutes to form and disintegrate under high
shear rates, so they can only occur in regions which experience low shear rates
due to stagnation or recirculation over longer times. Due to the complexity of
blood rheology, simplified models are often employed. A common, but drastic, simplification is the use of a Newtonian model in large and medium sized
arteries, which is known to cause artifacts e.g. behind a stenosis [QVZ02b].
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Lipoproteins
A function of blood of particular importance for atherosclerosis is the transport
of lipids, such as cholesterol. Since lipids are hydrophobic, they are enclosed
by proteins in a complex called lipoprotein. Two important characteristics of
lipoproteins are their density and comprising proteins. Very low (VLDL), intermediate (IDL) and low density lipoproteins (LDL) contain apoB-proteins,
whereas high density lipoproteins (HDL) contain apoA-proteins. While this
classification is already a simplification of much more heterogeneous particles with complicated dynamics [Hüb+08], we focus for simplicity only on the
atherogenic LDL and atheroprotective HDL [GJ10].

Progression of Atherosclerosis
There is not one single sequence of events in atherosclerosis. Using the progression scheme proposed in [Sta+94; Sta+95; Sta00] one can roughly distinguish between early and advanced stages. Early stages are benign and asymptomatic, whereas advanced stages can be malign with symptoms such as chest
pain (angina pectoris) or sudden, possibly but not necessarily fatal, events like
heart attack (myocardial infarction) or (ischemic) stroke [Sta00]. Early stages
can regress to normal, advanced stages are characterized by irreversible disruption of the wall’s structure and geometry with the possibility of stabilization,
i.e. a halting of progression, but not regression [Sta+95; Sta00].
Early Stages: Fatty Streak, Lipid Accumulation
Atherosclerosis is an inflammatory response to a dysfunction of the artery
wall [LRM02]. The initial event which leads to atherosclerosis is still disputed
[SK04] and some authors distinguish between initial stages based on the presence or absence of intimal thickening [Vir+00]. According to the response-toretention hypothesis the retention of LDL in the intima, and other lipoproteins
with diameter < 70 nm containing apoB, is the initial event in atherosclerosis
[TWB07]. Regions prone to atherosclerosis differ not in the permeability but
retention of lipoproteins [SC89a; SC89b], this retention predates the occurrence
of immune cells [TWB07; NWS08] and is enhanced by external stimuli such
as mechanical strain [NWS08]. The response-to-injury hypothesis stresses the
importance of altered endothelial function, e.g. loss of nitric oxide production
important for vascular homeostasis, caused by the risk factors described above
through different pathways and wall shear stress [GJ10]. This causes in particular monocytes, a part of the innate immune system and a subset of the white
blood cells in the blood stream, to be attracted into the wall through a process
of adhering to, rolling along and transmigrating through the wall [GL15]. Wall
shear stress alters the expression of genes involved in this process, e.g. low shear
stress increases the expression of adhesion molecule genes [Ros99].
Inside the wall, monocytes differentiate into macrophages and take up the
previously retained LDL [Ros99]. The uptake of LDL in its native state is
tightly regulated by the macrophage’s LDL receptor, but this regulation is circumvented in atherosclerosis through the so called scavenger receptor pathway
[SK04]. This pathway requires chemically modified LDL, e.g. oxidized LDL
(oxLDL), and the importance of the process of chemical modification in the
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intima is stressed by the oxidative modification hypothesis [SK04]. In a “protective response that backfires” [SN13], macrophages can thus engorge excessive
amounts of LDL and turn into foam cells, so called due to their foamy appearance under the microscope. Foam cells are a hallmark of early atherosclerosis
and make up the fatty streak [Sta+92]. Foam cells eventually die and leave
extracellular lipids in the wall, which together with cell debris form small pools
in the wall [Sta00]. The occurrence of small, isolated lipid pools marks the final
stage of early atherosclerosis [Sta00]. Through the process of reverse cholesterol
transport, which utilizes HDL, lipids can be transported out of the wall [GJ10]
which can lead to a regression of the diseased wall back to normal [Sta00].
Advanced Stages: Plaque Formation, Stabilization, Rupture
If the accumulation of lipids outpaces the reverse transport, the small lipid
pools join to a larger, confluent pool called lipid core, whose occurrence marks
the first stage of advanced atherosclerosis [Sta+92]. Since lipid cores also accumulate debris from dying cells they are also referred to as (lipid-rich) necrotic
cores. After the formation of a lipid core, smooth muscle cells migrate into
the area separating the core from the lumen, forming a protective, fibrous
cap [GJ10]. Together with the lipid core the cap constitutes the atheromatous plaque, which may cause a hardening (sclerosis) of the wall and gives the
disease its name.
The further progression of the disease is largely influenced by size and composition of the cap and core. The plaque can be unstable if it has a thin cap
with thickness typically less than 100 µm1 [CW14] overlying an extensive lipid
core, typically 30%–50% of total plaque area [Vir+05]. Instability can also
occur if the cap is structurally weakened by infiltrating macrophages, by the
death of muscle cells or through the formation of microvessels [GJ10]. Stable
plaque, in absence of the prior phenomena, can undergo calcification or fibration, where the lipid core is slowly mineralized or the lipids removed by reverse
cholesterol transport and replaced by fibrous, reparative tissue [Sta+95].
Unstable plaque may fissure or rupture. Fissuring may be seen as precursor
or subtype of rupture and can cause blood to enter the plaque (intraplaque
hemorrhage) [Vir+00]. A rupture exposes material from the lipid core to the
blood stream, in which case platelets in the blood activate and aggregate,
leading to the formation of a blood clot (thrombus) [Vir+00]. A thrombus can
stay in place or travel downstream which can either lead to a fatal reduction of
blood flow, manifesting e.g. as a heart attack or stroke, but can also be nonfatal
and even asymptomatic [Vir+00]. In focal (eccentric) plaques, fissures and
ruptures are most common in the shoulder regions where the cap is thinnest
and most infiltrated by foam cells [Vir+00; Ben+14]. Multiple, nonfatal and
asymptomatic thrombi can occur, which are then incorporated into the healing
plaque, leading to a complicated plaque structure and composition [Vir+00].
A thrombus can also arise from a mere erosion of the most luminal part
of the cap [Vir+00]. Plaque erosion is defined as occurrence of a thrombus
without signs of rupture [Vir+00]. The term “erosion” is used since typically
large parts of the endothelial layer are absent, a situation not observed in
1 A thickness less than 65 µm is commonly used to define thin, unstable plaque, e.g. in
[Vir+00], but this number has recently come under scrutiny [CW14]. Under exertion, rupture
has been observed in caps with thickness up to 160 µm [CW14].
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advanced plaques without thrombosis [Vir+00]. Plaque erosion occurs in about
40% of cases of sudden coronary death [Vir+00], but “the mechanisms leading
to thrombus without rupture is one of the most important unresolved questions
within atherosclerosis research” [Ben+14].
To quantify the previous statements, it was found in [Dav92] that 19%
of subjects with sudden coronary death had only a stenosis of > 75% crosssectional area (or > 50% diameter), while 8% had fissures and the remaining
73% had a thrombus. A rupture was the origin of the thrombus in 65% of
the cases in another study [Vir+00]. Ruptured plaques are on average large
[Ben+14], but the severity of stenosis leading to clinical events is still disputed
[Nic+13] due to rapid changes in plaque prior to clinical events, diﬀiculties and
discrepancies in determining a reference state [FS96; Nic+13].

Mechanisms of Plaque Growth, Stenosis, Remodelling
It is necessary to distinguish growth of the plaque and the resulting stenosis,
where we use the term plaque in this context also for the initial stages. Not only
because plaque can grow by replacement or alteration of healthy tissue without
overall increase in size, but also because arteries can compensate plaque growth
through arterial remodeling.
Arterial remodelling is an adaption of vessel size over weeks to months
[Dav95], controlled by the endothelium, to maintain normal blood flow characteristics such as wall shear stress, see [War+00] also for the remainder of this
paragraph. Outward arterial remodelling can compensate plaque growth and
thus postpone the development of a flow-limiting stenosis. The extend of remodelling varies locally, hypothesized due to variability of endothelial response,
local flow characteristics and wall composition. Plaques with large soft lipid
core, i.e. those prone to rupture, exhibit more outward remodeling than those
which are fibrous and calcified. The latter plaque type can even experience
inward remodeling, which reinforces the stenosis, a phenomena which can also
occur during healing from a thrombus. It is uncertain whether the association
between outward remodeling and rupture-prone plaques is causal, which would
make outward remodeling a “double-edged sword” [War+00]. Nonetheless,
outward remodeling hides the type of plaque most vulnerable to rupture in angiography, a common imaging technique, and may render them asymptomatic
until rupture, preventing detection and treatment.
Up until the formation of a fibric cap, the size of the stenosis is mainly determined by the size of the lipid core [Sta00]. Due to outward expansion by arterial
remodelling, these initial stages “will not obstruct the lumen much” [Sta00] and
growth is steady. In advanced stages, growth happens by lipid accumulation,
smooth muscle cell and collagen increase and healing from thrombosis, while
remodeling is impeded by the cap and other structures, which leads to more severe stenosis [Sta+95; Sta00]. The progression of stenosis in advanced plaque
can be both steady or occur in sudden bursts [Yok+99], where the latter is
associated with the healing of thrombi [Sta00].
Arterial remodeling necessitates a distinction between stenosis relative to
the pre-disease state, which is in practise hard to determine [War+00], and
stenosis relative to the remodeled artery, taking some feature as reference for a
hypothetical cross-sectional area without plaque [War+00]. Further ambiguity
arises since stenosis can be measured in terms of area or diameter of arteries

12

Chapter 2. Models for Atherosclerosis

[War+00; Gla+87], where the latter is ill-defined for non-circular arteries or
non-uniform stenosis. One seminal result about the influence of remodeling
on atherosclerosis states that coronary arteries can compensate up to 40%
of stenosis, measured in terms of the area relative to the remodeled artery
[Gla+87].

Biomechanics in Atherosclerosis
Although a direct correlation between sites of low and oscillatory wall shear
stress and predisposition for atherosclerosis is “less robust than commonly assumed” [PSW13], blood dynamics influences normal endothelial function and
atherosclerosis threefold: First, endothelial cells sense mechanical forces to
control endothelial function [Dav95]. Second, blood flow indirectly controls
the concentration of chemical substances and blood particles in the vicinity
of the wall through advection and diffusion, e.g. by increasing residence times
near flow stagnation points [Dav95]. Third, mechanical stress on the plaque
plays a central role in plaque rupture [CW14].
Exposed to laminar flow over multiple hours, endothelial cells align and
elongate in the direction of mean directional shear stress, otherwise they have
an polygonal structure without preferred orientation [Dav95]. Realignment is
driven by the cell’s exoskeleton and also affects surface and interior topography [Dav95]. Naturally, variations in shear stress at a sub-cellular level, where
force transmission and transduction from the surface to the interior takes place,
should be taken into account [Dav95]. The effect of the blood flow on the endothelial behavior depend on magnitude, but also on spatial and temporal
variations of shear stresses with adaption and filtering to counter overstimulation [Dav95]. The reaction time to changing flow varies from seconds, e.g. for
vasodilation which is an immediate change of arterial geometry through muscle
relaxation, to hours, e.g. for endothelial cell realignment, or weeks to months
for arterial remodelling [Dav95, Tables 1 and 2].
Specifically, endothelial permeability increases under cyclic shear stresses,
but decreases with increasing shear stresses through changes in cell junctions
functionality [VV07]. Shear stresses can also modify rates of proliferation and
apoptosis of endothelial cells, influence oxidative processes, alter smooth muscle cell function, promote immune cell migration and expression of adhesion
molecules, although many of these relationships have been observed only invitro or ex-vivo [VV07].
In atherosclerosis, these mechanisms are affected by changing flow patterns due to stenosis. Furthermore, advanced stages of atherosclerosis lead
to irreversible changes in the artery’s structure, thus altering the mechanical
properties of the wall [Sta+95]. For example, lipid accumulation weakens the
wall through the displacement of muscle cells normally occupying the region
and the wall structure is disrupted by newly forming microvessels [Sta99]. The
fibric cap, a mechanical protection of the lipid core, can destabilize due to the
infiltration by macrophages [Len+91], or can eroded from below by expansion
of the lipid core, which lacks support structures to reduce stress on the cap
[Ben+14].
Biomechanics plays a central role in plaque rupture. There appears to be a
“general agreement that the threshold stress for rupture is 300 kPa” [CW14].
But the previous effects are insuﬀicient to reach such a peak stress in caps of
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thickness < 100 µm which have been found to be prone to rupture, in particular
for cases of rupture at the cap center instead of shoulders, where around 40%
of plaque ruptures occur [CW14]. Multiple mechanisms have been proposed to
explain this mismatch, including local stress peaks due to microscopic calcified
particles in the cap [CW14] and rupture as response to fatigue [VBD06].

2.2 Mathematical Models for Atherosclerosis
The complexity of atherosclerosis implies that mathematical models necessarily
simplify. We focus our review on contemporary models of atherosclerosis which
examine both biochemical and biomechanical processes on an artery scale, in
contrast to those e.g. investigating cellular signalling pathways. Other reviews
for mathematical models of atherosclerosis can be found in e.g. [AN19; Par+16].
Models range in complexity from ordinary differential equations with one to 89
variables [Zoh05; Par+19], to systems of more than a dozen coupled partial differential equations [HF14; CPM14; FH15]. Biomechanical models may include
the blood flow in the lumen and through pores of the wall, the (poro-)elastic
response of the wall and their fluid-structure interaction. Through transport
or changes in endothelial permeability, these biomechanical processes directly
influence biochemistry, the accumulation of material and the resulting stenosis
in turn affects biomechanics. Biochemical models may include LDL transport
in blood and wall, LDL oxidation, uptake of LDL by macrophages, foam cell
accumulation and muscle cell migration in the wall. Wall-free models investigate only processes in the lumen, correspondingly lumen-free models only those
in the wall.
The realization of a model requires knowledge of parameter values, boundary data, geometries and further measurements for validation. While many parameters are known from experiments, extensive parameter lists can be found
for example in [HF14; Par+19], others must be determined through calibration
with experimental data from simplified submodels [CSM02; Tho+18], electrical
analogies [Pro+05; OKP08] or from microscopic quantities through multiscale
arguments using pore models in the endothelium or fiber matrix models for
the intima or adventitia [KPZ01; AV06; CV12; CV13]. Due to patient-specific
variations and the uncertainty of data acquisition in-vivo, ex-vivo or in-vitro
respectively, the sensitivity of models with respect to parameter variations is
important to assess [Pro+05]. Computations using patient-specific geometries
have become more common in the last two decades [Tan+05; Yan+07; Tan+09;
Lea+10; Sio+11; Ten+10; Fil+13; Di +15] using various imaging techniques
[AFM17]. Ideally, these should be accompanied by patient-specific boundary
data for hemodynamics and mass transport to capture variations due to age,
life-style or diseases [AN19]. For wall mechanics a zero-stress states must be
determined to account for pre-existing stresses in the geometry at the time of
measurement [Hua+09]. Elastography can be used in-vivo to measure elastic strains to determine elastic moduli of the tissue through inverse problems
[Oha+14]. Little patient-specific data is available to track progression over
longer times, e.g. scans spanning one year used in [Fil+13] or a study of the relation between wall shear stress and plaque growth in [Gib+93] over three years.
For sudden events, data is typically only available after clinical manifestations,
making e.g. both pre- and post-rupture scans of plaque sparse, necessitating
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the manual restoration of post-rupture geometries [Lea+10]. The overview
in [AN19, Table 13] shows that most models are validated qualitatively, if at
all, with few works striving for quantitative agreement with experimental data
[Tho+18].
The following sections review models for different processes involved in
atherosclerosis. This facilitates a comparison between models at the cost of a
compact presentation of each individual model. We later focus on the influence
of wall shear stress, mechanisms of growth and handling of the multiscale-intime nature of the problem.

Biomechanics of Blood and Wall
Blood, as a suspension of particles in plasma, can be approximated as an
incompressible fluid with either Newtonian or non-Newtonian rheology using
the Navier–Stokes equation. Denoting by Ωf the fluid domain, i.e. the lumen,
this means that fluid velocity vf : Ωf → Rd and pressure pf : Ωf → R satisfy
ρ(∂t vf + (vf · ∇)vf ) − div σf (vf , pf ) = ρf,

div vf = 0

in Ωf

with density ρ, forcing f and stress tensor σ depending on the rheology, e.g.
σf (vf , pf ) = µ(∇vf + (∇vf )T ) − pf I with constant dynamic viscosity µ for a
Newtonian fluid. Important for many models reviewed later on and central for
the first model examined in this thesis is the wall shear stress, defined by
σWS := (I −n ⊗ n)σf n
on the wall section of the boundary ∂Ωf , i.e. the wall shear stress are the
tangential components of the normal stress on the wall. While Newtonian
behavior is a good approximation for high-velocity, laminar blood flow, only
qualitative agreement for the wall shear stress was found between Newtonian
and non-Newtonian models in [SNH17] for unsteady flow in a patient-specific
geometry with significant quantitative differences in magnitude and oscillation in regions of stenosis. These effects persist for fluid-structure interaction
[Yan+07; HL10; JMS10]. There is no consensus on the modelling of nonNewtonian blood rheology, used models include Quemada [SNH17], Casson
[SNH17], Carreau [Yan+07; HL10; JMS10] and Yeleswarapu [HL10] approximations of blood rheology. A discussion, comparison and further references of
rheological models for blood can be found in [Joh+04; AV05; Gal+08; FQV09].
The effect of blood rheology in the lumen on LDL concentrations has been investigated in [Nem+12; Ias+16] under steady flow conditions, where [Ias+16]
employed a multi-layer wall model and found no significant effect of the blood
rheology on LDL concentrations in a bifurcating artery, whereas [Nem+12]
used a wall-free model and found that differences were significant at flow separation and reattachment points in a stenosed artery. Neither model examines
secondary effects of blood flow, like the influence of wall shear stress on LDL
permeability.
The artery wall is a highly anisotropic, layered material with porous and
elastic properties, see [Hum02; Ogd09], which is affected by the occurrence
and composition of atherosclerosis. In the work reviewed here, the wall is
modeled as porous, elastic or poroelastic material and the tunicas and plaque
structures inside the wall are either resolved explicitly, with sharp interfaces,
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e.g. [Pro+05; Lea+10; CV12; CPM14; Fok16], smoothly varying material coeﬀicients, e.g. [Yan+15], or the wall treated as a homogeneous material, e.g.
[OKP08]. [Pro+05] argues that multilayer wall models are necessary to “capture the finest details of the physical problem”. In porous models, particularly
common in studies of transport processes, blood flow inside the wall is also
considered and [BQQ09] argues that “neglecting the porosity of the artery wall
means to disregard an important feature.” Common models for the blood velocity in porous artery walls are variants of the Darcy law [KV08], which is a
linear relationship between flow velocity vs : Ωs → Rd and the gradient of the
pressure ps : Ωs → R in the structure domain Ωs , which may encompass the
intima and other tunicas. For incompressible fluids, Darcy’s law reads
vs = −

K
∇ps ,
µ

div vs = 0

in Ωs

with permeability K and viscosity µ. The Darcy law is used in e.g. [KPZ01;
Sun+06; OKP08; Pro+05; DDP11; Sio+11; Fil+13; CPM14; HF14; FH15].
Variants include the Darcy–Brinkman law which incorporates viscous effects,
used in e.g. [SE02; AV06; CV12; CV13; RNF18], or nonlinear power-law models
as approximation of non-Newtonian behavior, used in e.g. [Hon+12; DNS15;
Ias+16], which have a significant effect on mass transport compared to the
linear Darcy law [Hon+12]. The continuity equation div vs = 0 is modified to
accommodate changes in density in [CPM14; HF14; FH15].
In purely elastic models the wall is treated as impenetrable to blood and
the interaction between blood flow and elastic wall response is a primary interest [Tan+05; Yan+07; Blu+08; Tan+08; Tan+09; Ten+10; Lea+10; JMS10;
Fil+13; FRW16; Yan+15; Yan+17]. The associated equations are rather complex and one example will be given in the presentation of the model by Yang
et. al. in the section below. Mathematical and numerical introductions to such
fluid-structure interaction problems can be found specifically for biomechanics
in e.g. [QF04; HM07; Gal+08] and more generally in [Ric17]. Bulk models for the elastic wall include linear Saint Venant-Kirchhoff models [BQQ09;
JMS10; FRW16; Buk+15], Mooney–Rivlin models [Tan+05; Yan+07; Blu+08;
Tan+09; Ten+10], with the special case of neo-Hookean models [Yan+15;
Yan+17] and more specialized Demiray-type models [Lea+10]. Anisotropic
material models and cyclic bending of coronary arteries due to their attachment to the moving heart were found to have a significant effect on wall stresses,
but only moderate effects on the fluid velocity and shear stresses in [Tan+09].
Poroelastic models incorporate both porosity and elastic properties of the wall.
While some authors model these effects as independent [CV12; Hon+12], the
interaction between porosity and elasticity is captured more accurately by the
Biot equations, see [BQQ09; Buk+15] and the references therein. [Buk+15]
concludes that intramural flow has a significant effect on wall displacement
but a fully coupled poroelastic model may not be necessary to achieve this.
The endothelium, of significant importance for atherosclerosis, is treated
as a lower-dimensional interface between lumen and wall in a majority of the
reviewed work, whereas a bulk description is used in [AV06; CV12; CV13] albeit its single-cell thickness. In fluid-structure interaction with a purely elastic
wall, continuity of velocities and mechanical stresses are prescribed across the
endothelium. Separate shell or string models for the mechanics of the endothelium itself are uncommon [HL10; Buk+15]. In porous wall models the coupling
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between blood flows is more complex, both due to mismatches in number of
unknowns between the domains and osmotic effects if the endothelium is considered as a semi-permeable membrane. In models with (Navier–)Stokes–Darcy
coupling, the blood velocity in normal direction, denoted by Jv , is assumed to
be continuous and satisfies the following relation, which is known in special
cases as Starling’s law [Tar03] but also as the first Kedem–Katchalsky equation [PPZ09]2
Jv = Lp (δp − σd δπ), δπ := RT δc
(2.1)
where Lp is the hydraulic conductivity, δp the pressure difference across the
interface, σd the reflection coeﬀicient, δπ the osmotic pressure determined by
Van’t Hoff’s formula with gas constant R, absolute temperature T and (LDL)
concentration difference δc. The coupling of Jv to the osmotic pressure is often omitted for simplicity [Pro+05; Sun+06; OKP08; PPZ09; Sio+11; Fil+13]
since this decouples the fluid from the concentration equations, circumventing
the resolution of their nonlinear coupling numerically [KPZ01]. Equation (2.1)
can be supplemented with no-slip conditions in tangential direction for the luminal fluid, as done in [Sun+06; PPZ09; CPM14], but this is “not completely
satisfactory for a permeable interface” [DQ09]. Various other tangential coupling conditions have been proposed and analyzed, most famously by Beavers
and Joseph who suggested a linear relation between the wall shear stress of
luminal fluid and the drop of tangential velocity across the interface
σWS ∝ (I −n ⊗ n)(vf − vs ),
we refer to [DQ09] for an extensive discussion. In [SE02; AV06; CV12; CV13]
the (Navier–)Stokes equation in the lumen is coupled to a Darcy–Brinkman
law in the wall using continuity of velocities and stresses without examining
osmotic effects.
Exterior boundary conditions for fluids include Dirichlet inflow, do-nothing
outflow, no-slip (see e.g. [Yan+15]) and pressure drop conditions (see e.g.
[Yan+07]). Since only a section of the cardiovascular system is studied, fixed
boundary conditions might be inadequate replacements for the rest of the circulation. Lumped low dimensional boundary dynamics have been proposed as
substitution for the rest of the circulation, such as Windkessel models, see e.g.
[Arb+16] and the references therein, but such an approach is not employed in
any reviewed model. For the deformation zero-stress boundary conditions are
typically employed for simplicity, e.g. in [Yan+07; Tan+08; Tan+09; JMS10],
whereas the geometry was fixed in [Yan+15; FRW16]. Even if patient-specific
boundary conditions were available, long-time simulations face the diﬀiculty
of predicting the evolution of these boundary conditions due to adaption of
the cardiovascular system to plaque growth, a point touched upon in [FRW16]
where the inflow velocity was ad-hoc coupled to the channel’s radius.

Dynamics of Substances
Many substances involved in atherosclerosis are modelled using advectiondiffusion-reaction equations, which are discussed in this section abstractly. The
2 The second Kedem–Katchalsky equation describes solute flux and is formulated in the
appropriate section below.
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evolution of the i-th substance for i = 1, . . . , n and n ∈ N is then governed by
the equation
∂t ci − div(Di ∇ci + wi ci ) = f i

in Ω′ ∈ {Ωf , Ωs }

(2.2)

for i = 1, . . . , n with diffusivity Di , advection velocity wi and low-order term f i ,
all possibly depending on c := (c1 , . . . , cn ). The stationary variant of eq.(2.2) is
often employed, both for simplicity or to account for the fastness of some process compared to others, a heuristic temporal multiscale argument discussed in
the section Multiscale Analysis on page 30 below. Even in models investigating
both lumen and wall, a substance may only be defined in one region [CPM14].
In multilayer models eq. (2.2) holds in the interior of each tunica and in some
models even inside the endothelium and the elastic layer between intima and
media [AV06; CV12; CV13], in which case Ωs is the union of disjoint domains.
The diffusivity Di is isotropic in all studied models and typically only depends on the domain. An exception is [Yan+15] where macrophage diffusion
depends on foam cell concentrations to account for changing wall properties,
such that Di = Di (c) and eq. (2.2) is quasi-linear. In [Cal+09; Sil+13; CPM14;
Yan+15] the diffusion of foam cells is assumed to be negligible such that Di := 0
and eq. (2.2) is a hyperbolic advection-reaction equation.
Inside the lumen the advection field wi is the blood velocity, wi := vf .
Inside the wall, wi may account for movements of the geometry due to growth
or elastic response, advection by the blood flow and by chemotaxis, i.e. the
movement along gradients of signalling species. Due to friction, the advection
velocity by blood in the permeable wall is often reduced, e.g. [PPZ09; CV13]. In
[CPM14] it is argued that monocytes are so large that advection by blood can
be neglected altogether. Chemotaxis is used in [McK+05; Ibr+05; HF14; FH15]
for the movement of monocytes, macrophages, T-cells and smooth muscle cells
along (normalized) gradients of other species. Mathematically, this implies
wi = wi (∇c) and eq. (2.2) can be seen as a Keller–Segel type system.
The low-order term f i can model sources and sinks to account for unresolved
external processes, but commonly also depends on c to model various reactive
processes, e.g. monocytes maturing into macrophages or LDL consumption by
macrophages.
For substances defined in both lumen and wall, coupling conditions between
the domains are necessary. It is assumed that the interface acts as a semipermeable membrane for the species ci , where the solute flux
Jsi := (Di ∇ci + wi ci ) · n
is assumed to be continuous across the interface and to satisfy the second
Kedem–Katchalsky equation [KK58]
Jsi = P i δci + Jv (1 − σfi )ci

(2.3)

with permeability P , concentration difference δci = ci1 − ci2 across the interface, normal velocity flux Jv from eq. (2.1), reflection coeﬀicient 0 ≤ σfi ≤ 1
modelling a sieving of molecules at the interface and average concentration
ci = ci (ci1 , ci2 ) inside the membrane. The determination of c̄i is “delicate”
[PPZ09]. Based on thermodynamical considerations, [KK58] proposed
c̄i :=

ci + ci2
ci1 − ci2
≈ 1
i
i
2
ln(c1 ) − ln(c2 )

(2.4)
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where the approximation holds if ci1 ≈ ci2 . In [PGH63] ci is instead chosen as
the average over the solution of a one-dimensional advection-diffusion problem
across the endothelium, leading to [PPZ09]




exp(Pei )
1
1
1
i
c̄i :=
−
c
+
−
ci2 ,
(2.5)
1
exp(Pei ) − 1 Pei
Pei
exp(Pei ) − 1
with Péclet number

Lp (1 − σfi )(p1 − p2 )l
Pi
of the one-dimensional problem with interface thickness l. This choice of ci
would introduce additional nonlinearities, but for simplicity a constant approximation of Pei is usually employed. The equation for solute flux Jsi with
ci as in eq. (2.5) is also known as Patlak equation [DSB08] and is employed in
e.g. [OKP08; DDP11; CPM14]. A more in-depth discussion of the transport
laws can be found in [Tar03; DSB08; PPZ09; LM10].
The permeability P i may depend on the wall shear stress for LDL and
monocyte transport across the endothelium. Some models for LDL transport
also investigate different pathways for LDL transport across the interface, employing the Kedem–Katchalsky equation for each pathway and then adding the
resulting fluxes. The exact mechanisms of endothelial transport depend on the
substance, which is unsurprising given that e.g. monocytes have a size comparable to endothelial cells (16 µm to 22 µm diameter), which is orders of magnitude larger than LDL (22 nm to 27 nm diameter). The specific mechanisms
and models, in particular relations between wall shear stress and permeability,
are discussed in the corresponding sections below.
A simplified version of the second Kedem–Katchalsky eq. (2.3) is
Pei =

Jsi = P i δci

(2.6)

which arises from eq. (2.3) by formally setting Jv := 0 or σfi := 1. Such
a coupling condition is proposed in [McK+05] for LDL and in [Yan+15] for
monocyte flux since no blood flow is studied inside the wall. The coupling
condition from eq. (2.6) with wall-shear stress dependent permeability P i was
also examined in an abstract framework for mass transfer in [RPP97; QVZ02b]
with oxygen transport as an example. Equation (2.6) also arises in the study
of the Neumann sieve problem, which investigates the limit of a pure diffusion
problem with a perforated interface as the size of perforations approaches zero,
see [Cio+08, Section 5] and the references therein.
Standard Dirichlet and Neumann conditions are typically employed on exterior boundaries. Other boundary conditions are discussed below, e.g. the
lumen-free model [HF14] uses the Kedem–Katchalsky eq. (2.6) for various substances with fixed lumen concentration, leading to Robin-type boundary conditions.

LDL and HDL
The uptake of oxidized LDL or otherwise modified LDL by macrophages is a
central feature of atherosclerosis, and thus LDL a central component of most
disease models. Spatial models for LDL concentrations employ the advectiondiffusion-reaction eq. (2.2) with advection due to the blood flow or movements
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due to plaque growth, although the latter effect is omitted in some models
[Sio+11; Fil+13; HF14] but not others [Cal+09; DDP11; Sil+13; CPM14].
The following sections describe transport across the endothelium in fluid-wall
models for LDL, in particular the influence of wall shear stress on this process,
oxidation models, reverse cholesterol transport and other consequences in the
presence of HDL.
Transport of LDL across the Endothelium
The transport of LDL across the endothelium is the focus of many works, being
the sole process modelled e.g. in [Pro+05; Sun+06; AV06; OKP08; CV12;
CV13]. For models with a permeable wall, the Kedem–Katchalsky equation is
usually employed [Pro+05; Sun+06; AV06; OKP08; Ges+11; Sio+11; DDP11;
CV12; CV13; Fil+13; CPM14]. Since the following discussion only involves the
LDL concentration ci we drop the superscript i for simplicity. The Kedem–
Katchalsky equations, eqs. (2.1) and (2.3) are then
Jv = Lp (δp − σd δπ),

Js = P δc + Jv (1 − σf )c̄

(2.7)

with the average concentration c as in eq. (2.4) or eq. (2.5). As noted in the
section above, the osmotic pressure δπ in the velocity flux is often omitted
for simplicity. In e.g. [OKP08; DDP11; CPM14] it is also argued that the
concentration of LDL inside the lumen is so small that it can be neglected in
the concentration jump δc in eq. (2.7).
Transport across the endothelium happens over three pathways [Tar03]:
Normal endothelial junctions (found between healthy endothelial cells), leaky
junctions (larger paths which open up during endothelial cell division or death)
and vesicular pathways (transport through the cells using small vesicles). Not
every transport process uses every pathway: volume flux does not occur over
vesicular pathways and LDL is too large to fit through normal endothelial
junctions. This is reflected in the model proposed in [OKP08] which is also used
in [DDP11; CPM14]. There, the different pathways are realized by additive
composition of velocity and solute fluxes,
Jv = Jv,nj + Jv,lj ,

Js = Js,lj + Js,v ,

where the subscripts denote contributions from normal junctions (nj), leaky
junctions (lj), and vesicular pathways (v). For every pathway, the Kedem–
Katchalsky eq. (2.7) are employed with c as in the Patlak variant from eq. (2.5),
setting formally Jv,v := 0 and ignoring osmotic effects. Making the a priori
assumption that the LDL concentration inside the wall is much smaller than
the concentration in the lumen, the corresponding term in the concentration
jump δc is omitted in [OKP08]. The distinction of pathways allows for a specific
modelling of the relation between wall shear stress and endothelial permeability
as follows. The permeability of leaky junctions Plj was modelled in [OKP08]
as
Plj = a1 + a2 exp(a3 exp(−b1 |σWS |) + a4 exp(−b2 |σWS |))
with constants a1 , . . . , a4 , b1 , b2 > 0 determined from pore theory and experimental data which linked the fraction of leaky junctions to the amount of
mitotic cells, the amount of mitotic cells to the cell shape and the cell shape to
the wall shear stress. A relation between mechanical stresses and permeability
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is proposed in [CV12] and used e.g. in [DNS15]. This model again uses pore
theory but while the fraction of leaky junctions is now assumed constant, the
width of these junctions depends on the strain inside the elastic wall. This
effect alone leads to an increase of permeability with increasing mechanical
forces, contradicting other observations. Since leaky junctions are also a pathway for blood itself, both the permeability models in [OKP08] and [CV12]
should create nonlinear couplings on the boundary for the fluid equation, but
this is not discussed.
A more direct relation between permeability and wall shear stress was used
in [Ges+11; Gab+14] based on the experiment in [Him+04]. Observing the
circulation of a stained substance (albumin) in the blood, [Him+04] found
that measured optical density OD of the wall, indicating wall penetration,
could be related to time-averaged wall shear stress σWS by OD ∝ σWS −γ with
constant γ > 0. Under the assumption that optical density is proportional to
permeability [Him+04], an analogous power-law relation between σWS and P
was used for LDL transport in [Ges+11; Gab+14]:

P := P0 |σWS |−γ
with constant P0 > 0 and the same power γ from the optical density relation.
Yet another permeability relation is proposed in [Fil+13], given by

P := a0 log(1 + a1 /(|σWS | + a2 ))
with parameters a0 , a1 and a2 whose value and origin is not elaborated. A
simpler approach to LDL transport is investigated in [Cal+09] and its extension
[Sil+13], where neither blood in the wall nor LDL in the lumen is examined.
They prescribe a flux of (immediately oxidized) LDL on the endothelium into
the wall by
Js = P cf
with fixed LDL concentration cf in the lumen and wall shear stress dependent
permeability function P . In particular, the solute flux does not depend on the
concentration difference. In [Cal+09], P is a “Hill function”
s
0 )) (1 + 3σ 0
(|σWS | − (1 + σWS
+
WS − |σWS |)+
P :=
0 )2
(σWS
0
for suitable σWS
> 0 and [Sil+13] describes P as “a characteristic function,
such that in the area of low wall shear stress we have penetration of LDL, and
otherwise we have no penetration” [Sil+13], which could be realized by3
0 }
P := P0 1{|σWS |≤σWS

0
with parameter P0 and a wall shear stress threshold σWS
> 0.
Yet another influence of wall shear stress is described in [Sun+06], where it
is argued that not the permeability but the hydraulic conductivity Lp should
depend on σWS . Fitted to experimental data, the relation reads

Lp := a0 ln(|σWS | + a1 ) + a2
3 The equation is the author’s guess based on the textual description, no formula is given
in [Sil+13].

2.2. Mathematical Models for Atherosclerosis

21

with parameters a0 , a1 , a2 > 0. In view of eq. (2.7) this relation only indirectly
influences LDL transport by changing the velocity field, in particular since the
model also omits the osmotic pressure in the equation for Jv .
In conclusion, many relations between wall shear stress and endothelial
properties have been proposed for a wide variety of models. Further assessment
and comparison of these relations is required.

LDL Oxidation
The oxidation of LDL is an important mechanism in atherosclerosis since it
makes LDL susceptible for consumption by macrophages through the scavenger
pathways. LDL oxidation is due to the reaction of free radicals with LDL and
inhibited in the presence of antioxidants, a process modeled in great detail with
multiple stages of oxidation using ordinary differential equations in [CSM02].
Models for LDL oxidation include [McK+05; Ibr+05; Sio+11; CPM14; HF14;
FH15], in [Cal+09; DDP11; BD12; Sil+13; Di +15; CBM17] it is assumed that
LDL immediately oxidizes inside the intima, at least on the studied timescale.
The rate of oxidation is greatly reduced in the lumen, such that all models
except for [McK+05] view it a phenomenon in the intima only. In [McK+05;
HF14; FH15] the amount of free radicals is assumed to be limited and an
independent solution component, whereas a constant amount of free radicals
and hence rate of oxidation is used in [Ibr+05; Sio+11; CPM14].

HDL and Reverse Cholesterol Transport
HDL influences the progression of atherosclerosis through multiple mechanisms,
for example it reacts with free radicals in the intima and thus removes radicals which otherwise could oxidize LDL. This is realized in [CSM02; McK+05;
HF14; FH15] where radical concentrations and oxidation are explicitly modeled. In [CBM17] this mechanism is approximated by HDL-dependent influx
of oxidized LDL, but this artificially only depends on HDL boundary concentrations. A second effect of HDL is anti-inflammatory. It inhibits adhesion of
monocytes at the endothelium and is realized by an HDL-dependent monocyte
influx condition at the endothelium in [CBM17] only. The most prominent
effect of HDL is reverse cholesterol transport, in which HDL removes oxidized
LDL from foam cells in the intima. This phenomena is examined in [FH15;
CBM17], where reverse cholesterol transport is modeled as a regress of foam
cells to macrophages in the presence of HDL.
The risk of plaque development in terms of initial LDL and HDL concentrations are investigated in [HF14]. This model was extended in [FH15] to
include reverse cholesterol transport and the effect of different drug treatments
of animal experiments were reproduces qualitatively, including a regression of
stenosis after an increase of reverse cholesterol transport. Reverse cholesterol
transport is also the focus in [CBM17], where it was found that HDL is most
effective in the earliest stages of the disease. These models strive for qualitative agreement with experimental data, a model which focuses on quantitative
results using ordinary differential equations can be found in [Tho+18].
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Immune Response
The presence of oxidized LDL leads to the activation of the immune system,
the components of which are modelled in widely varying detail. For example, in [Ibr+05; EGV07] all substances involved in the immune response are
modelled as a single variable, whereas [HF14; FH15] distinguishes monocytes,
macrophages, foam cells, T-cells and multiple chemoattractants and signalling
proteins, each modelled by variants of eq. (2.2).
Monocytes are recruited from the lumen and differentiate to macrophages
inside the wall. Monocytes inside the lumen are only explicitly modelled in
[CPM14; Yan+15; Yan+15], other models study monocytes / macrophages
only in the intima even if other parts of the model contain processes inside the
lumen, e.g. [McK+05]. The differentiation from monocytes into macrophages
is modelled explicitly in [McK+05; BD12; CPM14], whereas [Cal+09; Sil+13;
Yan+15; Yan+17] consider monocytes to be immediately differentiated inside
the lumen. In [HF14] only the activation of macrophages by the signalling
protein interferon IFN-γ, released by T-cells, is investigated. In the extension
[FH15] these pro-inflammatory macrophages (M1) are distinguished from antiinflammatory macrophages (M2) which are the result of reverse cholesterol
transport from foam cells.
Macrophages take up oxidized or otherwise modified LDL. If a suﬀicient
amount of lipid is bound, macrophages turn into foam cells [Cal+09; BD12;
Sil+13; CPM14; CBM17], which is modelled e.g. in [Sil+13] as a mass action law with rate of conversion from macrophages into foam cells being proportional to macrophage and oxidized LDL concentrations. The model proposed in [Yan+15; Yan+17] does not include LDL and instead assumes that
macrophages turn into foam cells at a constant rate. Even simpler is the model
in [FRW16] where only foam cells with a direct dependence on the wall shear
stress are investigated. Foam cells return to the macrophage stage in [FH15]
through reverse cholesterol transport. Instead of foam cells, [McK+05; OTM10]
take the amount of lipid bound by macrophages as a measure of lesion size.
T-cells are investigated explicitly only in [HF14; FH15], where they are
activated by macrophages in the presence of interleukin-12 which is secreted
by macrophages, foam cells and smooth muscle cells.
There is no consensus about which substances are affected by advection,
even while accounting for differences due to advection by growth which could
be argued to be small. Macrophages are advected in [Cal+09; Sio+11; Fil+13;
Sil+13] but not in [DDP11; CPM14]. Foam cells are advected in [Cal+09;
Sil+13] but not in [CPM14]. Smooth muscle cells are advected in [HF14] but
not in [CPM14]. If explicitly mentioned, the omission of advection is often
based on the size of substances, e.g. [CPM14]. Signalling proteins, of varied
origin, are not affected by advection in any model [Cal+09; Sio+11; Fil+13;
Sil+13; CPM14; HF14].
The diffusion of macrophages is modelled as dependent on foam cell concentration in [Yan+15; Yan+17] due to changes in wall properties due to increased
foam cell concentrations. Foam cells diffuse very slowly in [HF14; FH15] and
not at all in [Cal+09; Sil+13; CPM14; Yan+15; Yan+17].
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Cytokines and Chemotaxis
The recruitment and movement of immune cells is controlled through signalling proteins (cytokines). Chemotactic cytokines (chemokines) can induce
chemotaxis, i.e. the advection of one species along the gradient of another,
the chemoattractant. Chemotaxis of immune cells is modelled in [McK+05;
Ibr+05; HF14; FH15; CBM17] with varying chemoattractants. In [McK+05]
monocytes, macrophages, T-cells and smooth muscle cells undergo chemotaxis
with a single chemoattractant produced by macrophages, T-cells and smooth
muscle cells for simplicity. [Ibr+05] treats oxidized LDL as additional chemoattractant. In [CBM17] macrophages have modified LDL as a sole chemoattractant. A distinction of chemoattractants is made in [HF14; FH15] where
macrophages undergo chemotaxis with respect to the monocyte chemoattractant protein (MCP-1), which is produced by endothelial cells under the influence of oxidized LDL. T-cells undergo chemotaxis in [McK+05] but not in
[HF14; FH15].
Signalling proteins are also modelled in [Cal+09; Sio+11; Fil+13; Sil+13;
CBM17] where they control the recruitment of monocytes at the endothelium
instead of inducing chemotaxis. This mechanism is also studied in the chemotaxis models from [Ibr+05; CBM17]. Cytokine production depends on both
macrophage and oxidized LDL concentration, but external cytokines are recruited at the intima in [Cal+09; Sil+13] if the oxidized LDL crosses a threshold
value, which is modelled as a bulk domain phenomenon in [Sio+11; Fil+13].
The recruitment of immune cells by cytokines is simplified as a source term
in [EGV07] depending on cytokine concentrations. Without explicit models for
cytokines, the recruitment of immune cells in the presence of oxidized LDL is
also approximated by a source term in [CPM14]. The production of cytokines
is also investigated in the ordinary differential equation model by [OTM10] as
a production rate of macrophages, depending on levels of oxidized LDL and
macrophages. A similar approach is used in [BD12] while accounting for the
influence of the wall shear stress computed from a Poiseuille flow profile.
Transport of Monocytes across the Endothelium
Monocytes roll along, adhere to and then transmigrate through the endothelium either in the intercellular space or, less frequently, through endothelial
cells [GL15]. The transmigration requires active remodeling of monocytes
and endothelium [GL15] and multiple processes are influenced by wall shear
stress, e.g. the expression of adhesion molecules such as ICAM-1 and VCAM-1
[WH10].
The process of adhesion is explicitly, but still phenomenologically, only
treated in the ordinary differential equation model [ZHB04], where a balance
equation is solved to determine the velocity below which monocytes are likely
to become arrested at the endothelium. This critical velocity is compared to
the actual advection velocity of the monocytes, which can be directly computed
from the Poiseuille-type flow profile in this model but is also closely related to
the wall shear stress.
In spatial models, monocytes in the lumen are only explicitly modelled in
[CPM14; Yan+15; Yan+17]. We denote quantities related to monocytes with
a superscript “m”, e.g. use cm for the monocyte concentration and Jsm for the
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monocyte flux across the endothelium. In [Yan+15; Yan+17] the coupling
condition eq. (2.6), i.e.
Jsm := P m δcm ,
is used for monocyte flux where P m is a fixed function on the interface modelling a damaged portion of the endothelium. Instead of the concentration
difference, [CPM14] uses only the lumen monocyte concentration. Emulating
the activation of cytokines in the presence of oxidized LDL with a dependence
on wall shear stress, they model the monocyte flux Jsm as
Jsm = P m cm
f ,

P m := P0

cox
s
0
1 + |σWS |/σWS

ox
with parameter P0 > 0, and concentrations cm
f and cs for monocytes in the
lumen and oxidized LDL in the wall, respectively. A direct dependence on the
oxidized LDL concentration is proposed in the lumen-free model [HF14; FH15]
as well, where the monocyte flux Jsm is a boundary condition. Instead of wall
shear stress, the anti-inflammatory effect of HDL is considered, yielding

P m := P0

cox
s
1 + chs

where chs denotes the HDL concentration inside the wall. While [McK+05]
investigates a constant influx of monocytes, the remaining lumen-free models
for monocytes use a dependence on signalling molecules. In [CBM17] both
endothelium-stimulating cytokines, which increase adhesion molecule production, and monocyte chemoattractants influence monocyte flux, given by
Jsm = σm

1 + chs /αm
(1 + Acqs )(cps − cpf )1{cps ≥cpf }
1 + chs /γm

with parameters σm , αm , γm , A > 0 and concentrations cq , cp of endotheliumstimulating cytokines and monocyte chemoattractant respectively, where the
concentration cpf is fixed. A monocyte influx depending on cytokine concentrations is also proposed in [Ibr+05; EGV07; Cal+09; Sil+13] with no influx
below a threshold in [Ibr+05; CBM17].
No model except [CPM14] investigates a dependence on wall shear stress.
Such a dependence is the single ingredient in the simplified model of [FRW16]
for foam cell accumulation, where no monocytes, macrophages or LDL are
studied. The foam cell concentration cfs is spatially constant in [FRW16] and
driven by the ordinary differential equation
Z
d f
γ0
, σWS :=
c =
|σWS | do.
0
dt s
1 + σWS /σWS
Γ
0
> 0. The focus of this model
with parameter γ0 > 0 and reference value σWS
are changes of geometry due to plaque growth, such that the domain, and in
particular the interface Γ, is evolving in time and implicitly depends on cfs .
All of these monocyte flux relations are phenomenological in nature and
the modelling of monocytes crossing the endothelium has received less attention than the related question for LDL, with the need for more experimental
data. Sensitivity analysis of the parameters were performed in [HF14] and a
bifurcation analysis in [CBM17]. The parameter used in [CPM14] were calibrated from experimental data, whereas e.g. [Ibr+05] chose parameter values
ad-hoc.
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Plaque Cap Formation and Plaque Growth
Smooth Muscle Cells and PDGF
Central to fibrous cap formation is the migration and proliferation of smooth
muscle cells. [CPM14] distinguishes between contractile and synthetic smooth
muscle cells, with the latter responsible for the synthesis of extracellular matrix.
The conversion from contractile to synthetic type is regulated by a cytokine secreted by macrophages in the presence of oxidized LDL. Modelled using eq.(2.2)
with no or small diffusion, e.g. [CPM14; HF14], smooth muscle cells undergo
chemotaxis in [McK+05; Ibr+05; Fok12b; HF14; FH15; Wat+18; Wat+20].
A generic chemoattractant is employed in [McK+05; Ibr+05], attraction to
(generic) immune cells in [Ibr+05], while [HF14; FH15] study more explicitly
attraction to MCP-1, produced by endothelial cells, to the extracellular matrix
and to the platelet-derived growth factor (PDGF).
Smooth muscle cells originate only from the media and thus zero flux conditions are used at the endothelium. The inflow of smooth muscle cells from
the media into the intima is controlled by the chemoattractant in [Ibr+05],
with no influx for chemoattractants below a threshold value. While [McK+05]
proposes a coupling of muscle cell influx to the rate of deformation of the internal elastic lamina, a layer separating intima from media, no specifics are
given. Robin boundary conditions are used in [HF14; FH15] with fixed muscle
cell concentration in the media. In [Wat+20] only the influx of muscle cells by
chemotaxis driven by PDGF is investigated. The model in [CPM14] studies
neither advective nor diffusive effects on both types of muscle cells, leading
to (spatially varying) ordinary differential equations with reaction and source
terms, which consequently allow no boundary conditions.
PDGF is a “potent stimulator of both SMC [smooth muscle cell] migration and mitosis [cell division]” [Wat+18] and is employed as sole chemoattractant for smooth muscle cells in [Fok12b; Wat+18; Wat+20]. In [Fok12b;
Wat+18; Wat+20] the source of PDGF are platelets at injured regions of the
endothelium, realized as Dirichlet boundary conditions in [Fok12b] and Neumann boundary conditions in [Wat+18; Wat+20]. Despite its name, PDGF
not only originates from endothelial cells and adherent platelets but is also
assumed to be produced by macrophages, foam cells and smooth muscle cells
in the intima. This mechanism is the only source of PDGF in [HF14; FH15]
where zero flux conditions for the growth factor at the endothelium are used,
contrasting the models [Fok12b; Wat+18; Wat+20].
The interaction between PDGF and smooth muscle cells is a central component in the model [Fok12b] for plaque growth and in the two- and three-phase
models [Wat+18; Wat+20] for fibrous cap formation where smooth muscle cells
are treated as a single phase and only PDGF as chemoattractant since it “is
likely to be the dominant chemoattractant in fibrous cap formation” [Wat+18].
Extracellular Matrix and Necrotic Core
The extracellular matrix (ECM) and its degradation by matrix metalloproteinase (MMP) is modelled in [HF14; FH15] and incorporated into plaque
growth. The main structural protein of the ECM is collagen, which is studied
instead of ECM in [McK+05; CPM14]. Collagen is there modelled as immobile, produced by (synthetic) smooth muscle cells and degraded by T-cells and
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macrophages in [McK+05], whereas in [CPM14] degradation is constant. The
model for smooth muscle cells and PDGF from [Wat+18] is extended significantly in [Wat+20], where the extracellular matrix is included as another phase
which, among other things, inhibits the movement of smooth muscle cells. This
extension also models the transforming growth factor TGF-β which regulates
collagen production by smooth muscle cells.
Many models feature death or degradation of substances, e.g. [McK+05;
Ibr+05; Fok12a; CPM14; HF14; FH15; CBM17], but explicit models for the
evolution, including removal, of debris or the formation of a necrotic core are
rare. The necrotic core is modelled in [McK+05] as the remainder of degradation of macrophages and their bound lipid, smooth muscle cells and T-cells,
but the necrotic core has no influence on other processes. Debris is modelled in
[Ibr+05] as degradation of immune cells and smooth muscle cells with a further,
unspecified, nonlinear relation between debris production or removal based on
the concentration of oxidized LDL. The modelling of the necrotic core is the
focus of [Fok12a], where the interplay between macrophage death rate and local
available oxygen is investigated as central mechanism for necrotic core growth,
with the assumption that the plaque is deplete of oxygen (hypoxic). The oxygen is there modelled as separate variable with degeneration and consumption
by macrophages. Another phenomenological description of the necrotic core is
used in [Bel+09] with an ordinary differential equation relating the change in
its volume to the mechanical stress exerted on the fibrous cap due to the effect
of stress on cytokine production.
Realization of Plaque Growth
Atherosclerotic plaque grows due to the accumulation of material, the migration and proliferation of cells in the process of the disease, in particular smooth
muscle cells forming the fibrous cap. While growth can be understood as a
mere replacement of normal wall material with components of atherosclerotic
plaque, like the expansion of a necrotic core inside the wall [Fok12a], we focus
on growth which influences the wall geometry. Wall remodelling is explicitly
studied in [Bel+09; Isl17; Fok16], but not in any of the other models concerned
with plaque growth. Sudden bursts of material accumulation during thrombus
healing in the late stages of the disease are not investigated in any model. In
particular, growth is modelled as a steady, slow process.
The growth of biological material is a complex subject in itself, see e.g.
[JC12]. The reviewed models are phenomenological and based on the principle of volume increase due to the accumulation of material. Materials which
are used as source for growth include LDL [Ges+11; BD12; Gab+14], monocytes/macrophages [ZHB04; BD12; HF14; FH15], foam cells [Sio+11; BD12;
CPM14; HF14; FH15; Yan+15; Yan+17; FRW16; DDP11; Di +15]4 , smooth
muscle cells [Fok12b; CPM14; HF14; FH15], collagen or ECM [CPM14; HF14;
FH15] and T-cells [HF14; FH15]. In [Zoh05; LT10] a direct relation between
wall shear stress and growth rate are used. Biologically, foam cells and formation of a necrotic core are responsible for growth in early stages, whereas smooth
muscle cells and the extracellular matrix are additional sources of growth in
4 The realization of plaque growth is not elaborated in [DDP11; Di +15] but a formula
depending on the foam cell volume is given in the review [AN19, Table 12].

2.2. Mathematical Models for Atherosclerosis

27

advanced stages of the disease. Some of these relations must be seen as simplifications, e.g. LDL influx drives processes leading to growth.
In the ordinary differential equation models [ZHB04; Zoh05; BD12] plaque
growth reduces the arterial radius used in the analytical approximation of the
blood velocity using Poiseuille-type flow profiles. Growth as decrease of arterial
radius was also used in [Fok12b] where smooth muscle cell proliferation due to
the platelet-derived growth factor (PDGF) was modeled using a partial differential equations, with growth then coupled by spatial integration to the other
variables. The other models use spatially varying growth. In [Cal+09; Sil+13]
an unknown height function was used to describe the endothelial surface, with
height depending on the integrated material below the surface. A more explicit
description of the plaque region was used in [Bel+09; Isl17], where both upper
and lower boundaries of the plaque region are prescribed with some parameters
and material accumulation leads to two phases of growth, once into the lumen
and afterwards into the wall to account for the accumulated plaque volume.
More algorithmic approaches to growth were used in [LT10; Ges+11; Gab+14]
where local increase of wall thickness are related to the local wall shear stress,
derived from simplified transport models [Ges+11; Gab+14] or linear relation
between growth and wall shear stress [LT10] derived from experimental data
[Gib+93]. A similar model for growth as wall thickness increase was used in
[DDP11; Di +15]5 . Using experimental data, [Fil+13] parameter-fitted different models of domain deformation to plaque geometries measured after 3 and
12 months.
The previous models describe growth through the deformation of the endothelial surface. Bulk growth models use a continuum model for the wall deformation inside the wall. The fluid-structure interaction models in [Yan+15;
Yan+17; FRW16] use the method of multiple natural configurations [RHM94;
AM02; RS04] which leads to a decomposition of the deformation gradient
!

I +∇u =: F = Fe Fg

(2.8)

into elastic response Fe and growth tensor Fg . In both models, growth is
treated as isotropic: Fg = g I with g ≥ 1 in [Yan+15; Yan+17] being the
solution of another differential equation modelling the material accumulation
and in [FRW16] being a given bump function weighted with the solution of an
ordinary differential equation.
The decomposition eq. (2.8) was also used in [CPM14; Fok16], although
[CPM14] only specifies the resulting equation for div u and not a constitutive
equation. In [HF14; FH15], where only the wall is studied, plaque growth is
modeled as a Darcy equation with free boundary at the endothelium where
σ = γκ with wall pressure σ, parameter γ and mean curvature κ. Darcy’s law
is also used by [Sio+11; Fil+13] for the growth velocity. The models [Sio+11;
Fil+13; CPM14] distinguish between growth velocity field and blood velocity,
although the latter is unspecified in [Sio+11; Fil+13], whereas [HF14; FH15]
use a single velocity field. The physical motivation to model growth by Darcy’s
equation is unclear to the author.
5 See

footnote4 on page 26.

28

Chapter 2. Models for Atherosclerosis

Plaque Vulnerability and Rupture Prediction
Different models have been proposed to predict the time frame, risk and location of plaque rupture. They focus on complementary mechanisms such as extreme stress [ZHB04; Tan+05; Ten+10; Lea+10], mechanical fatigue [VBD06]
and weakening of the tissue [Bel+09; HF14; FH15; Wat+18]. The rupture
itself is not modelled and hence the models are valid at most up until rupture.
We refer to [AH13; CW14] for an in-depth review of the biomechanics of plaque
rupture.
A phenomenological model for plaque rupture with ordinary differential
equations was proposed in [ZHB04] where the plaque is assumed to rupture if
the wall pressure, computed from a simple kinematic model, exceeds a given
threshold value.
The articles [Tan+05; Ten+10; Lea+10] are concerned with the predictive
capabilities of models employing fluid-structure interactions in patient-specific
geometries to determine plaque vulnerability. These models sudy detailed but
fixed geometries with different mechanical properties for the plaque components
and based on the observation that “the endothelial damage caused by extreme
shear stress is now suspected to contribute to rupture due to both mechanical
and biological effects” [Lea+10]. In [Tan+05] the usage of local, instead of
global, maxima of wall stress for possible sites of plaque rupture is proposed.
A computational plaque vulnerability index based on this stress was examined
and found to be in good agreement with a classical vulnerability measurement
from manual histopathological observations. [Ten+10] found numerically that
wall stress is more closely associated with sites of plaque rupture than the
fluid shear stress in 3D fluid-structure interaction problems using in-vivo MRI
data. A relation between areas of strongly elevated wall stress and rupture
location was also found in [Lea+10] where pre- and post-rupture MRI scans
were employed. [Lea+10] also warns that imaging resolution and erroneous
feature identification can have a substantial influence on measured stresses.
The maximal stresses reached in such models are less than the amount assumed to be necessary for mechanical failure and they do not occur in shoulder
regions of the plaque, where signs of rupture are often found. Multiple explanations of this mismatch have been proposed. In [VBD06] mechanical fatigue,
i.e. mechanical failure as response to repetitive loading, was studied using crack
propagation models. The evolution of cracks inside the intima, as precursors
to rupture, is examined under various geometrical, mechanical and cardiovascular configurations. Another mechanism which may explain this mismatch is
the occurrence of microscopic inclusions (microcalcifications) inside the wall.
In the numerical model [Blu+08] it was found that microcalcifications in the
plaque cap significantly increase the peak stress, whereas others observed more
ambiguous effects of calcifications [Hos+09], see [AH13] for further discussion.
The previous models focus on plaque vulnerability and rupture due to mechanical influences. The model [Wat+20] was proposed for plaque cap formation with a multiphase model for the distribution of smooth muscle cells and
extracellular matrix. The authors remark that an extensions of this model
could also allow insight into the development of vulnerable plaque where the
cap degrades, they emphasize the critical role of the growth factor TGF-β for
the plaque’s stability. In [Bel+09] the degradation of the plaque cap by MMP
is the focus using an model consisting of ordinary differential equations for
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cap thickness, cap stress, MMP concentration and lipid core volume, based on
phenomenological observations e.g. that MMP reduces the cap thickness. The
degradation of the ECM by MMP is also examined in [HF14; FH15], but late
stages of the disease were not studied there.

Mathematical Analysis
Naturally there is a trade-off between complexity and mathematical tractability
of mathematical models. Existence, stability, regularity and other analytical
results are restricted to simpler models. For example, the question of existence
of solutions to fluid-structure interaction problems employed in many of the
reviewed models is still open. This also affects numerical analysis, such as
existence of discrete solutions or convergence of numerical algorithms, the latter
requiring regularity of the continuous problem.
In [QVZ02b] a two-compartment model of an advection-diffusion equation
in the lumen coupled to a diffusion equation in the wall is analyzed. The equations are coupled using eq. (2.6) with permeability P depending on the wall
shear stress. If the blood velocity field, itself solution to the Navier–Stokes
equation, is regular enough, existence, uniqueness and stability of solutions is
proven. For the numerical implementation of this problem a domain decomposition approach, splitting the domain into lumen and wall, is natural. An
analysis of convergence and other properties of these methods is carried out
in [QVZ02b; QVZ02a]. The previous analysis is limited to linear problems,
nonlinear coupling conditions between advection-diffusion equations inspired
by the Kedem–Katchalsky equation with given velocity field were analyzed in
[CZ06]. The results in [CZ06] have the caveat that e.g. existence was proven
under the condition that one domain is surrounding the other.
The model in [QVZ02b; QVZ02a] only considers a fluid in the lumen and
no flow inside the wall. The analysis and numerical realization of the Navier–
Stokes–Darcy system is reviewed in [DQ09], including a derivation of tangential interface coupling conditions from homogenization. The coupling of fluid
and concentration equations as induced by the Kedem–Katchalsky equations,
e.g. including osmotic effects, has not been found. Furthermore, many of the
reviewed models with wall shear stress dependent LDL transport feature nonlinearities which have not been investigated.
Some of the models incorporate chemotaxis, we only refer to [Hor03] for an
overview of the rich mathematical theory for Keller–Segel systems including
effects such as blow-up in finite time. For most species relevant for atherosclerosis, the diffusion inside the blood flow is much smaller than advection, i.e.
the Peclét number is large. For processes at the endothelium this leads to
the occurrence of boundary layers which are naturally characterized by the
wall shear stress [DTW01]. Boundary layer analysis was used in [DTW01] for
platelets and in [Pla+06; Pla+07] for substances related to calcium signalling.
The uncertainty associated with most parameters requires further investigation. Sensitivity analysis was performed in e.g. [CSM02; Pro+05; OKP08;
CV13; HF14; Wat+18; Tho+18; Wat+20], either using deterministic or random sampling. Bifurcation analysis was carried out in e.g. [CSM02; Pla+06;
OTM10; BD12; Fok12b; CBM17] either analytic or with the help of numerical
tools such as AUTO [Doe+20]. Such analysis is useful for both mathematical validation and medical predictions, e.g. [Ibr+05] found a stability criterion
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“consistent with observed features” where the disease progresses if the immune
response cannot compensate increase of debris and [OTM10] showed that in
their model macrophage proliferation and LDL uptake are more important in
the intima than LDL influx. Note that the medical interpretation of long-term
behavior requires that the model assumptions remain valid in that time frame.
Most articles contain only a brief discussion of the numerical realization of
the presented model, discussing at most questions of temporal and mesh convergence. Articles focused on the details of numerical implementation are rarer,
detailed exposition of the numerical realization for fluid-structure problems be
found in e.g. [FRW16; Yan+17]. In [GKO14] a (compact) DG method is proposed as higher-order discretization of the advection-reaction-diffusion model
from [Ibr+05]. Numerical descriptions and convergence results for iterative
schemes for coupled advection-diffusion equations can be found in the already
mentioned articles [QVZ02b; QVZ02a]. An analysis of existence and convergence of discrete solutions for similar problems can be found in [CGJ16] for a
DG discretization, allowing for certain nonlinearities in the coupling condition.

Multiscale Analysis
Several aspects of atherosclerosis happen on vastly different timescales, such
as blood flow and growth as mentioned in the introduction, for other examples
we refer to the overview in [Di +15, Figure 2] and the timescales of wall shear
stress responses listed in [Dav95, Table 1 and 2]. Inclusion of these multiscale
phenomena can lead to excessive costs for direct numerical simulations of these
models, the goal of the present section is to investigate how this diﬀiculty is
handled in the literature. This comes with the caveat that not all authors
explicitly mention multiple scales as reason for their simplifications and use
e.g. a stationary inflow profile without explanation.
We distinguish between ad-hoc, formal and rigorous multiscale analysis.
Ad-hoc methods might simplify out of necessity, e.g. replacing an oscillating
with a stationary inflow profile, or use experimental data to model the temporally macroscopic behavior. The latter approach can be seen as directly
modelling the limit behavior of the unknown model. Formal and rigorous
approaches, the latter pursued in this thesis, derive computationally less expensive approximations of the original model through formal or rigorous arguments, but this typically requires simplifications which reduce the biological
applicability.
To describe the behavior of a system with multiple timescales we use the
terminology of quasi-static and averaging type limits. An averaging type limit
was already discussed in Section 1.2, where the fast variable shows a periodic
asymptotic behavior if the slow variable is kept fixed and the action of this fast
behavior is averaged in the limit equation, see eq. (1.4). This was discussed
for the model considered in this thesis but formally extends to other systems
of course. In a quasi-static limit the fast variable has a stationary asymptotic
behavior if the slow variable is kept fixed, for simplicity we discuss this type of
limit by augmenting the example from Section 1.2. If we assume that the fluid
boundary conditions are simplified as stationary, then eqs. (1.1) reads
d
dt qε

= εg(qε , vε ) in I,

∂t vε − ∆vε + ∇pε = f

in ΩIqε ,
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with stationary f . Fixing the slow variable qε ≈ q̂ ∈ Q on a small time interval,
the behavior of vε is then approximated by the solution v∞ (q̂) to the stationary
equation
−∆v∞ (q̂) + ∇p∞ (q̂) = f in Ωq̂ .
(2.9)
The plaque state qε is then, as ε → 0, approximated by the solution q0 to
d
dτ q0 (τ )

= g(q0 (τ ), v∞ (q0 (τ )))

for τ ∈ I .

(2.10)

Thus each evaluation of the right-hand side of the limit equation requires the
solution to eq. (2.9), which is a static equation which depends on the evolving
data q0 (τ ), which is why we refer to eq. (2.10) as quasi-static limit.
The simplification of taking steady instead of pulsatile flow boundary conditions is common [Ges+11; DDP11; CV12; Gab+14; CPM14; Yan+15]. At
least for the first model analyzed in this thesis we will see that an averaging
of the inflow profile only leads to an accurate approximation if all processes
are linear. This does not mean that a periodic inflow must have a significant
impact in every model, e.g. [CV12] compared periodic and steady inflow conditions for their model found only small differences. [DDP11; Gab+14; Di
+15] iterate between solving steady-state equations for all model components,
then updating the geometry based on these solutions. Due to the domain evolution the equations for all model components are quasi-static. In [Ges+11]
only LDL accumulation and intimal thickness are treated as variables and it
is argued that the differential equation for LDL accumulation can be solved
with fixed intimal thickness which “evolves very slowly”, effectively making the
LDL evolution quasi-static. The numerical calculations in [Yan+15; Yan+17]
use a quasi-static approach for fluid velocity and fluid concentrations, but assume that structure concentration and deformation are instationary, the latter
incorporating the deformation due to domain growth. A similar decomposition
in stationary processes in the lumen and instationary processes inside the wall
is used in [CPM14], but there the processes in the lumen are solved only once
and are hence not quasi-static. This approach leads to inconsistencies, e.g. the
wall shear stress which influences permeability is only computed in the initial
geometry and the Kedem–Katchalsky equations for the LDL concentrations
cannot be satisfied since the concentration in one domain is stationary.
Quasi-static limits were also studied in other models without fluid flow
[Fok12b; Fok16; Wat+18; Wat+20]. In [Fok12a] the growth factor PDGF is
only solved in the stationary setting, in [Fok16] the mechanics are quasi-static
and both models feature slowly evolving domains. In the model for PDGF
and smooth muscle cells in [Wat+18] it is also assumed that PDGF can be
considered in a quasi-static state compared to the timescale of smooth muscle
cell migration. The same reasoning is extended to TGF-β in [Wat+20].
The effect of time-periodic advection of a concentration field was studied
in [Hon+12], although under the assumption that the advection velocity and
the periodic component of the concentration field are small. Under these assumptions it was then argued that the average part of the concentration field
satisfies the stationary equation with averaged advection velocity.
The body of literature studying flow problems with time-periodic boundary
conditions is smaller, most of which use ad-hoc approaches to model the temporally macroscopic behavior directly. These use experimental observations
that temporal variations of the wall shear stress have been linked to the risk
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of plaque development, we refer to the critical review in [PSW13]. Multiple
quantities have been used to characterize the temporal variations of the wall
shear stress, writing · for the average over one heart beat, these include
• the time averaged wall shear stress (TAWSS)

|σWS |,

• the magnitude of the mean wall shear stress
• the oscillatory shear stress (OSI)

|σWS |,

1
2 1−

• the relative residence time (RRT)

|σWS |−1 .

|σWS |
|σWS |



,

Other sources also examine the mean of the wall shear stress component perpendicular to σWS [Ghi+17], the mean of the surface gradient of the wall shear
stress and quantities related to the Fourier transform of the wall shear stress
[LAS09]. All these quantities implicitly depend on the spatial position.
The OSI is the most prominent of these quantities. It varies between 0,
where σWS is collinear to σWS throughout the cycle, and 12 , where σWS =
0. The OSI is in particular insensitive to the magnitude of the shear stress.
A physical interpretation of the relative residence time is given in [Him+04,
Appendix] by a Taylor expansion of the particle position near the wall, the
OSI then measures the influence of the time averaged wall shear stress on the
residence time.
A relation between endothelial permeability and oscillatory shear index has
been used in [Him+04; Fil+13] and proposed in [McK+05]. A direct relation
between TAWSS and the growth of plaque is assumed in [LT10]. The resulting
equation is similar to the limit investigated for the first model in this thesis,
but in [LT10] an initial value problem (with periodic boundary conditions) is
solved instead of a time-periodic problem.
A natural mathematical question for these ad-hoc approaches is, whether
sensible temporally microscopic models can be devised which yield such relations in the multiscale limit ε → 0, just as e.g. Darcy’s law can be derived
from a multiscale analysis of Stokes flow in porous media [San80, Appendix].
The averaging theory developed for the first model in this thesis immediately
allows for microscale problems to yield limits involving the TAWSS.
The multiscale nature of slow plaque growth and fast fluid flow is the focus of [FRW16; FR20]. In [FRW16] a fluid-structure-interaction problem with
growth is studied, similar to the model of Yang et. al. discussed below. Two
heuristic multiscale approaches are suggested. The first uses a temporally
averaged inflow velocity and repeatedly solves a stationary fluid-structure interaction problem for fixed growth and afterwards updates the growth using
the wall shear stress from the quasi-static fluid flow. The second approach
uses the quasi-static problem only to calculate initial values for the fast fluidstructure interaction problem with time-periodic inflow conditions. This problem is solved on a fixed short time interval, i.e. not explicitly until a periodic
state is reached. In contrast to the averaging type limit, the wall shear stress
is averaged in time and not the action of the shear stress. While significant
differences between the two approaches were observed, no comparison with a
fully resolved simulation was carried out.
In [FR20] the timescale separation was an even stronger focus with a further
reduction of the model from [FRW16], omitting the structure equation and
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instead using an analytical describing of the domain deformation depending
on an unknown growth parameter, very similar to the first model discussed in
this thesis. The proposed limit equation solves the time-periodic fluid problem
on a fixed domain and the evolution of the domain growth now agrees with
the averaging type limit from Section 1.2. While the derivation of the limit
system is slightly different than the approach discussed in this thesis, the final
form is identical except for the initial values. The rigorous analysis in [FR20]
is limited to fast-slow systems of ordinary differential equations. While it is
argued in [FR20] that the partial differential equation could be recovered from
an eigenvalue decomposition, this is questionable due to the non-autonomous
nature of the problem.
In summary, while the multiscale aspect of the problem has received considerable attention in the literature, most models employ ad-hoc quasi-static
limits which ignore the periodicity of the blood flow. While this is only one
of many simplification which models necessarily have to make, the effect of it
requires further investigation. Rigorous analysis may be impossible for most
models, but an examination of the expected fast scale behavior could increase
the accuracy of atherosclerosis models.

2.3 The Model by Yang et. al.
The inspiration for this thesis was the model investigated by Yang, Jäger,
Neuss-Radu and Richter in [Yan+15; Yan+17], see also the thesis [Yan14]. We
will present this model in greater detail in this section and perform a nondimensionalization to highlight the timescale separation, which will motivate
the two models studied in this thesis. The work by Yang et. al. models early
stages of the disease and features fluid-structure interaction, monocytes in the
blood, which immediately differentiate into macrophages once inside the lumen
and turn into foam cells at a fixed rate, thus leading to growth of the plaque.

Dimensional Plaque Model
We first describe the geometry, list the unknowns and then briefly discuss
each aspect of the model. The numbered equations constitute the final model.
Parameters, boundary and initial values can be found in Table 2.1, some of
the notation has been slightly adapted from [Yan+15] for consistency with
other parts of this thesis. The parameter values have been collected from the
literature, see [Yan+15] for the references.
Geometry
The geometry is purely two dimensional, in contrast to a full three dimensional
or rotational-symmetric formulation. A sketch of such a geometry and the
notation employed in this thesis is depicted in Figure 2.2. Note that there is a
mismatch between the three dimensional parameters listed in Table 2.1 and the
two dimensional geometry which is not addressed in [Yan+15]. The geometry
consists of a fixed, bounded domain Ω ⊂ R2 subdivided into a fluid domain
Ωf (t) and a structure domain Ωs (t) for each t ∈ I, I := (0, T ), with T > 0, in
the sense that
Ω = Ωf (t) ∪ Ωs (t), Ωf (t) ∩ Ωs (t) = ∅.
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Geometry
Initial artery diameter
Initial wall thickness
Permeable wall section length
Transition layer thickness

5 mm
0.5 mm
2.5 mm
δ = 0.0625 mm

Blood
Density
Kinematic viscosity
Initial velocity
Inflow velocity

ρf = 1 × 10−3 g mm−3
ν = 3 mm2 s−1
0
vf = 48y(5 − y)mm s−1
vfD = vfD

Wall
Density
Shear modulus (healthy tissue)
Shear modulus (diseased tissue)
Shear modulus parameter

ρs = 1.06 × 10−3 g mm−3
µs,h = 1 × 105 g mm−1 s−2
µs,d = 0.05 × µs,h
αµ = 0.1 mm3

Growth
Growth coeﬀicient

γ = 1 × 10−6 g

Biology
Monocyte diffusion
Macrophage diffusion rate (healthy tissue)
Macrophage diffusion rate (diseased tissue)
Macrophage diffusion parameter
Interface permeability
Reaction coeﬀicient
Initial concentration
Inflow concentration

Df = 1 × 10−6 mm2 s−1
Ds,h = 1 × 10−7 mm2 s−1
Ds,d = 5 × Ds,h
αD = 0.1 mm3
ξ0 = 1 × 10−4 mm s−1
β0 = 1 × 10−7 s−1
c0f = 540 mm−3
0
cD
f = cf

Table 2.1: Original values for geometry measurements, parameters, boundary
functions and initial values as given in [Yan+15].

The fluid domain represents the lumen, the structure domain represents the
intima and their evolution is driven by the elastic response and growth and is
thus unknown. The endothelium is the interface between both domains and is
denoted by Γ(t) and defined by
Γ(t) := ∂Ωf (t) ∩ ∂Ωs (t).
This interface is assumed to consist of a damaged part Γ1 (t) which is permeable
to monocytes, and an impermeable part Γ2 (t), such that
Γ(t) = Γ1 (t) ∪ Γ2 (t),

Γ1 (t) ∩ Γ2 (t) = ∅.

It is assumed that Γ1 (t) and Γ2 (t) are measurable and that the 1-dimensional
Lebesgue measure of Γ1 (t) is non-zero. We denote the non-cylindrical spacetime domain by
ΩIf := {(t, x) | t ∈ I, x ∈ Ωf (t)}
and analogously ΩIs and ΓI .
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∂w Ωf
Ωf (t)

∂i Ωf

∂ o Ωf
Γ1 (t)

Γ2 (t)
Ωs (t)

∂w Ωs

Figure 2.2: Notation used for the geometry of the model by Yang et. al.

The exterior boundaries of Ωf (t) and Ωs (t) are time-independent since Ω is
by assumption. The exterior boundary of Ωf (t), i.e. ∂Ωf (t)\Γ(t), is subdivided
into disjoint sets; an inflow boundary ∂i Ωf , an outflow boundary ∂o Ωf and a
boundary ∂w Ωf consisting of the wall opposite to Ωs (t) which is assumed to be
healthy. In particular, ∂w Ωf is fixed and hence cannot show an elastic response
to the blood flow, which is a simplification to save computational resources.
The exterior boundary of Ωs (t) is denoted by ∂w Ωs . It is assumed that ∂i Ωf ,
∂o Ωf , ∂w Ωf and ∂w Ωs have non-zero 1-dimensional Lebesgue measures. The
exterior normal of Ωf (t) and Ωs (t) is denoted by nf and ns respectively. On
the interface then nf = −ns .
Given an initial decomposition of Ω into Ωf (0) and Ωs (0) we can describe
the evolution of the subdomains through the deformation field
ûs : Ω̂s → R2 ,
later characterized as solution to the elasticity equation, where we use the
initial structure domain as reference domain
Ω̂s := Ωs (0).
Under the assumption that the deformation field is regular enough, preserves
the exterior boundary of Ω̂s and is injective, we can define the associated
transformation
Φs (t) : Ωs 3 x̂ 7→ x̂ + û(t, x̂) ∈ R2
(2.11)
and define the decomposition of the domain Ω for t > 0 as
Ωs (t) := (Φs (t))(Ω̂s ),

Ωf (t) := (Ω \ Ωs (t))◦

where (·)◦ denotes the interior of a set. Here and in the following we will denote
quantities defined using the reference coordinates with a hat, in particular Γ̂ :=
Γ(0). We may switch between these two coordinate systems for any function
and write e.g. either ĉs (t, x̂) or cs (t, x) for the macrophage concentration in
6
the intima, where one is the pullback of the other under Φs , respectively Φ−1
s .
Space-independent parameters will always be written without a hat. We follow
standard notation and denote the deformation gradient and its determinant by
ˆ s
F̂s := ∇Φ

and Jˆs := det(F̂s ),

6 For vector fields this pullback must be understood in the sense of a pullback of the
coordinate functions, not the usual field pullback in differential geometry.
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omitting the time t for notational simplicity.
The elastic stress depends on the deformation gradient with respect to these
reference coordinates, the defining property of elasticity [Cia88]. This makes a
formulation of the elasticity equation in the coordinates of Ω̂s natural. The Eulerian formulation of the Navier–Stokes equation on the non-cylindrical spacetime domain ΩIf requires no transformation, but a pullback to a cylindrical
space-time domain I × Ω̂f with Ω̂f := Ωf (0) is nevertheless useful for a mathematical treatment or numerical implementation. For a clearer presentation
we will not perform such a pullback here, the calculations can be found in
a slightly different context in Chapter 4, but we briefly describe the arbitrary
Lagrangian-Eulerian (ALE) method used in [Yan+15] such that the reader may
follow both sources. In the ALE method, ûs is continuously extended to Ωf (t)
by some ûf which is suﬀiciently regular and preserves the outer boundary of
Ω. The extension can be chosen arbitrary, e.g. a harmonic extension, but the
choice can affect the time on which the extension has the required regularity,
in particular injectivity, see [Ric17] for a discussion. The Navier–Stokes equation can then be pulled back to I × Ω̂f with the Piola transformation, which
preserves solenoidality of vf , details can be found in Chapter 4.
List of Unknowns
The model consists of the following unknowns inside the fluid domain / lumen:
• vf : blood velocity,
• pf : blood pressure,
• cf : monocyte concentration.
Inside the structure domain, i.e. intima, the unknowns are
• ûs : wall deformation,
• v̂s : wall velocity,
• p̂s : wall pressure,
• ĉs : macrophage concentration,
• ĉ∗s : foam cell concentration,
• ĝs : growth factor.
Blood Flow
For the blood flow the standard incompressible Navier–Stokes equation is employed for simplicity, we refer to the discussion in the review for drawbacks
and alternatives to this model of blood flow. The equations are then
)
ρf ∂t vf + ρf (vf · ∇)vf − div σf = 0,
in ΩIf
(2.12a)
div vf = 0
with blood density ρf and the Cauchy stress tensor with Newtonian rheology
σf := −pf I + ρf ν(∇vf + (∇vf )T )

(2.12b)
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with kinematic viscosity ν. The exterior boundary conditions are Dirichlet
inflow conditions on ∂i Ωf , no-slip conditions on ∂w Ωf and do-nothing boundary
conditions on ∂o Ωf :
on I × ∂i Ωf ,

(2.12c)

vf = 0

on I × ∂w Ωf ,

(2.12d)

ρf ν∇vf nf − pf nf = 0

on I × ∂o Ωf .

(2.12e)

vf = vfD

A constant-in-time inflow velocity vfD is used in [Yan+15] to circumvent the
problems associated with multiple timescales, a simplification which motivated
the investigations of this thesis. The do-nothing condition differs from the natural Neumann condition σf nf = 0 by the omission of the transposed gradient
and shows a more realistic outflow behavior compared to the natural Neumann
condition if we assume that the blood flow continues in a straight channel
beyond the outflow boundary. Do-nothing conditions can have detrimental
stability properties if backflow occurs across the outflow boundary [BM14].
The initial blood velocity is a given function
vf (0) = vf0

in Ωf (0).

(2.12f)

Elastic Wall
The elastic behavior of the wall is modelled using an incompressible neoHookean material model. Growth is realized in [Yan+15] by the method of
multiple natural configurations [RHM94; AM02; RS04], leading to a decomposition of the deformation gradient as
ˆ s = F̂s = F̂se F̂sg
I +∇û
into elastic response F̂se and growth tensor F̂sg . The model described here
makes the simplifying assumption that growth is isotropic, meaning that
F̂sg := ĝs I,
with some function ĝs ≥ 1 whose evolution is described next. We assume that
the mass increases only due to the increase of volume whereas the density is
constant. Specifically, if V (t) denotes some arbitrary volume in Ωs (t) moving
with the deformation velocity, we assume that there exists a growth function
fsg , modelled below, which represents the rate of mass growth per unit volume:
Z
Z
d
ρs dx =
fsg dx
dt V (t)
V (t)
with wall density ρs , such that by integral transformation of V (t) to V̂ we get
Z
Z
d
(ρs Jˆs ) dx̂ =
fˆsg Jˆs dx
dt
V̂
V̂
and by variation of V̂ we arrive at
d
(ρs Jˆs ) = fˆsg Jˆs
dt

in I × Ω̂s .

38

Chapter 2. Models for Atherosclerosis

Since Jˆs = Jˆse Jˆsg = Jˆsg = ĝs2 by incompressibility of the elastic response, i.e.
Jˆse = 1, and isotropy of F̂sg , we arrive at
∂t ĝs =

1 fˆsg
ĝs
2 ρs

in I × Ω̂s .

We remark that the factor changes to 31 for a three dimensional geometry. The
growth function fˆsg will be related to the macrophage concentration below.
Following introductory texts for elasticity, e.g. [Cia88], the balance of momentum reads
)
c Jˆs σ̂s F̂ −T ) = 0,
Jˆs ρs ∂t v̂s − div(
s
in I × Ω̂s
(2.13a)
∂t ûs − v̂s = 0.
where the stress tensor σ̂s is assumed to only depend on F̂se . For an incompressible neo-Hookean material this means that


σ̂s := −p̂s I +µ̂s F̂se (F̂se )T − I
(2.13b)
where the shear modulus µ̂s depends on the foam cell concentration ĉ∗s to model
the softening of diseased tissue with high foam cell concentrations,
∗

µ̂s := µs,d + (µs,h − µs,d )e−αµ ĉs

(2.13c)

with parameters µs,h , µs,d and αµ . The elastic response tensor F̂se can be
expressed using the growth tensor and the deformation gradient as
ˆ s)
F̂se = ĝs−1 F̂s = ĝs−1 (I +∇û
such that the equations are formulated only in terms of the unknowns ûs , v̂s and
ĝs . Finally, the incompressibility of the elastic response yields the constraint
ˆ s ) = det(F̂s ) = det(F̂sg ) = ĝs2
det(I +∇û

in I × Ω̂s

(2.13d)

which is missing in the summary of [Yan+15]. The structure problem has
initial conditions
ûs (0) = 0, v̂s (0) = 0 in Ω̂s
(2.13e)
and a fixed deformation at the exterior boundaries
ûs = 0

on I × ∂w Ωs .

(2.13f)

The fixed exterior boundaries, the isotropic wall behavior and growth are simplifications made in this model. Furthermore, the wall is implicitly assumed to
be unstressed in the reference configuration which is not the case in vivo.
Mechanical Interface Coupling Conditions
On the interface Γ(t) between Ωf (t) and Ωs (t) the continuity of velocities and
normal stresses is assumed:
vf = vs

and σf nf + σs ns = 0

on ΓI .

(2.14)
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Growth Law
The growth function is assumed to depend linearly on the macrophage concentration ĉs , i.e.
fˆsg := γ β̂ĉs ,
with growth factor γ. The factor β̂ĉs will later also denote the rate at which
macrophages turn into foam cells. In summary, ĝs satisfies the spatially varying
ordinary differential equation
∂t ĝs =

1 γ β̄
ĉs ĝs
2 ρs

in I × Ω̂s .

(2.15a)

Note that unless c̄s vanishes the variable ĝs can be expected to grow exponentially. Assuming that no growth occurred prior to the initial time of the model,
the initial condition for ĝs reads
ĝs (0) = 1

in Ω̂s .

(2.15b)

Monocytes, Macrophages and Foam Cells
The monocyte concentration cf undergoes advection by the blood and diffusion
inside the lumen
∂t cf + vf · ∇cf − Df ∆cf = 0

in ΩIf .

(2.16a)

Once inside the lumen, the interface condition will be discussed below, monocytes are assumed to differentiate into macrophages immediately and cs denotes
the macrophage concentration. The macrophages are advected by the velocity
of the structure and diffuse. Macrophages turn into foam cells at a fixed rate,
independent of e.g. LDL concentrations which are not examined in this model.
These processes are realized by
∂t cs + div(vs cs ) − div(Ds ∇cs ) = −βcs

in ΩIs

(2.16b)

with diffusion rate Ds which is higher in regions with high foam cell concentrations c∗s :
∗
Ds := Ds,d + (Ds,h − Ds,d )e−αD cs
(2.16c)
with parameters Ds,d , Ds,h and αD . It is argued in [Yan+15] that no conversion
from macrophages to foam cells takes place in a region around the interface
consisting of endothelium and a layer of smooth muscle cells, such that7
β = β0 1ΩIs,δ

(2.16d)

with reaction coeﬀicient β0 and Ωs,δ (t) := (Φs (t))(Ω̂s,δ ), where Ω̂s,δ := {x̂ ∈
Ω̂s | d(x̂, Γ̂) ≥ δ} with transition layer thickness δ > 0. Foam cells only occur
inside the wall and are advected by the wall’s movement and produced through
macrophages. No diffusion is assumed to occur, leading to
∂t c∗s + div(vs c∗s ) = βcs
7 This

in ΩIs .

is the author’s guess based on the textual description given in [Yan+15].

(2.16e)

40

Chapter 2. Models for Atherosclerosis

The concentration of monocytes in the lumen is assumed to be some given
function, whereas no macrophages and foam cells are assumed to be inside the
intima at the beginning.
cf (0) = c0f

in Ωf (0),

and c∗s (0) = 0

cs (0) = 0

in Ωs (0).

(2.16f)

New monocytes flow into the lumen at the inflow boundary, all other exterior
boundaries are assumed to be homogeneous diffusive Neumann boundaries:
on I × ∂i Ωf ,

(2.16g)

Df ∇cf · nf = 0

on I × (∂o Ωf ∪ ∂w Ωf ),

(2.16h)

Ds ∇cs · ns = 0

on I × ∂w Ωs .

(2.16i)

cf = cD
f

We note that the deformation and hence the velocity across ∂w Ωs is zero.
On the interface, monocytes and macrophages are coupled through continuity of fluxes and the simplified Kedem–Katchalsky eq. (2.6), i.e.
Df ∇cf · nf + Ds ∇cs · ns = 0
Df ∇cf · nf + ξ(cf − cs ) = 0

on ΓI ,

(2.16j)

I

on Γ .

(2.16k)

The permeability function ξ has been chosen as a scaled indicator function on
the damaged portion of the endothelium, i.e.
ξ := ξ0 1ΓI1

on ΓI

(2.16l)

with constant permeability ξ0 . The permeability is in particular independent
of the wall shear stress.

Non-Dimensional Plaque Model
We rescale the time and the spatial coordinates of both moving and reference
domains according to
t = T t̄,

Ÿ

x̂ = Lx.

x = Lx̄,

The partial derivatives then transform as
∂t =

1
∂,
T t̄

∂x =

1
∂x̄ ,
L

∂x̂ =

1
∂Ÿ
L x

c ∆ and ∆.
ˆ div, div,
ˆ We use an analogous
with obvious extensions to ∇, ∇,
notation for the rescaled domains, boundaries and the interface,
1
I¯ := I,
T

Ω̄f (t) :=

1
Ωf (t),
L

Ÿ

Ωs :=

1
Ω̂s ,
L

etc.

The bar will not denote the closure of any set in the following, such that no
confusion can arise. On their respective domains, we make the following Ansatz
for the unknowns:
Ÿ

Ÿ

Ÿ

Ÿ

vf (t, x) = V v̄f (t̄, x̄),

ûs (t, x̂) = Lus (t̄, x),

pf (t, x) = Pf p̄f (t̄, x̄),

p̂s (t, x̂) = Ps ps (t̄, x),

ĝs (t, x̂) = gs (t̄, x),

cf (t, x) = Cc̄f (t̄, x̄),

cs (t, x) = Cc̄s (t̄, x̄),

c∗s (t, x) = Cc̄∗s (t̄, x̄).

Ÿ

Ÿ

v̂s (t, x̂) = V vs (t̄, x),
Ÿ

Ÿ
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dimensional
x
x̂

non-dimensional
x̄
ˆ = xŸ
x̄

(a) Notation for coordinates.

moving domain
reference domain

dimensional
vs (t, x)
v̂s (t, x̂)

non-dimensional
V v̄s (t̄, x̄)
Ÿ
Ÿ
V vs (t̄, x)

(b) Notation and scaling behavior of functions.

Table 2.3: Enumeration of the notation for the four coordinates systems used
in the structure domain. Only the two moving coordinate systems
are used in the fluid domain.

Where we used the same scaling for vf and v̂s due to their continuity, the
natural scaling by L for the deformation and that ĝs is already dimensionless
and normalized to 1. The same scaling for all concentrations is used, where C,
contrary to the notation used in other parts of this thesis, does of course not
denote a generic constant but the reference concentration.
Since we later want to examine oscillating blood flow we perform the nondimensionalization with a natural reference time T of period length. Using
artery diameter and maximum inflow velocity as reference values for L and V
this implies that, in contrast to the stationary setting, no relation is assumed
between L, V and T , a mismatch which is expressed through the Strouhal number St below. The concentrations will be normalized by the inflow monocyte
concentration.
The amount of notation can be overwhelming at first. Four coordinate
systems are employed in the structure domain, consisting of all combinations
of moving vs. reference coordinates (indicated by a hat, ˆ· ) and dimensional
Ÿ
vs. non-dimensional coordinates (indicated by a bar, ¯· ), where · is a visual
shorthand for ˆ· -and-¯· . This is summarized in Table 2.3. We will freely change
between all four coordinate systems in the following, with the caveat that nondimensional quantities are also rescaled. This also holds for parameters, e.g.
we denote the (space-dependent) macrophage-to-foam cell conversion rate by
Ÿ
Ÿ
β, β̂, β̄ and β with to-be-defined rescaling of β̄ and β. A rescaling of constant
parameters will also be denoted by a bar, e.g. αD vs. ᾱD , except for well-known
nondimensional parameters such as the Reynolds, Strouhal or Péclet numbers.
We again number only the equations belonging to the final non-dimensional
model. The values of non-dimensional parameters, defined throughout the next
section, can be found in Table 2.4. The multiscale behavior of the model is
discussed, using the non-dimensionalization, at the end of the section.
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Reference
Reference
Reference
Reference
Reference

Values
time
length
velocity
concentration

T = 1s
L = 5 mm
V = 300 mms−1
C = 540 mm−3

Order
–
–
–
–

1
0.1
0.5
δ̄ = 0.0125

–
–
–
–

1

O(1)

St = 0.016̄
Re = 500
α ≈ 7.1
v̄f0 = 4ȳ(1 − ȳ)
v̄fD = v̄fD

O(1)
O(1)
O(1)
O(1)
O(1)

µ̄s,h = 1048
µ̄s,d = 0.05 × µ̄s,h
ᾱµ = 54

O(1)
O(1)
O(1)

Blood and Wall
Structure-to-fluid density ratio

ρs:f = 1.06

O(1)

Growth
Growth coeﬀicient

γ̄ = 0.5094

O(1)

Pef = 1.5 × 109
Pes,h = 1.5 × 1010
Pes,d = 0.2 × Pes,h
ᾱD = 54
ξ¯0 = 3.3̄ × 10−7
β̄0 = 1.6̄ × 10−9
c̄0f = 1
D
c̄f = c̄0f

O(ε−1 )
O(ε−1 )
O(ε−1 )
O(1)
O(ε)
O(ε)
O(1)
O(1)

Geometry
Initial artery diameter
Initial wall thickness
Permeable wall section length
Transition layer thickness
Time
Period length
Blood
Strouhal number
Reynolds number
Womersley number
Initial velocity
Inflow velocity
Wall
Shear modulus (healthy tissue)
Shear modulus (diseased tissue)
Shear modulus parameter

Biology
Monocyte Péclet number
Macrophage Péclet number (healthy)
Macrophage Péclet number (diseased)
Macrophage diffusion parameter
Interface permeability
Reaction coeﬀicient
Initial concentration
Inflow concentration

Table 2.4: Nondimensional values for geometry measurements, parameters,
boundary functions and initial values. The last column is a suggested scaling behavior for a small parameter ε as discussed in
the section Multiscale Behavior of the Model by Yang et. al on
page 46.
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Blood Flow
Transforming the Navier–Stokes equation (2.12a) by the rules above, we get


ρf V
ρf V 2
¯ f − 1 div −Pf p̄f I + ρf νV (∇v̄
¯ f + ∇v̄
¯ T) = 0
∂t̄ v̄f +
(v̄f · ∇)v̄
f
T
L
L
L
¯

in Ω̄If . Rescaling by L/(ρf V 2 ) and using that the solenoidality is unaffected
by the transformation, we arrive at
)
¯ f − div σ̄f = 0,
St ∂t̄ v̄f + (v̄f · ∇)v̄
¯
in Ω̄If
(2.17a)
div v̄f = 0
with Strouhal number St, expressing the ratio of the time it takes the reference
velocity to cross the reference length to the period, and Reynold’s number Re
defined by
VL
L
, Re :=
St :=
VT
ν
and rescaled stress tensor
σ̄f := −p̄f I +

1 ¯
¯ f )T )
(∇v̄f + (∇v̄
Re

(2.17b)

for the pressure scaling Pf := ρf V 2 . Another popular non-dimensional
measure
√
of pulsatile flows is the Womersley number, defined by α := 2π Re St and often
used instead of the Strouhal number. The boundary and initial conditions from
eqs. (2.12c) to (2.12f) can be rescaled similarly, such that
v̄f = v̄fD
v̄f = 0
1 ¯
∇v̄f n̄f − p̄f n̄f = 0
Re

on I¯ × ∂i Ω̄f ,
on I¯ × ∂w Ω̄f ,

(2.17d)

on I¯ × ∂o Ω̄f

(2.17e)

(2.17c)

and
v̄f (0) = v̄f0

in Ω̄f (0).

(2.17f)

Elastic Wall
Ÿ

By the chosen scaling of us we have
Ÿ

Fs = I +

Ÿ
U ŸŸ
Ÿ
∇us = I +∇us
L

Ÿ

Ÿ

and Js = det(Fs )

such that these quantities are unaffected by the scaling. The structure equation
from eq. (2.13a) then transform to

Ÿ Ÿ
 Ÿ i
Ÿ ρ V
1 Ÿ hŸ 
Ÿ
Ÿ
s

∂t̄ vs − div Js −Ps ps I +µ̂s Fse (Fse )T − I Fs−T = 0, 
Js
Ÿ
T
L
in I¯ × Ωs .
L Ÿ

Ÿ
∂ us − V vs = 0 
T t̄
Rescaling the first equation by L/(ρs V 2 ) and the second by 1/V leads to
)
Ÿ
Ÿ
Ÿ
Ÿ
Ÿ
Ÿ
Ÿ
Js St ∂t̄ vs − div(Js σs Fs−T ) = 0,
in I¯ × Ωs
(2.18a)
Ÿ
Ÿ
St ∂t̄ us − vs = 0
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with stress tensor

Ÿ Ÿ

Ÿ
Ÿ
Ÿ
σs := −ps I +µs Fse (Fse )T − I ,

Ÿ

Ÿ

Fse = gs−1 Fs
Ÿ

(2.18b)

if Ps := ρs V 2 and dimensionless shear modulus
Ÿ∗

µs := µ̄s,d + (µ̄s,h − µ̄s,d )e−ᾱµ cs ,
Ÿ

(2.18c)

with dimensionless parameters
µ̄s,h :=

µs,h
,
ρs V 2

µ̄s,d :=

µs,d
ρs V 2

and ᾱµ := Cαµ .

The incompressibility condition is completely analogous to eq. (2.13d), i.e.
Ÿ

det(I +∇us ) = gs2
Ÿ

Ÿ

Ÿ

in I¯ × Ωs ,

(2.18d)

as are the initial conditions
Ÿ

Ÿ

us (0) = 0,

vs (0) = 0

Ÿ

in Ωs

(2.18e)

and the exterior boundary condition
on I¯ × ∂w Ω̄s .

Ÿ

us = 0

(2.18f)

Mechanical Interface Coupling Conditions
For the interface condition eq. (2.14) we note that the scaling of the stress
tensors during the non-dimensionalization, eqs. (2.17b) and (2.18b), differed by
the factors ρf and ρs , respectively. This leads to the coupling conditions
v̄f = v̄s

¯

on Γ̄I

and σ̄f n̄f + ρs:f σ̄s n̄s = 0

with density ratio
ρs:f :=

(2.19)

ρs
.
ρf

Growth Law
The growth law from eq. (2.15a) transforms according to
Ÿ

1 Ÿ
1 βV γC Ÿ Ÿ
cs gs
∂t̄ gs =
T
2 L ρs

Ÿ

in I¯ × Ωs

where we used the nondimensional macrophage-to-foam cell conversion rate
Ÿ

Ÿ
β := β̄0 1I×
¯ Ω

s,δ̄

where δ̄ :=

δ
L,

Ÿ

Ÿ

Ÿ

Ωs,δ̄ := {x ∈ Ωs | d(x, Γ) ≥ δ̄} and
Ÿ

Ÿ

β̄0 := β0

L
.
V

(2.20a)
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The reason for this rescaling will become apparent in the section for the biological processes below. With nondimensional growth rate
γ̄ :=

γC
ρs

we can hence conclude that
Ÿ

Ÿ

Ÿ

Ÿ

St ∂t̄ gs = 12 βγ̄ cs gs

Ÿ

in I¯ × Ωs .

(2.20b)

We keep the factor 12 separate due to its link with the spatial dimension. The
initial condition from eq. (2.15b) is unchanged,
Ÿ

Ÿ

in Ωs .

gs (0) = 1

(2.20c)

Monocytes, Macrophages and Foam Cells
The monocyte equation eq. (2.16a) transforms to
C
VC
¯ f − Df C ∆c̄
¯ f =0
∂ c̄f +
v̄f · ∇c̄
T t̄
L
L2

¯

in Ω̄If

and rescaling by L/(V C) yields
¯ f − 1 ∆c̄
¯ f =0
St ∂t̄ c̄f + v̄f · ∇c̄
Pef
with fluid Péclet number
Pef :=

¯

in Ω̄If

(2.21a)

VL
.
Df

With the same arguments, the macrophage eq. (2.16b) transforms to


1 ¯
¯
St ∂t̄ c̄s + div(v̄s c̄s ) − div
∇c̄s = −β̄c̄s in Ω̄Is
Pes

(2.21b)

where the scaling used here motivated the definition of β̄ in eq. (2.20a). The
(inverse of the) structure Péclet number is given by


¯
−1
−1
−1
−ᾱD c̄∗
s
Pe−1
in Ω̄Is
(2.21c)
s := Pes,d + Pes,h − Pes,d e
with Péclet numbers of healthy and diseased wall and ᾱD defined through
Pe−1
s,h :=

VL
,
Ds,h

Pe−1
s,d :=

VL
,
Ds,d

ᾱD := αD C.

The transformation of the foam cell eq. (2.16e) is analogous,
St ∂t̄ c̄∗s + div(v̄s c̄∗s ) = β̄c̄s

¯

in Ω̄Is .

(2.21d)

The initial conditions can be rewritten as
c̄f (0) = c̄0f

in Ω̄f (0),

c̄s (0) = 0

and c̄∗s (0) = 0

in Ω̄s (0)

(2.21e)
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and the exterior boundary conditions transform to
c̄f = c̄D
f
1 ¯
∇c̄f · n̄f = 0
Pef
1 ¯
∇c̄s · n̄s = 0
Pes

on I¯ × ∂i Ω̄f ,

(2.21f)

on I¯ × (∂o Ω̄f ∪ ∂w Ω̄f ),

(2.21g)

on I¯ × ∂w Ω̄s .

(2.21h)

On the interface we have for the first coupling condition from eq. (2.16j), after
scaling by 1/V , that
1 ¯
1 ¯
∇c̄f · n̄f +
∇c̄s · n̄s = 0
Pef
Pes

¯

on Γ̄I

(2.21i)

and for the second interface condition, eq. (2.16k), with the same scaling that
1 ¯
¯ f − c̄s ) = 0
∇c̄f · n̄f + ξ(c̄
Pef

¯

on Γ̄I

(2.21j)

with permeability function
ξ¯ := ξ¯0 1Γ̄Ī

1

¯

on Γ̄I ,

where

ξ0
ξ¯0 := .
V

(2.21k)

Multiscale Behavior of the Model by Yang et. al.
The normalization of geometry and unknowns facilitates a clearer identification of the scales in the model of Yang et. al. through the magnitude of the
nondimensional parameters. The assumption of normalization is evident for
Ÿ
Ÿ
v̄f , us , c̄f , c̄s and gs from the given data but requires further discussion for
Ÿ
∗
vs and c̄s . The scaling of vs by the reference fluid velocity is natural due to
the velocity continuity assumption at the interface, but the structure velocity
deep inside the wall could be mainly determined by the slow growth velocity,
Ÿ
which could lead to widely varying magnitudes for vs and is one of the reasons why the structure equation is excluded from the analysis in this thesis.
The reference value for the foam cell concentration c∗s was chosen as identical
to that of cf and cs . Ignoring advection there holds St ∂t̄ c̄∗s ≈ β̄c̄s and thus,
assuming c̄s ≈ 1, we have that ∂t̄ c̄∗s = β̄/ St = 1 × 10−7 such that c̄∗s ≈ 1 after
1 × 107 × T ≈ 4 months, which is a reasonable time frame.
To identify the scales in this problem we wish to introduce a small parameter
ε and relate the magnitude of the physical parameters to it. A suggestion for
such a scaling can be found in the last column of Table 2.4 if ε := 10−8 . Here,
most parameters are of order 1 except for the Péclet numbers, which are of
order ε−1 , and the permeability and the macrophage-to-foam cell conversion
rate, which are of order ε. Since the inverse of the Péclet number is the diffusion
factor, we in fact identify two orders, namely O(1) and O(ε).
Both the value of ε and the scaling of parameters in ε are somewhat arbitrary for this complex problem and, for example, more than two orders could
have been introduced with a larger ε. The choice made here balances a reduction of the magnitudes of parameters sharing an order while maintaining a
small value of ε. This only matters if the limit ε → 0 is examined, where e.g.
the magnitude of ε controls the error between original model and limit system.
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Fundamentally, the choice of scaling is more art than science. The chosen
scaling appears to be sensible for the models studied here in the sense that a
limit exists, that some central properties of the original model are preserved
and that the numerical solution of the limit system is feasible. Even though
the scaling from Table 2.4 appears natural to the author, superiority to other
approaches is not claimed.
Returning to the suggested scaling, the O(1)-scale could be described as fast
processes happening with the speed of the heart beat, since the period length
has been normalized to 1, whereas the O(ε)-scale are slow processes happening
at the speed of growth, since growth increases with rate γ̄ β̄0 = O(ε). While we
focus on the temporal effect of these parameters, they also dictate the spatial
scales, e.g. the high Péclet numbers lead to the occurrence of boundary layers
near the endothelium. Slow are hence the growth of the plaque, the diffusion of
monocytes and macrophages, their migration across the endothelium and the
conversion of macrophages into foam cells. This motivates us to look at two
complementing multiscale models, both omitting the fluid-structure interaction
due to its complexity. We first examine the coupling of the fast fluid flow to
the slow growth. In the model of Yang et. al. such a coupling is very indirect,
with the fluid only influencing the delivery of monocytes to the vicinity of the
endothelium. We will instead study a more direct coupling through the wall
shear stress. Specifically, we will assume that the growth rate directly depends
on the wall shear stress while omitting monocytes, macrophages and foam cells.
This is complemented by a second model which only examines the interaction
between monocytes and macrophages, where the monocytes are advected by
a fast velocity field but permeate through the endothelium only through slow
diffusive fluxes.

Chapter 3

Periodically-Forced PDE-ODE
Fast-Slow Systems
Motivated by the non-dimensional model presented in Section 2.3, we wish
to investigate the interaction between slow growth and fast fluid field. By a
significant simplification of the original model we couple the wall shear stress of
the fluid field directly to a growth variable which influences the fluid domain,
i.e. omitting monocytes, macrophages, foam cells and the elastic wall behavior.
The analysis of such a model is still involved since the multiscale convergence
happens on moving geometries under the low regularity of the wall shear stress.
To discuss the multiscale convergence without these technical details the
present chapter investigates an even simpler model of a coupled system of slow
ordinary and fast partial differential equations, the prototype being the system
qε′ (t) = εg(qε (t), uε (t)),

qε (0) = q 0 ,
uε (0) = u0 ,

∂t uε (t) + A(qε (t))uε (t) = f (t),

on a timescale t ∈ (0, ε−1 T ) for some T > 0 with a small parameter 0 < ε  1.
The slow variable qε solves an ordinary differential equation and represents the
growth in the plaque model. The fast variable uε solves a partial differential
equation with elliptic operators A(·) depending on the slow state qε and is
driven by a 1-periodic forcing f . The partial differential equation can be seen
as a simplification of the fluid equation on a moving domain which is pulled
back to the reference domain and hence has coeﬀicients depending on the deformation field, which itself depends on qε . The forcing f represents the periodic
boundary conditions. Since such a transformation is discussed in detail in the
next chapter, we will only study model problems in the present chapter, which
could be of independent interest.
The main result of this chapter is that
kqε − q0 kC([0,ε−1 T ]) = O(ε)
where q0 solves the averaging-type limit equation
Z 1
q0′ (t) = ε
g(q0 (t), uπ (s; q0 (t))) ds,

q0 (0) = q 0

0

and uπ (·; q) for fixed q ∈ Q is the time-periodic solution to
∂t uπ (t; q) + A(q)uπ (t; q) = f (t),
49

uπ (0; q) = uπ (1; q),
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see Theorem 3.1.1 below. Except for a boundary layer at t = 0 the fast variable
uε is close to uπ (·; q0 ), see Lemma 3.4.7.
The investigation of slow-fast systems of nonlinear ordinary differential
equations started with the seminal papers of Tikhonov [Tik48], [Tik52] and
has expanded significantly since then, e.g. with the geometric singular perturbation theory of Fenichel [Fen79], see [Kue15] for a modern introduction and
review. In this setting it is assumed that the fast flow, i.e. the dynamical system
where the slow components are considered fixed, tends to an equilibrium. If
the fast flow has a cyclic limit behavior, as in our situation, the limit equation
has an averaging structure. This kind of slow-fast system was first analyzed by
Pontryagin and Rodygin in [PR60] for autonomous ordinary differential equations and is closely linked to the theory of averaging, see e.g. the monograph
by Sanders et. al. [SVM07].
For partial differential equations, the theory is much less well-developed,
see e.g. [Kue15] and [SVM07] for historical overviews. For single parabolic partial differential equations, temporal singular perturbations for non-autonomous
systems have been investigated, in particular with respect to the persistence
and perturbation of attractors and invariant manifolds, e.g. by Vishik and collaborators [BV92], [VC07], [CV01], [CPV08], see also [CLR13] and [Hen81].
To our knowledge, there are few investigations of slow-fast systems of coupled
partial or ordinary and partial differential equations. Henry [Hen81] treats the
following problem, where both components are evolving slowly compared to
their differential operator and forcing:
qε′ (t) = εg(t, qε (t), uε (t)),

qε (0) = q 0 ,

∂t uε (t) + εA(t, qε (t))uε (t) = εf (t, uε (t), qε (t)),

uε (0) = u0

with A, f , Du f and g having a well-defined average in time, among other
requirements. In this setting both components evolve with averaged forcing in
the limit.
The goal of the present work is to prove convergence to the limit equation
of order O(ε) under the assumption of Lipschitz continuity of the involved
objects. In contrast to the existing literature our approach is elementary in
its techniques but requires little regularity while still yielding quantitative estimates. This is not only of interest in itself but also important for the numerical
realization. To emphasize the dynamical nature of our result, we present it in
a framework where the fast process is described by a general evolution process. We will first state general assumptions on the fast process under which
we can prove first-order convergence, give the proof of the convergence result,
first for bounded and then for unbounded right-hand sides g of the ordinary
differential equation. We then discuss how, under the assumption of linearity,
the averaging reduces to a quasi-static equation with an averaged forcing.

3.1 Notation and Assumptions
Let Q ⊂ Rn for n ∈ N be a connected, bounded and open set and denote the
norm on Rn by | · |. Let X denote a Banach space with norm k · k. We remind
that Cπ (X) denotes the set of continuous 1-periodic, X-valued functions.
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Let U := {U (t, s; q) | t ≥ s, q ∈ C(R, Q)} ⊂ C(X, X) be a parametrized
evolution process1 : A family of maps such that U (q) = {U (t, s; q); t ≥ s} is an
evolution process for each q ∈ C(R, Q):
• U (t, t; q) = IdX for all t ∈ R,
• U (t, s; q) = U (t, r; q)U (r, s; q) for all t ≥ r ≥ s,
• (t, s, u0 ) 7→ U (t, s; q)u0 is continuous for t ≥ s, u0 ∈ X.
Furthermore, U is assumed to be local-in-time in the sense that for t ≥ s and
q, q̃ ∈ C(R, Q) with q ≡ q̃ on [s, t] there holds U (t, s; q) = U (t, s; q̃), i.e. the
evolution depends only on the present values of q. By this property, we can
write U (t, s; q) for any function q ∈ C([s, t], Q) with t ≥ s. We also assume:
A1. The evolution operator is exponentially stable in the sense that there
exists α > 0 such that
kU (t, s; q)u0 − U (t, s; q)ũ0 k ≲ e−α(t−s) ku0 − ũ0 k
for any s < t, u0 , ũ0 ∈ X and q ∈ C([s, t], Q).
A2. The operator is Lipschitz continuous with respect to q in the sense that
there exists a monotone function λ : R+ → R+ such that

kU (t, s; q)u0 − U (t, s; q̃)u0 k ≲ kq − q̃kC([s,t]) ku0 k + λ(t − s)
for s < t, u0 ∈ X and q, q̃ ∈ C([s, t], Q).
A3. The process is 1-periodic for each q ∈ Q:
U (t + 1, s + 1; q) = U (t, s; q)
for any s < t.
We investigate the following problem: For uniformly Lipschitz continuous
function g : Q × X → Rn we search for a solution qε : [0, ε−1 T ) → Q of the
ordinary differential equation
qε′ (t) = εg(qε (t), U (t, 0; qε )u0 ),

qε (0) = q 0

(3.1)

with initial value q 0 ∈ Q and u0 ∈ X. In our examples, U is the solution
operator to a non-autonomous partial differential equation in the sense that
U (t, s; q)u0 = u(t) with u being the solution of
∂t u(t) + A(q(t))u(t) = f (t),

u(s) = u0

where A is a q-dependent elliptic operator and f is 1-periodic, see the examples
below for more details. We may thus think of eq. (3.1) as a condensation of
qε′ (t) = εg(qε (t), uε (t)),
∂t uε (t) + A(qε (t))uε (t) = f (t),

qε (0) = q 0 ,
uε (0) = u0 .

A simple consequence of assumptions (A1) and (A3) is, see Lemma 3.3.1,
that for any q ∈ Q there exists u0π (q) ∈ X such that uπ (t; q) := U (t, 0; q)u0π (q)
is 1-periodic. With this notation, our main result is the following:
1 Due

to the requirement t ≥ s they could be called semi-processes, but we skip the prefix.

52

Chapter 3. Periodically-Forced PDE-ODE Fast-Slow Systems

Theorem 3.1.1. For any q 0 ∈ Q and u0 ∈ X there exists T > 0 such that for
all 0 < ε < ε∗ with ε∗ small enough the solution qε : [0, ε−1 T ] → Q of
qε′ (t) = εg(qε (t), U (t, 0; qε )u0 ),

qε (0) = q 0

(3.1)

exists and converges to the, also existing, solution q0 : [0, ε−1 T ] → Q of
Z 1
q0′ (t) = ε
g(q0 (t), uπ (s; q0 (t))) ds, q0 (0) = q 0
(3.2)
0

in the sense that
kqε (t) − q0 (t)k ≲ ε
for all t ∈ [0, ε

−1

T ].

3.2 Examples
Before we continue to the proof of our main theorem, we give some examples
of evolution processes which satisfy the assumptions above.
Let X be a Hilbert space with scalar product (·, ·). Let V be a separable,
reflexive Banach space, densely embedded in X. Hence V ,→ X ,→ V ∗ by
the usual identification of X with X ∗ . The norms on V and V ∗ are denoted
as k · kV and k · kV ∗ , the duality product between V and V ∗ by h·, ·i. We
define W (s, t) := {u ∈ L2 (s, t; V ); ∂t u ∈ L2 (s, t; V ∗ )}, being a Banach space
with norm kukW (s,t) := kukL2 (s,t;V ) + k∂t ukL2 (s,t;V ∗ ) and note that W (s, t) ,→
C([s, t], X).
We will examine families of monotone operators, see [Sho96] for an introduction to monotone operators. Let A : Q → {V → V ∗ } be a family of operators,
such that
B1. For each q ∈ Q, A(q) is radially continuous.
B2. The family is uniformly strongly monotone: There exists γ > 0 such that
hA(q)u − A(q)v, u − vi ≥ γku − vk2V
for all q ∈ Q and u, v ∈ V .
B3. The family has uniform linear growth: There exists M > 0 such that
kA(q)ukV ∗ ≤ M (kukV + 1)
for all q ∈ Q and u ∈ V .
B4. The map A is Lipschitz continuous in the sense that there is L > 0 with
kA(q)u − A(q̃)ukV ∗ ≤ L|q − q̃|(kukV + 1)
for all q, q̃ ∈ Q and u ∈ V .
Note that (B4) implies (B3) if for one q ∈ Q the operator A(q) grows linearly.
The evolution process U is generated by the solutions of the periodicallyforced parabolic equation with operators A: For f ∈ L2 (0, 1; V ∗ ) and u0 ∈ X
we define U (t, s; q)u0 := u(t), where u is the solution to
∂r u(r) + A(q(r))u(r) = f (r) for r ∈ (s, t) a.e.,

u(s) = u0 ,

(3.3)
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with f extended periodically to R. We first give some more specific examples
of operator families A with the above properties, then prove well-posedness of
the associated process and its fulfillment of our assumptions (A1)–(A3).
Remark 3.2.1. We could also study for 1 < p < ∞ the setting corresponding
to
W (s, t) := {u ∈ Lp (I, V ) | ∂t u ∈ [Lp (I, V )]∗ ∼
= Lq (I, V ∗ )}
for

1
p

+

1
q

= 1, with appropriate changes to the assumptions.



Example 3.2.2. In case of linear operators A : Q → L(V, V ∗ ), (B1) – (B4)
reduce to uniform coercivity and boundedness, i.e. there exists γ > 0 and
M > 0 such that
hA(q)u, ui ≥ γkuk2V ,

kA(q)ukV ∗ ≤ M kukV

for all q ∈ Q and u ∈ V , together with Lipschitz continuity of A: There is
L > 0 such that for all q, q̃ ∈ Q we have
kA(q) − A(q̃)kL(V,V ∗ ) ≤ L|q − q̃|.



Example 3.2.3. Let A0 : V → V ∗ be radially continuous and strongly monotone, which reduces to coercivity if A0 ∈ L(V, V ∗ ). Let α : Q → R be Lipschitz
continuous such that α ≤ α(·) ≤ α for 0 < α < α < ∞. Then A(q) := α(q)A0
is an operator family satisfying (B1) – (B4).

Example 3.2.4. Let Ω ⊂ Rd with d ∈ N be a bounded Lipschitz domain and
V := H01 (Ω), X := L2 (Ω). Let K : Q → L∞ (Ω, L(Rd , Rd )) be Lipschitz continuous and K(q) be (q, x)-uniformly bounded and positive definite matrices,
i.e. there exists γ > 0 and M > 0 such that
[K(q)](x)ξ · ξ ≥ γ|ξ|2 ,

kK(q)kL∞ (Ω,L(Rd ,Rd )) ≤ M

for all q ∈ Q, ξ ∈ Rd and x ∈ Ω almost everywhere. Then the family of
operators A(q) := − div(K(q)∇·) satisfies (B1) – (B4), since by Example 3.2.2
we have to check:
• The family is uniformly bounded by M : Since for q ∈ Q and u, v ∈ V we
have (K(q)∇u, ∇v) ≤ kK(q)kL∞ (Ω,L(Rd ,Rd )) k∇ukk∇vk, there holds
kA(q)kL(V,V ∗ ) ≤ kK(q)kL∞ (Ω,L(Rd ,Rd )) ≤ M.
• The operators are uniformly coercive: Since K is uniformly positive definite, we have for all q ∈ Q and u ∈ V :
hA(q)u, ui = (K(q)∇u, ∇u) ≥ γk∇uk2 .
• The map q 7→ A(q) is Lipschitz continuous, since for q, q̃ ∈ Q
kA(q) − A(q̃)kL(V,V ∗ ) ≤ kK(q) − K(q̃)kL∞ (Ω,L(Rd ,Rd )) ≲ |q − q̃|.
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Example 3.2.5. Let Ω ⊂ Rd with d ∈ N be a bounded Lipschitz domain,
1
V := H0,σ
(Ω) and X := L2σ (Ω) be the solenoidal function spaces, i.e. those
spaces with vanishing (weak) divergence. Let P : L2 (Ω) → L2σ (Ω) denote the
Helmholtz projection. Then the Stokes operator, A0 := −P ∆ ∈ L(V, V ∗ ), is
coercive and hence Stokes’ problem with slowly changing viscosities falls into

the described framework by Example 3.2.3.
Lemma 3.2.6. The evolution process U is well-defined in the sense that for
t ≥ s, q ∈ C([s, t], Q) and u0 ∈ X a unique solution u ∈ W (s, t) ,→ C([s, t], X)
to problem (3.3) exists. We have the a-priori estimate
kukL∞ (s,t;X) + kukL2 (s,t;V ) ≲ ku0 k + kf kL2 (s,t;V ∗ ) .
Proof. Note that for fixed q ∈ Q, we have by strong monotonicity (B2) for
u∈V:
hA(q)u, ui = hA(q)u − A(q)0, u − 0i + hA(q)0, ui ≥ (γkukV − M )kukV
where we used that kA(q)0kV ∗ ≤ M due to (B3). Hence hA(q)u, uikuk−1
V →∞
for kukV → ∞ and A(q) is coercive with constants independent of q. Existence
of solutions for this particular non-autonomous Cauchy problem then follows
from standard theory, see e.g. [Sho96, Proposition III.4.1]. Uniqueness follows
from the proof of exponential stability, see below. For the a-priori estimate, we
test as usual with the solution u itself, to arrive at
1 d
ku(r)k2 + hA(q(r))u(r), u(r)i = hf (r), u(r)i
2 dr
and apply the coercivity estimate from above, to get
1 d
ku(r)k2 + γku(r)k2V ≤ (kf (r)kV ∗ + M )ku(r)kV .
2 dr
The estimate then follows by application of Young’s inequality with suitable
constants and integration in time.
□
Lemma 3.2.7. The process is exponential stable as assumed by (A1).
Proof. Let s < t, q ∈ C([s, t], Q) and u0 , ũ0 ∈ X. Let u(t) := U (t, s; q)u0 and
ũ(t) := U (t, s; q)ũ0 , such that both satisfy the corresponding eq. (3.3). Then
1 d
ku − ũk2 + hA(q)u − Aũ, u − ũi = 0,
2 dt
and strong monotonicity (B2) and V ,→ X yield
By Gronwall’s inequality, this gives as claimed

u(s) − ũ(s) = u0 − ũ0
d
dt ku

− ũk2 + ku − ũk2 ≲ 0.

ku(t) − ũ(t)k2 ≤ e−C(t−s) ku0 − ũ0 k.

□

Lemma 3.2.8. The assumption (A2) of Lipschitz continuity is satisfied.
Proof. Let s < t, q, q̃ ∈ C([s, t], Q) and u0 ∈ X. Let u(t) := U (t, s; q)u0 and
ũ(t) := U (t, s; q̃)u0 , such that both satisfy the corresponding eq. (3.3). Then
∂r (u − ũ)(r) + A(q(r))u(r) − A(q(r))ũ(r) = A(q̃(r))ũ(r) − A(q(r))ũ(r)
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with u(s) − ũ(s) = 0. By arguments as in the preceding results, this yields
ku(t) − ũ(t)k ≲ kA(q)ũ − A(q̃)ũkL2 (s,t;V ∗ ) .
Applying the Lipschitz assumption (B4) pointwise, we have
kA(q)ũ − A(q̃)ũkL2 (s,t;V ∗ ) ≲ kq − q̃kC([s,t]) (kũkL2 (s,t;V ) +

√

t − s).

Together with the a-priori estimate for ũ and using the periodicity of f , this
yields (A2).
□
Lemma 3.2.9. The process is 1-periodic as assumed by (A3).
Proof. This is evident due to the 1-periodicity of f .

□

We conclude this overview with a simple application of Theorem 3.1.1.
Example 3.2.10. With Ω := (−1, 1)2 and Q := (1, 2) consider the problem
∂t uε (t, x) − (1 + qε (t))∆uε (t, x) = sin(2πt) sin(πx1 ) sin(πx2 ) in Ω,
qε′ (t) = εkuε (t)kL2 (Ω) qε (t)(2 − qε (t))

(3.4a)
(3.4b)

with initial values uε (0) = 0, qε (0) = q 0 = 1 and uε = 0 on ∂Ω. The fast
equation is of the type investigated in Example 3.2.4 and hence a process with
X = L2 (Ω). The right-hand g of the slow equation is Lipschitz continuous in
X and Q but unbounded. Applying Theorem 3.1.12 the limit equation is
Z 1

′
q0 (t) = ε
kuπ (s; q0 (t))kL2 (Ω) ds q0 (t)(2 − q0 (t))
(3.5)
0

with uπ (·; q) for q ∈ Q being the 1-periodic solution to
∂s uπ (s, x; q) − (1 + q)∆uπ (s, x; q) = sin(2πs) sin(πx1 ) sin(πx2 ).
The periodic problem has an autonomous differential operator, in contrast
to the original non-autonomous problem. We can in particular apply a simple
eigenfunction decomposition of the periodic problem to see that it has the
explicit solution
uπ (s, x; q) =

1 π(1 + q) sin(2πs) − cos(2πs)
sin(πx1 ) sin(πx2 )
2π
π 2 (1 + q)2 + 1

and hence the time-average of the norm is given by
Z 1
1
.
kuπ (s; q0 (t))kL2 (Ω) ds = p
π 2 π 2 (1 + q)2 + 1
0
Therefore, the limit eq. (3.5) can be written explicitly as
q0′ (t) = ε

q (t)(2 − q0 (t))
p0
,
π 2 π 2 (1 + q0 (t))2 + 1

q0 (0) = 1.

(3.6)

Thus only the solution of a simple ordinary differential equation, instead of
the coupled, oscillatory system of partial and ordinary differential equations,
is necessary.

2 While q 0 ∈ ∂Q is not included in the theory, this is of course only a formal problem since
the right-hand side of eq. (3.4b) is non-negative and zero only if uε = 0 such that qε (t) ∈ Q
for t > 0.
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1e-01
‖ qε - q0 ‖∞
ε
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Figure 3.1: Error between the numerical solutions to qε and q0 from Example 3.2.10 in terms of ε together with a reference linear convergence (dashed line).

We also investigated the convergence in Example 3.2.10 numerically, but
keep this section brief and refer to Chapter 5 for a discussion of the issues
when solving the limit equation for the more interesting plaque problem on
moving domains. For the fast-slow system we used the second-order backward
difference scheme (BDF2) for the temporal discretization and quadratic finite
elements on a quadrilateral mesh for the spatial discretization. Temporal and
spatial resolution were chosen such that the numerical discretization errors
could be neglected. The direct numerical simulation was carried out using
the finite element library deal.II [Alz+18], the limit eq. (3.6) was solved in
MATLAB. As can be seen in Figure 3.1, the results are in good agreement
with the theory.

3.3 Preliminary Results
We briefly gather some consequences of our assumptions:
Lemma 3.3.1. For every q ∈ Q there exists a unique u0π (q) ∈ X such that the
function uπ (t; q) := U (t, 0; q)u0π (q) is 1-periodic.
Proof. Fix q ∈ Q. Then u0π (q) is the fixed-point of the Poincaré map
P : X → X,

u 7→ U (1, 0; q)u

due to the periodicity assumption (A3). The same assumption yields
P k := P ◦ · · · ◦ P = U (k, 0; q)
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for k ∈ N. The exponential stability assumption (A1) implies
kP k (u) − P k (ũ)k ≤ Ce−αk ku − ũk.
Hence for suﬀiciently large k we have Ce−αk < 1 and P k is a contraction. Thus
P has a unique fixed-point by Banach’s theorem, which is u0π (q).
□
Lemma 3.3.2. The map
Q 3 q 7→ uπ ( · ; q) ∈ Cπ (X)
is Lipschitz-continuous. In particular, q 7→ u0π (q) is Lipschitz-continuous.
Proof. We first prove the second statement, the Lipschitz continuity of q 7→
u0π (q). Let q, q̃ ∈ Q and let L ∈ N be fixed. The periodicity yields
ku0π (q) − u0π (q̃)k = kU (L, 0; q)u0π (q) − U (L, 0; q̃)u0π (q̃)k
≤ kU (L, 0; q)u0π (q) − U (L, 0; q̃)u0π (q)k
+ kU (L, 0; q̃)u0π (q) − U (L, 0; q̃)u0π (q̃)k.
Application of our assumptions (A1) and (A2) hence implies

ku0π (q) − u0π (q̃)k ≤ C|q − q̃| ku0π (q)k + λ(L) + Ce−αL ku0π (q) − u0π (q̃)k.
Choosing L large enough such that Ce−αL < 1 we get

ku0π (q) − u0π (q̃)k ≲ |q − q̃| ku0π (q)k + 1 .
Since Q is bounded, this yields as claimed that ku0π (q) − u0π (q̃)k ≲ |q − q̃|. Now
consider any t ∈ [0, 1). Then with (A1) and (A2) as above, we get
kuπ (t; q) − uπ (t; q̃)k = kU (t, 0; q)u0π (q) − U (t, 0; q̃)u0π (q̃)k

≲ |q − q̃| ku0π (q)k + λ(t) + e−αt ku0π (q) − u0π (q̃)k
and the Lipschitz estimate for ku0π (q) − u0π (q̃)k yields the claim
kuπ (t; q) − uπ (t; q̃)k ≲ |q − q̃|.

□

Lemma 3.3.3. The periodic trajectories are uniformly bounded in q, i.e.
kuπ (t; q)k ≲ 1 for all t ∈ [0, 1) and q ∈ Q.
Proof. By Lemma 3.3.2 and periodicity we have that
R/Z × Q 3 (t, q) 7→ uπ (t; q) ∈ X
is uniformly continuous and hence the claim follows since all periodic trajectories are contained in the range of this mapping and Q × R/Z is bounded. □
For completeness’ sake, we now prove that a solution qε of eq. (3.1) exists
until qε leaves Q. The interval of existence may depend on ε and we assume
that g is bounded. These restrictions are lifted for suﬀiciently small ε by our
main result.
Lemma 3.3.4. Assume that g is bounded. For any ε > 0 there exists Tε > 0
such that the solution qε of eq. (3.1) exists on Iε = [0, Tε ). If the maximal
interval of existence is finite, then limt↑Tε qε (t) ∈ ∂Q.
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Proof. Let g be bounded by M > 0 and Iε := [0, Tε ) with Tε > 0 to be chosen
later. We use a fixed-point argument and consider the set
Cε := {q ∈ C(Iε , Q) | q(0) = q 0 , |q(t) − q(s)| ≤ εM |t − s| ∀t, s ∈ Iε }.
Then qε is a fixed-point of the map
Sε : Cε → Cε ,

Z

[Sε (q)](t) := q 0 + ε

t

g(q(s), U (s, 0; q)u0 ) ds.
0

Due to the boundedness assumption on g, i.e. |g| ≤ M , this map is welldefined for Tε small enough such that Bρ (q 0 ) ⊂ Q with ρ := εTε M . To apply
the Banach fixed-point theorem, we prove the Lipschitz continuity of Sε . Let
q, q̃ ∈ Cε . We have for any t ∈ Iε that
Z t
|[Sε (q)](t) − [Sε (q̃)](t)| ≤ ε
|g(q(s), U (s, 0; q)u0 ) − g(q̃(s), U (s, 0; q̃))| ds
0
Z t

≲ε
|q(s) − q̃(s)| + kU (s, 0; q)u0 − U (s, 0; q̃)u0 k ds
0

≲ εTε kq − q̃kC(Iε ) + kU ( · , 0; q)u0 − U ( · , 0; q̃)u0 kC(Iε ,X) .
By the Lipschitz assumption (A2) we have


kU ( · , 0; q)u0 − U ( · , 0; q̃)u0 kC(Iε ,X) ≲ kq − q̃kC(Iε ) ku0 k + λ(Tε ) .

Thus for the initial Lipschitz estimate:
kSε (q) − Sε (q̃)kC(Iε ) ≲ εTε kq − q̃kC(Iε ) (1 + λ(Tε )) .
With Tε suﬀiciently small, this implies that Sε is a contraction and hence
Banach’s fixed-point theorem yields existence and uniqueness of qε .
For the breakdown result, note that by g’s boundedness, limt↑Tε qε (t) exists. If qε (Tε ) ∈ Q we could extend qε beyond Tε locally, contradicting the
maximality of Tε . Hence qε (Tε ) ∈ ∂Q.
□

3.4 Proof of Multiscale Convergence
We use the following classical result for averaging of an ordinary differential
equations with periodic right-hand side, cf. [SVM07, Theorem 2.8.1]:
Theorem 3.4.1. Let Q ⊂ Rn be connected, bounded and open. Let f : R×Q →
Rn be 1-periodic, continuous in its first and uniformly Lipschitz continuous in
its second argument. Then for any x0 ∈ Q there is a T > 0 such that a solution
x0 : [0, ε−1 T ] → Q of
Z 1
′
f (s, x0 (t)) ds, x0 (0) = x0
x0 (t) = εf (x0 (t)) := ε
0

exists. The solution x0 is a first order approximation of the solution xε of
x′ε (t) = εf (t, xε (t)),

xε (0) = x0

in the sense that there is an ε∗ > 0 such that for any 0 < ε < ε∗ the solution
xε exists for all t ∈ [0, ε−1 T ] and there holds
max

t∈[0,ε−1 T ]

|xε (t) − x0 (t)| ≲ ε.
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Proof. The existence of limit solutions on the O(ε−1 )-timescale follows by
R1
rescaling to slow time, τ := εt, and using that x 7→ 0 f (s, x) ds is Lipschitz continuous, since f is. The main ingredient for the averaging result is a
comparison of x0 and xε by keeping xε fixed on small intervals, see [Art07] for
details.
□
Corollary 3.4.2. There exists T > 0 independent of ε such that the limit
equation
Z 1
′
q0 (t) = ε
g(q0 (t), uπ (s; q0 (t))) ds, q0 (0) = q 0
(3.2)
0

has a unique solution q0 : [0, ε−1 T ] → Q. Furthermore, there is an ε∗ > 0 such
that for all 0 < ε < ε∗ the solution qε,π of
′
qε,π
(t) = εg(qε,π (t), uπ (t; qε,π (t))),

qε,π (0) = q 0 .

(3.7)

exists for t ∈ [0, ε−1 T ] with
max

t∈[0,ε−1 T ]

|qε,π (t) − q0 (t)| ≲ ε.

′
(t) = εG(t, qε,π (t)) and G is
Proof. Define G(t, q) := g(q, uπ (t; q)). Then qε,π
continuous and 1-periodic in t and Lipschitz continuous in q, the latter following
from the Lipschitz continuity of g by assumption and of uπ by Lemma 3.3.2.
The time-average of G is the right-hand side of the limit equation and hence
we can apply the averaging theorem.
□

With this result, it remains to prove that qε is close to qε,π . For this,
we first make the additional assumption that g is bounded by M > 0. By
careful analysis of the constants involved, we will lift this restriction later on.
To this end, let the constant in ≲ be independent of M . We will first prove
that uε (t) := U (t, 0; qε )u0 reaches an ε-neighborhood of uπ (t; qε (t), ε) after a
boundary layer of size O(| ln ε|) and stays there, i.e. uε is slaved to uπ .
Lemma 3.4.3. Let K ∈ N and (ak )K
with ak ≤ bak−1 + c
k=0 be non-negative
Pk−1 j
k
for b, c ≥ 0 and k = 1, . . . , K. Then ak ≤ b a0 + c j=0 b for k = 1, . . . , K.
Proof. Follows by induction.

□

Lemma 3.4.4. There exists C > 0 such that there holds
kU (t, 0; qε )u0 − uπ (t; qε (t))k ≲ e−αt ku0 − u0π (q 0 )k + εM
for all t ∈ Iε with constants independent of |Iε |.
Proof. First, using the assumption of exponential stability A1 we get
kU (t, 0; qε )u0 − U (t, 0; qε )u0π (q 0 )k ≲ e−αt ku0 − u0π (q 0 )k.
Hence it remains to prove that kU (t, 0; qε )u0π (q 0 ) − uπ (t; qε (t))k ≲ εM . For
this, let L ∈ N and the constant in ≲ in the following be independent of L. Let
Ik := [tk , tk+1 ) for k = 0, . . . , K with 0 = t0 < t1 < . . . < tK+1 = Tε such that
|Ik | = L for k = 0, . . . , K − 1 and |IK | ≤ L.
Let t ∈ Ik for k = 0, . . . , K and define qεk := qε (tk ). Note that by the
boundedness assumption on g and since t − tk ≤ L we have
Z t
|qε (t) − qεk | = |qε (t) − qε (tk )| ≤ ε
|g(qε (s), uε (s))| ds ≤ εLM.
(3.8)
tk

60

Chapter 3. Periodically-Forced PDE-ODE Fast-Slow Systems

We estimate
kU (t, 0; qε )u0π (q 0 ) − uπ (t; qε (t))k
≤ kU (t, 0; qε )u0π (q 0 ) − uπ (t; qεk )k + kuπ (t; qε (t)) − uπ (t; qεk )k.
The Lipschitz property of uπ by Lemma 3.3.2 and ineq. (3.8) yields
kuπ (t; qε (t)) − uπ (t; qεk )k ≲ |qε (t) − qεk | ≲ εLM
and hence
kU (t, 0; qε )u0π (q 0 ) − uπ (t; qε (t))k ≤ kU (t, 0; qε )u0π (q 0 ) − uπ (t; qεk )k + εLM.
To estimate the first term on the right we add and subtract U (t, tk ; qε )u0π (qεk ):
kU (t, 0; qε )u0π (q 0 ) − uπ (t; qεk )k ≤ kU (t, 0; qε )u0π (q 0 ) − U (t, tk ; qε )u0π (qεk )k
+ kU (t, tk ; qε )u0π (qεk ) − uπ (t; qεk )k.

(3.9)

For the first term, we split the evolution on [0, t] into [0, tk ] and the remainder
[tk , t]. Using the assumption of exponential stability (A1) this results in
kU (t, 0; qε )u0π (q 0 ) − U (t, tk ; qε )u0π (qεk )k
≲ e−α(t−tk ) kU (tk , 0; qε )u0π (q 0 ) − u0π (qεk )k.

(3.10)

For the second term the periodicity and tk ∈ N imply
uπ (t; qεk ) = U (t, tk ; qεk )uπ (tk ; qεk ) = U (t, tk ; qεk )u0π (qεk )
and thus the Lipschitz assumption (A2) yields
kU (t, tk ; qε )u0π (qεk ) − uπ (t; qεk )k ≲ kqε − qεk kC(tk ,t) ku0π (qεk )k + λ(L)



≲ εL(1 + λ(L))M kuπ ( · ; qεk )kCπ (X)
≲ εLλ(L)M,
where we used Lemma 3.3.3 and assumed, without restriction of generality,
that λ(L) ≥ 1. Using the last estimate and ineq. (3.10) in ineq. (3.9) leads to
kU (t, 0; qε )u0π (q 0 ) − uπ (t; qε (t))k
≲ e−α(t−tk ) kU (tk , 0; qε )u0π (q 0 ) − u0π (qεk )k + εLλ(L)M
for any t ∈ Ik . By passing to the limit t ↑ tk+1 for k < K this yields
kU (tk+1 , 0; qε )u0π (q 0 ) − uπ (tk+1 ; qεk+1 )k
≲ e−αL kU (tk , 0; qε )u0π (q 0 ) − u0π (qεk )k + εLλ(L)M.
This is an inequality of the form of Lemma 3.4.3. Together with
kU (tk , 0; qε )u0π (q 0 ) − u0π (qεk )k = 0
for k = 0, an application of this lemma yields for k = 0, . . . , K that
kU (tk , 0; qε )u0π (q 0 ) − uπ (tk ; qεk )k ≲ εLλ(L)M

k−1
X
j=0

(Ce−αL )j

(3.11)
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with a constant C independent of L and M . We may choose L independent of
M such that Ce−αL < 1. This implies, with ≲ now depending on L, that
kU (tk , 0; qε )u0π (q 0 ) − uπ (tk ; qεk )k ≲ εM
for k = 0, . . . , K. Using this estimate in ineq. (3.11) yields the claimed bound
for all t ∈ Ik and concludes the proof.
□
We now use the previous result to establish that qε is close to qε,π , where
qε,π was defined, repeated here for convenience, as solution of
′
qε,π
(t) = εg(qε,π (t), uπ (t; qε,π (t))),

qε,π (0) = q 0 .

(3.7)

Lemma 3.4.5. Let T > 0 be fixed and |Iε | ≤ ε−1 T . Then we have
max |qε (t) − qε,π (t)| ≲ εM,
t∈Iε

with constant depending on T .
Proof. Using the Lipschitz continuity of g and uπ , we have for t ∈ Iε that
Z t
|qε (t) − qε,π (t)| ≲ ε
|qε (s) − qε,π (s)| + kuε (s) − uπ (s; qε,π (s))k ds
0
Z t
Z t
≲ε
|qε (s) − qε,π (s)| ds + ε
kuε (s) − uπ (s; qε (s))k ds
0
0
Z t
+ε
kuπ (s; qε (s)) − uπ (s; qε,π (s))k ds.
0

For the second term we use our estimate from Lemma 3.4.4 to see that
Z t
Z t
ε
kuε (s) − uπ (s; qε (s))k ds ≲ εku0 − u0π (q 0 )k
e−αs ds + ε2 M t ≲ εM,
0

0

Rt

since 0 e−αs ds ≲ 1, independent of t, t ≤ ε−1 T and ku0 − u0π (q 0 )k ≲ 1 by
Lemma 3.3.3. By Lipschitz continuity of uπ there holds for the third term:
Z t
Z t
ε
kuπ (s; qε (s)) − uπ (s; qε,π (s))k ds ≲ ε
|qε (s) − qε,π (s)| ds.
0

0

Combination of these estimate gives
Z t
|qε (t) − qε,π (t)| ≲ ε
|qε (s) − qε,π (s)| ds + εM
0

and application of Gronwall’s inequality yields the claimed estimate
|qε (t) − qε,π (t)| ≤ εM eCεt ≲ εM,
where we used again that t ≤ ε−1 T .

□

Corollary 3.4.6. There exists T > 0, ε∗ = ε∗ (M ) > 0 such that for 0 < ε < ε∗
the solution qε exists on [0, ε−1 T ] and there holds
max

t∈[0,ε−1 T ]

|qε (t) − q0 (t)| ≲ εM.
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Proof. By the previous result and Corollary 3.4.2 we see that the estimate is
valid on a possibly ε-dependent interval Iε for ε small enough. It remains
to prove that the interval of existence may be extended to [0, ε−1 T ]. Since
the trajectory of the averaged equation Γ0 := q0 ([0, ε−1 T ]) is compact and
contained in Q, we can find η > 0 such that a η-neighborhood of Γ0 is contained
in Q. Choosing ε∗ small enough such that εM ≲ η for all 0 < ε < ε∗ the
previous corollary implies that qε cannot leave this neighborhood (and hence
Q) for any such ε. By Lemma 3.3.4 solutions only cease to exist if qε crosses
the boundary of Ω. Hence for all 0 < ε < ε∗ the solution qε must exist at least
until ε−1 T .
□
A simple consequence of our results is an estimate on the fast component,
albeit limited by a boundary layer at t = 0:
Lemma 3.4.7. For any δ ∈ (0, T ) there exists ε∗ = ε∗ (δ, M ) > 0, such that
for all 0 < ε < ε∗ there holds
max

t∈[ε−1 δ,ε−1 T ]

kU (t, 0; qε )u0 − uπ (t; q0 (t))k ≲ εM.

Proof. By Lemma 3.4.4, we have for t ∈ [0, ε−1 T ] that
kU (t, 0; qε )u0 − uπ (t; qε (t))k ≲ e−αt ku0 − u0π k + εM.
Using the Lipschitz continuity of uπ and the estimate for qε − q0 from the
Corollary 3.4.6, we hence get
kU (t, 0; qε )u0 − uπ (t; q0 (t))k
≤ kU (t, 0; qε )u0 − uπ (t; qε (t))k + kuπ (t; qε (t)) − uπ (t; q0 (t))k
≲ e−αt ku0 − u0π k + εM + |qε (t) − q0 (t)|
≲ e−αt ku0 − u0π k + εM.
For t ≥ t∗ (ε) = −α−1 ln(ε(1+M )) we have e−αt ≤ ε(1+M ). Since ε−1 δ > t∗ (ε)
for all 0 < ε < ε∗ if ε∗ = ε∗ (δ, M ) is suﬀiciently small, the claimed estimate
follows.
□

Proof for unbounded g
We will now prove that one can drop the assumption of g being bounded. We
reduce this to the previous case by replacing g with a bounded function gR
outside a ball of radius R in X. Careful analysis of the preceding estimates
then shows that for R suﬀiciently large and ε suﬀiciently small this change has
no effect on the solutions.
Lemma 3.4.8. For R > 0 define PR : X → X by PR (u) := u for kuk ≤ R and
u
for kuk > R. Then PR is Lipschitz continuous with constant
PR (u) := R ∥u∥
1.
Proof. Let u1 , u2 ∈ X and assume without restriction of generality that ku1 k ≤
ku2 k. If ku2 k ≤ R we have kPR (u1 ) − PR (u2 )k = ku1 − u2 k. For the case
ku2 k > R and ku1 k < R let v ∈ X denote the orthogonal projection of u1 onto
Ru2 . Then it is easy to see that kv − PR (u2 )k ≤ kv − u2 k and hence
kPR (u1 ) − PR (u2 )k2 = ku1 − PR (u2 )k2 ≤ ku1 − vk2 + kv − u2 k2 = ku1 − u2 k2 .
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If ku1 k > R first assume that ku1 k = ku2 k, i.e. there exists α̂ > R such that
u1 = α̂ ∥uu11 ∥ and u2 = α̂ ∥uu22 ∥ . Since α 7→ αk ∥uu11 ∥ − ∥uu22 ∥ k is increasing the claim
follows since α̂ > R. In the last case, R < ku1 k < ku2 k, we use the already
proven cases together with PR ◦ P∥u1 ∥ = PR to see that
ku1 − u2 k ≥ ku1 − P∥u1 ∥ (u2 )k ≥ kPR (u1 ) − [PR ◦ P∥u1 ∥ ](u2 )k
≥ kPR (u1 ) − PR (u2 )k.

□

Lemma 3.4.9. For any R > 0 there exists a bounded, Lipschitz continuous
function gR : Q × X → Rn such that gR (q, u) = g(q, u) for all q ∈ Q and
kuk ≤ R with the same Lipschitz constant as g.
Proof. Define gR (q, u) := g(q, PR (u)). Then gR (u) = g(u) for kuk ≤ R and the
Lipschitz continuity follows from the previous lemma. Since
|gR (q, u)| = |g(q − q 0 + q 0 , PR (u − 0))| ≲ |q − q 0 | + kPR (u)k + |g(q 0 , 0)| ≲ 1 + R,
where we used that Q is bounded, gR is bounded.

□

Lemma 3.4.10. For R > 0 large enough the limit solution q0 solves
Z 1
q0′ (t) = ε
gR (q0 (t), uπ (s; q0 (t))) ds, q0 (0) = q 0
0

for all t ∈ [0, ε

−1

T ].
Proof. The set Γ := {uπ (s; q0 (t)) | s ∈ [0, 1], t ∈ [0, ε−1 T ]} ⊂ X is bounded.
Hence we can choose R > 0 large enough such that kuk ≤ R for all u ∈ Γ and
hence g(q0 (t), uπ (s; q0 (t))) = gR (q0 (t), uπ (s; q0 (t))).
□
Now let qε,R denote the solution with right-hand side gR where R > 0 is at
least as large as required by the previous lemma. For the bound M > 0 of g
we have M ≲ 1 + R ≲ R for R suﬀiciently large. Then by the results of the
previous section there is an ε∗ (R) > 0 such that for all 0 < ε < ε∗ the solution
qε,R exists for [0, ε−1 T ] and there holds
kqε,R (t) − q0 (t)k ≲ εR,
kU (t, 0; qε,R )u − uπ (t; qε,R (t))k ≲ e−αt ku0 − u0π k + εR
0

for all t ∈ [0, ε−1 T ], where we implicitly used that q0 is also the solution of the
limit equation for gR . With R-independent constants C > 0 we get

kU (t, 0; qε,R )u0 k ≤ C ku0 − u0π k + kuπ (t; qε,R (t))k + εR

≤ C ku0 − u0π k + kuπ (t; q0 (t))k + |qε,R (t) − q0 (t)| + εR

≤ C ku0 − u0π k + kuπ (t; q0 (t))k + εR .

Fixing R > 0 such that C ku0 − u0π k + kuπ (t; q0 (t))k ≤ R2 and making the
corresponding ε∗ (R) > 0 small enough such that 21 + Cε ≤ 1 holds for all
0 < ε < ε∗ we get kU (t, 0; qε,R )u0 k ≤ R for all t ∈ [0, ε−1 T ] and hence
qε,R (t)′ = εgR (qε,R (t), U (t, 0; qε,R )u0 ) = εg(qε,R (t), U (t, 0; qε,R )u0 ).
But this implies that qε,R for such R and 0 < ε < ε∗ solves the original eq.(3.1),
hence qε,R = qε and of course the estimates from the previous section still hold.
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3.5 Averaging of Forces and Quasi-Static Limit
Let us finally return to the initial example, where the fast process is induced
by a periodically-forced partial differential equation:
qε′ (t) = εg(qε (t), uε (t)),

qε (0) = q 0 ,
uε (0) = u0 .

∂t uε (t) + A(qε (t))uε (t) = f (t),

The simplest heuristical method to remove the fast oscillations is to average
the periodic right-hand side f . For this, we assume that A(·) is a family of
R1
linear operators as in Example 3.2.2. If we replace f by f¯ := 0 f (t) dt, our
system reads
q̄ε′ (t) = εg(q̄ε (t), ūε (t)),
¯
∂t ūε (t) + A(q̄ε (t))ūε (t) = f,

q̄ε (0) = q 0 ,
ūε (0) = u0 .

Now for fixed q ∈ Q, the fast equation is ∂t u(t) + A(q)u(t) = f¯ and tends to a
stationary limit point, independent of its initial value by exponential stability.
Thus, the limit equation has the form
q̄0′ (t) = εg(q̄0 (t), u∞ (q̄0 (t))),

q̄0 (0) = q 0

where u∞ (q) for q ∈ Q is defined as solution of A(q)u∞ (q) = f .
This quasi-static limit is one heuristic to circumvent the resolution of the
fast-timescale, see e.g. [Yan+15]. This approach is similar to crude averaging
as described in [SVM07, chapter 2.7] and does not always yield the correct
result, see e.g. Example 3.5.2 below. There holds, however:
Lemma 3.5.1. If we assume that A(·) are linear operators as in Example 3.2.2
and g is linear in u, we have q0 = q̄0 . The limit equation for q0 can hence be
simplified as
q0′ (t) = εg(q0 (t), u∞ (q0 (t))), q0 (0) = q 0
where u∞ (q) for q ∈ Q is the solution of
Z

1

f (t) dt.

A(q)u∞ (q) =
0

Proof. The linearity of g in u implies that


Z 1
q0′ (t) = εg q0 (t),
uπ (s; q0 (t)) ds .
0

Taking the time-average of the differential equation for uπ , using the linearity
of A(·), yields that
 Z 1
Z 1
Z 1
f (t) dt
uπ (s; q) ds =
∂s uπ (s) ds + A(q)
0

0

0

and the first term vanishes due to the periodicity of uπ , thus
 Z 1
Z 1
f (t) dt
uπ (s; q) ds =
A(q)
0

and hence

R1
0

0

uπ (s; q) ds = u∞ (q), yielding as claimed q0 = q̄0 .

□
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Example 3.5.2. Example 3.2.10 also yields a counter-example that the quasistatic limit may not approximate qε even if the fast equation is linear. Specifically, the right-hand side for uε from eq. (3.4a) has zero average, f¯ = 0, and
hence u∞ (q) = 0 for all q ∈ Q, which implies q̄0 ≡ q 0 = 1. Solving either
eq. (3.6) for q0 numerically or observing that q0′ ≥ Cε if q0 is bounded away
from 2 we see that |q̄0 − q0 | = O(1) and hence |q̄0 − qε | = O(1).


Chapter 4

Multiscale Analysis of a
Simplified Plaque Model
We now adopt the techniques from the last chapter to a model coupling fast
Stokes flow on a slowly evolving domain with wall shear stress dependent
growth as presented in the introduction. The use of the Stokes instead of
Navier–Stokes equation is a simplification, the equations are still nonlinear due
to the solution-dependent evolving domain. Compared to the theory from the
previous chapter, the two primary challenges are the pullback of the Stokes
flow to the fixed geometry and the low regularity of the wall shear stress. The
main result of this chapter is the multiscale convergence result from Theorem 4.3.9 which is of the same type as Theorem 3.1.1 from the last chapter, i.e.
the growth in the multiscale model converges to an averaging-type limit system with error O(ε). Due to the solution-dependent non-cylindrical domain,
the mathematical description of the model is notationally more involved and
is discussed in Section 4.1. The existence of solutions and further properties
of the model with a fixed scale is proven in Section 4.2 and the convergence to
the singular limit is investigated in Section 4.3.

4.1 The Plaque Model
Our model consists of blood flow confined in an artery with geometry changing
due to the growth of plaque. The blood flow is the solution to a Stokes equation
with periodic forcing due the heart beat. The plaque is described through a
finite dimensional state, e.g. its maximum height, whereas shape and location
are prescribed. This state influences the artery’s geometry. It evolves according
to an ordinary differential equation depending on the wall shear stress, similar
to the model investigated in [FR20]. We refer to the review from Section 2.2
for proposed relations between the wall shear stress and the wall’s permeability
but only assume here that large shear stresses reduce the permeability of the
damaged wall and hence the available material for growth. If we choose the
heart beat period as unit time, the timescale separation is indicated by a very
small rate of change for the plaque state. We do not claim that our model is
able to accurately predict plaque growth, since a relation between growth rate
and wall shear stress is at most phenomenological.
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∂i Ωq

∂w Ωq

∂o Ωq

D=1
q
L0 = 3
L=5
Figure 4.1: Sketch of the 2D geometry Ωq from Example 4.1.2 with the measurements as used in the numerical simulations. The plaque
bump has variable height q.

∂i Ωq

∂w Ωq

∂o Ωq

q
Figure 4.2: Sketch of the 3D geometry Ωq from Example 4.1.3. The plaque
bump has variable height q.

Plaque State
Let the bounded domain Q ⊂ Rn denote the parameter set describing the
plaque. In the example investigated below the height is the only parameter so
that we choose Q := (0, qmax ) ⊂ R for given qmax > 0. Higher dimensional
parameter sets could describe other geometric characteristics of the plaque or
discrete, but spatially distributed heights, which could be seen as an already
spatially discretized surface differential equation.

Geometry
The artery’s geometry depends on the state q ∈ Q of the plaque,
Ωq := Φq (Ω) = Φ(Ω; q),
where Ω ⊂ Rd is the reference domain and Φ is a given transformation
Φ : Ω × Q → Rd ,

(x, q) 7→ Φ(x; q) = Φq (x).

The boundary of Ω is divided into wall boundary ∂w Ω, inflow boundary
∂i Ω and outflow boundary ∂o Ω (outflow) with ∂w Ω ∪ ∂i Ω ∪ ∂o Ω = ∂Ω. Each
connected component of ∂w Ω, ∂i Ω and ∂o Ω has non-zero measure and in- and
outflow boundaries are not adjacent, ∂i Ω ∩ ∂o Ω = ∅. We abbreviate ∂io Ω :=
∂i Ω ∪ ∂o Ω and assume that ∂io Ω is planar, so that that the unit exterior normal
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n is constant on each connected component. For regularity of solutions we
assume that ∂w Ω is C 3 -regular and that ∂w Ω and ∂io Ω meet at a 90◦ angle.
The transformation Φq is assumed to be C 3 -diffeomorphism for fixed q:
Φq : Ω → Ωq is bijective,

Φq ∈ C 3 (Ω),

3
Φ−1
q ∈ C (Ωq ).

We assume that there is a relatively open neighborhood Ω′ ⊂ Ω of ∂io Ω ⊂ Ω′
such that Φq |Ω′ = IdΩ′ for all q ∈ Q. Writing for q ∈ Q ∂w Ωq := Φq (∂w Ω),
∂i Ωq := Φq (∂i Ω) and ∂o Ωq := Φq (∂o Ω) this assumption not only implies ∂i Ωq =
∂i Ω and ∂o Ωq = ∂o Ω but also that the boundaries ∂w Ωq and ∂io Ωq remain
orthogonal. As for the regularity of Φ in q, we assume Lipschitz continuity in
the sense that
kΦq1 − Φq2 kC 3 (Ω) ≲ |q1 − q2 |
for q1 , q2 ∈ Q. Furthermore, kΦ−1
q kC 3 (Ωq ) is assumed to be uniformly bounded
in q.
Remark 4.1.1. In view of our application, we make no assumption that Φq
is locally or globally volume preserving, so that det ∇Φq 6= 1 in general. At
least global volume preservation is necessary if Dirichlet boundary values are
imposed on the whole boundary due to the fluid’s incompressibility, making it
a common assumption in the literature, e.g. in [Saa06; IW77] and see also the
discussions in [MT82].

For a given evolution of state q ∈ C(I, Q) with I := (0, T ) where T > 0 we
interpret, with slight abuse of notation,Φq in this case as either
I × Ω 3 (t, x) 7→ (t, Φ(x; q(t))

or I 3 t 7→ Φ( · ; q(t)).

Example 4.1.2. For d = 2 we consider a configuration as in Figure 4.1, with
a rectangular reference domain
Ω := (− L2 , L2 ) × (0, 1) ⊂ R2
of length L := 5. The boundary is subdivided as indicated in Figure 4.1. Let
q ∈ Q := [0, qmax ) for qmax < 1 and η : R → R≥0 be the smooth bump function
(
2
exp( s2s−1 ) if |s| < 1,
η(s) :=
0
else
such that supp η = [−1, 1] and max η = η(0) = 1. For (x, y) ∈ Ω and q ∈ Q let
T
2x
Φq (x, y) := x, y + qη( L
)(1 − y)
0
for plaque width L0 := 3. The compact support of η yields that Φq = Id near
in- and outflow boundaries. Since qmax < 1 the map Φq is injective on Ω. Since
Φq = Φ1 + qΦ2 with Φ1 and Φ2 smooth, the Lipschitz assumption follows. The
inverse of Φq for (x, y) ∈ Ωq is given by
 
T
−1
−1
2x
Φq (x, y) = x, 1 − qη( L0 )
(y − 1) + 1 .
2x
Since 1 − qη( L
) is uniformly bounded away from 0 due to q < qmax < 1 and
0
max η = 1, the inverse is smooth and kΦ−1
q kC 3 (Ωq ) is bounded uniformly in
q.
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Example 4.1.3. For d = 3 we consider a configuration as in Figure 4.2, with
a cylindrical reference domain
Ω := (− L2 , L2 ) × {(y, z) ∈ R2 | y 2 + z 2 ≤ 1} ⊂ R3
of radius R = 1 and length L > 0. The boundary is subdivided as indicated
in Figure 4.2. Let q ∈ Q := (0, qmax ) for qmax < 2. With η being a compactly
supported bump function as in Example 4.1.2, we define the (x, z)-bump function
2x
ϕ(x, z) := η( L
)η(z) ∈ [0, 1]
0
where 0 < L0 < L is the length of the plaque. For (x, y, z) ∈ Ω and q ∈ Q let

 T
qϕ(x, z) p
Φq (x, y, z) := x, y +
1 − z2 − y , z .
2
The inverse of Φq for (x, y, z) ∈ Ωq is given by
Φ−1
q (x, y, z)



=

qϕ(x, z)
x, 1 −
2

!T
−1 
 p
p
y − 1 − z2 + 1 − z2, z .

The claimed properties of Φq follow just as in Example 4.1.2.



Strong Formulation
Let q : I → Q, v : ΩIq → Rd and p : ΩIq → R be suﬀiciently regular functions,
such that v and p satisfy the Stokes equations
St ∂t v − Re−1 ∆v + ∇p = 0,
in the non-cylindrical space-time domain

div v = 0,
ΩIq

v(0) = v 0

(4.1)

defined by

ΩIq := {(t, x) | t ∈ I, x ∈ Ωq(t) }
with Strouhal number St > 0 and Reynolds numbers Re > 0, initial velocity
v 0 : Ωq0 → Rd and initial plaque state q 0 ∈ Q. The boundary conditions for v
will be described below. The plaque state q is assumed to satisfy the ordinary
differential equation
q ′ (t) = εg(q(t), v(t)),

q(0) = q 0

(4.2)

for 0 < ε  1 and a bounded function g discussed in Section 4.1. We emphasize
that g maps the whole function v(t) : Ωq(t) → Rd to a single value in Rn . For
the moment we omit the subscript ε indicating the dependence on ε.
It remains to supply boundary conditions for v. For simplicity we assume
that ∂i Ω and ∂o Ω have exactly one connected component, on which we assume
that the pressure drop is prescribed:
Z
Z
1
1
p(t, x) do = Pin (t),
p(t, x) do = Pout (t),
|∂i Ω| ∂i Ω
|∂o Ω| ∂o Ω
with Pin , Pout : R → R being 1-periodic. By [HRT96, Section 3] and implicitly
using that ∂i Ω and ∂o Ω are planar, this can be realized with the boundary
condition
Re−1 ∂n v − pn = −Pio n on I × ∂io Ω
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with Pio = Pin on ∂i Ω and Pio = Pout on ∂o Ω. On the wall a no-slip boundary
condition implies that v matches the boundary velocity due to the domain’s
movement:
v(t, x) = ∂q Φ(Φ−1 (x; q(t)); q(t))q ′ (t) for t ∈ I and x ∈ ∂w Ωq(t) .
Since q ′ is of order O(ε), this boundary condition can be seen as a regular
perturbation of homogeneous boundary values. For simplicity we ignore these
regular perturbations in the present analysis and assume
v(t, x) = 0

for t ∈ I and x ∈ ∂w Ωq(t) .

Due to the possibility of in- and outflow this simplification is compatible with
the incompressibility of the fluid even if the total volume of the fluid changes.

Rate of Growth
Let q ∈ Q = (0, qmax ) model the height of the plaque. We remind of the
definition of the wall shear stress
σWS = (I −n ⊗ n)σn := 2 Re−1 (I −n ⊗ n)∇s vn
where σ = 2 Re−1 ∇s v − p I is the full stress tensor with symmetric gradient
∇s v := 21 (∇v+(∇v)T ). A number of possible relations between wall shear stress
and permeability to LDL or monocytes has been discussed in the review from
Section 2.2, most of which decrease permeability with increasing wall shear
stress. A direct relation between wall shear stresses and growth is at most
phenomenological. In the models [FRW16; FR20] a stress-growth relation g
similar to

−1
Z
|σWS |
g(q, v) = γ0
1+ 0
do
(4.3)
σWS
∂w Ωq
is used where q ∈ Q and v : Ωq → Rd suﬀiciently regular with given γ0 > 0
0
and reference shear stress σWS
> 0. The theory we develop allows a large
class of stress-growth relations, but we take eq. (4.3) as a prototype for now
since the abstract assumptions are easier to formulate after a pullback to a
fixed domain, see eq. (4.8) and ineq. (4.9). We note that x 7→ (1 + x)−1 is
a monotone decreasing function tending to 0 as x → ∞, and in particular
bounded, which reflects our assumption that (local) permeability decreases
with increasing shear stresses.

Pullback Equations
For the analysis we pull the equation back to the reference domain Ω following
e.g. [Saa06]. This allows us to investigate non-autonomous operators on cylindrical domains. To preserve solenoidality of v we use the Piola transformation.
In contrast to [Saa06] we do not study volume-preserving transformations,
hence the Piola transformation is slightly more complicated.
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We abbreviate Fq := ∇Φq and Jq := det Fq . Let f : Ωq → R, v : Ωq → Rd ,
A : Ωq → Rd×d denote suﬀiciently smooth functions. Then
(∇f ) ◦ Φq = ∇q (f ◦ Φq ) := Fq−T ∇(f ◦ Φq ),
(∇v) ◦ Φq = ∇q (v ◦ Φq )

:= ∇(v ◦ Φq )Fq−1 ,

(div v) ◦ Φq = divq (v ◦ Φq ) := tr(∇q (v ◦ Φq )),
(∆v) ◦ Φq = ∆q (v ◦ Φq ) := divq (∇q (v ◦ Φq )),
(div A) ◦ Φq = divq (A ◦ Φq ) := Jq−1 div(A ◦ Φq Cof Fq ),
This last transformation uses the Piola identity div(Cof Fq ) = 0, see [Cia88,
Theorem 1.7-1]. This identity also motivates the Piola transformation

Pq v := Cof FqT (v ◦ Φq )

(4.4)

since from the Piola identity it follows that
div(Pq v) = Jq divq (v ◦ Φq ) = Jq (div v) ◦ Φq

(4.5)

and thus div v = 0 if and only if div(Pq v) = 0. The inverse of Pq is given by
−T
−1
Pq−1 v̂ := (v̂ · Cof Fq−1 ) ◦ Φ−1
q = (Cof Fq v̂) ◦ Φq

for suﬀiciently smooth v̂ : Ω → Rd . We transform the Stokes equation (4.1)

 
v
St ∂t − Re−1 ∆ ∇
=0
p
div
to one in new variables v̂ : I × Ω → Rd , p̂ : I × Ω → R on a cylindrical domain.
Specifically, using the notation Φq∗ (f ) := f ◦ Φq for the pullback, we transform

Pq


Φ∗q

St ∂t − Re−1 ∆
div

∇



Pq−1

 
v̂
=0
∗
p̂
(Φ−1
q )

(4.6)

We now want to derive a more explicit expression for eq. (4.6). Abbreviating
(∂t Φq )(t, x) :=

d
dt Φ(x; q(t))

= ∂q Φ(x; q(t))q ′ (t).

we use the identity
∂t (v ◦ Φq ) = (∂t v) ◦ Φq + (∇v) ◦ Φq ∂t Φq = (∂t v) ◦ Φq + ∇q (v ◦ Φq )∂t Φq .
which implies for the ∂t -term in eq. (4.6)

Pq ∂t (Pq−1 v̂) = Cof FqT (∂t (Pq−1 v̂)) ◦ Φq
= Cof FqT (∂t (Pq−1 v̂ ◦ Φq ) − ∇q (Pq−1 v̂ ◦ Φq )∂t Φq )
= Cof FqT (∂t (Cof Fq−T v̂) − ∇q (Cof Fq−T v̂)∂t Φq ).
For the first term on the right we use the identity
∂t v̂ = ∂t (Cof FqT Cof Fq−T v̂) = ∂t (Cof FqT ) Cof Fq−T v̂ + Cof FqT ∂t (Cof Fq−T v̂).
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For the second term we use a similar trick. We write (∇′ A)ijk := ∂j Aik for a
matrix-field A, but note that (∇′ A)(Bx) 6= ((∇′ A)B)x for B ∈ Rd×d , x ∈ Rd .
Then
∇v̂ = ∇(Cof FqT Cof Fq−T v̂) = ∇′ Cof FqT (Cof Fq−T v̂) + Cof FqT ∇(Cof Fq−T v̂).
These identities together yield

Pq ∂t (Pq−1 v̂) = ∂t v̂ − ∂t Cof FqT Cof Fq−T v̂ − ∇q v̂∂t Φq
+ (∇′ Cof FqT (Cof Fq−T v̂))Fq−1 ∂t Φq .
By the chain rule, all terms except the first yield a factor q ′ of order O(ε).
These are regular perturbations and, as with the wall boundary values, we
omit these terms:
Pq ∂t (Pq−1 v̂) = ∂t v̂ + O(ε).
The transformation of the Laplace term in eq. (4.6) can be written as

Pq (∆(Pq−1 v̂)) = Cof FqT ∆q (Cof Fq−T v̂).
For the pressure term in eq. (4.6) we get
T
−1
T
Pq (∇(p̂ ◦ Φ−1
q )) = Cof Fq (∇(p̂ ◦ Φq )) ◦ Φq = Cof Fq ∇q p̂.

The second equation of eq. (4.6) transforms according to
Φ∗q (div(Pq−1 v̂)) = divq (Pq−1 v̂ ◦ Φq ) = divq (v̂ · Cof Fq−T ) = Jq div v̂
and for the condition of solenoidality the factor Jq can be omitted.
In regard to the boundary values we note that since Φ = Id near ∂io Ω the
corresponding boundary values remain unchanged by the transformation. The,
due to our simplification, homogeneous boundary values on ∂w Ωq are mapped
to homogeneous values on ∂w Ω.
To express the plaque state eq. (4.2) in terms of v̂, more information about
the right-hand side g is needed. For the example from eq. (4.3) we have

−1
Z
|σWS | ◦ Φq
ĝ(q, v̂) = γ0
1+
| Cof Fq n| do
(4.7)
0
σWS
∂w Ω
with the transformed wall shear stress

Cof F n
|σWS | ◦ Φq = 2 Re−1 I − | Cof Fqq n| ⊗

Cof Fq n
| Cof Fq n|



∇sq (Cof Fq−T v̂) .

Here we used the transformation rule
(do) ◦ Φq = | Cof Fq n| do,

n ◦ Φq =

Cof Fq n
,
| Cof Fq n|

see [Cia88]. The state equation can be expressed in terms of v̂ as
q ′ (t) = εĝ(q(t), v̂(t)).
Our theory does not assume ĝ to be given by eq. (4.7) but only that
ĝ : Q × H 2 (Ω) → Rn

bounded

(4.8)
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and ĝ is Lipschitz continuous in the sense that for q1 , q2 ∈ Q and v1 , v2 ∈ H 2 (Ω)
there holds
|ĝ(q1 , v1 ) − ĝ(q2 , v2 )| ≲ (1 + kvi kH 2 (Ω) )|q1 − q2 | + kv1 − v2 kH 2 (Ω)

(4.9)

for i ∈ {1, 2}. This assumption is weaker than the one made in Chapter 3 since
the Lipschitz constant is allowed to depend on vi .
Lemma 4.1.4. For g from eq. (4.3) with transformation ĝ given by eq. (4.7)
the previous assumptions are satisfied.
Proof. It is clear that g is well-defined for v ∈ H 2 (Ω) and bounded. To verify
0
= γ0 =
the Lipschitz condition from ineq. (4.9), we simplify by setting σWS
Re = 1. Then
|ĝ(q1 , v) − ĝ(q2 , v)|
Z
≤
(1 + |σWS | ◦ Φq1 )−1 || Cof Fq1 n| − | Cof Fq2 n|| do
∂w Ω
Z
+
|(1 + |σWS | ◦ Φq1 )−1 − (1 + |σWS | ◦ Φq2 )−1 || Cof Fq2 n| do.
∂w Ω

The first term on the right-hand side can be estimated by |q1 − q2 | with fixed
constant. For the second term we use the following estimate for x, y ≥ 0:
|(1 + x)−1 − (1 + y)−1 | ≤ |x − y|.
This implies
Z
|(1 + |σWS | ◦ Φq1 )−1 − (1 + |σWS | ◦ Φq2 )−1 || Cof Fq2 n| do
∂w Ω
Z
≲
||σWS | ◦ Φq1 − |σWS | ◦ Φq2 | do.

(4.10)

(4.11)

∂w Ω

Writing Tq := I −| Cof Fq n|−2 (Cof Fq n) ⊗ (Cof Fq n) for the (transformed) tangential projection and using the expression for σWS ◦ Φq from above, we can
estimate
||σWS | ◦ Φq1 − |σWS | ◦ Φq2 | ≲ |Tq1 − Tq2 ||∇sq1 (Cof Fq−1 T v̂)|
+ |Tq2 ||(∇sq1 − ∇sq2 )(Cof Fq−1 T v̂)| + |Tq2 ||∇sq2 ((Cof Fq−1 T − Cof Fq−2 T )v̂)|.
Using the Lipschitz assumptions of Φq , this implies
||σWS | ◦ Φq1 − |σWS | ◦ Φq2 | ≲ |q1 − q2 |(|v| + |∇v|).
Inserting this estimate in ineq. (4.11) yields
Z
|(1 + |σWS | ◦ Φq1 )−1 − (1 + |σWS | ◦ Φq2 )−1 || Cof Fq2 n| do
∂w Ω
Z
≲ |q1 − q2 |
|v| + |∇v| do ≲ |q1 − q2 |kvkH 2 (Ω) .
∂w Ω
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For the second estimate, we write σWS,1 , respectively σWS,2 , for the wall-shear
stress of v1 , respectively v2 . Then by ineq.(4.10) and the expression for σWS ◦Φq
we conclude
|ĝ(q, v1 ) − ĝ(q, v2 )|
Z
≤
|(1 + |σWS,1 | ◦ Φq )−1 − (1 + |σWS,2 | ◦ Φq )−1 || Cof Fq n| do
∂w Ω
Z
≲
||σWS,1 | ◦ Φq − |σWS,2 | ◦ Φq | do
∂w Ω

≲ kv1 − v2 kH 2 (Ω) .

□

Extension of Boundary Values
To reduce the problem to one with homogeneous boundary values let Pio be
regular enough such that there is pio ∈ L2 (0, 1; H 1 (Ω)) with pio |∂io Ω = Pio .
Setting p̂ = pio + p̂0 we have
Re−1 ∇s v̂n − p̂0 n = Re−1 ∇s v̂n − p̂n + pio n = −pio n + pio n = 0
on ∂io Ω and thus (v̂, p̂0 ) solves the Stokes’ equation with homogeneous boundary values and right-hand side
f (t; q) := − Cof FqT ∇q pio (t) for t ∈ (0, 1) a.e.

(4.12)

For any I := (0, T ) with T > 0 and q ∈ C(I, Q) we have
{I 3 t 7→ f (t; q(t))} ∈ L2 (I, L2 (Ω))
by the regularity assumptions on pio and Φq .

Summary, Simplified Notation
We will not study the solution on the non-cylindrical domain anymore, hence
we omit the hats in our notation but add a subscript ε to emphasize the dependency on ε. Furthermore, we examine the problem with homogeneous boundary
values and omit the regular perturbations of order O(ε). Specifically, we write
(vε , pε ) instead of (v̂, p̂0 ) and g instead of ĝ.
Problem 4.1.5. Let 0 < ε  1 and I := (0, T ) with T > 0. Given q 0 ∈ Q and
v 0 ∈ V ⊂ H 1 (Ω), V introduced later, find qε ∈ C 0,1 (I, Q), vε ∈ L2 (I, H 2 (Ω)) ∩
H 1 (I, L2 (Ω)) and pε ∈ L2 (I, H 1 (Ω)) such that
)
St ∂t vε − Re−1 Cof FqTε ∆qε (Cof Fq−ε T vε ) + Cof FqTε ∇qε pε = f (qε ),
in I × Ω,
div vε = 0
where f is given by eq. (4.12), with initial condition vε (0) = v 0 and boundary
values
Re−1 ∂n vε − pε n = 0

on I × ∂io Ω,

vε = 0

on I × ∂w Ω.
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The plaque state qε must satisfy the ordinary differential equation
qε′ = εg(qε , vε )
with initial condition qε (0) = q 0 where g satisfies eq. (4.8) and ineq. (4.9).
For the following analysis we will always set St = Re = 1.

4.2 Analysis on a Fixed Timescale
In this section we analyze Problem 4.1.5 for fixed ε. We first study the fluid
equation for given q ∈ C(I, Q) which occupies most of this section, the existence of solutions to the full model follows by a fixed-point argument. For
the fluid equation we follow the approach by [Saa06]: To investigate the nonautonomous equation, we study the autonomous equation for a fixed state
q ∈ Q and use [Saa06, Theorem 1.4] to conclude existence and regularity for
the non-autonomous problem. The autonomous problem is induced by the Piola transform of the Stokes operator on Ωq , which is why we first examine this
operator, the main challenge being the mixed boundary conditions.

Stokes Operator on Ωq
We begin by studying the domain and action of the Stokes operator with mixed
boundary conditions, which requires several preparatory results. We define the
approximation space
∞
Cσ,w
(Ω) := {ϕ ∈ C ∞ (Ω) | div ϕ = 0, supp ϕ ∩ ∂w Ω = ∅}

with an analogous definition for Ωq with q ∈ Q. We write
∞ (Ω)
H := Cσ,w

∥·∥L2 (Ω)

,

∞ (Ω)
V := Cσ,w

∥·∥H 1 (Ω)

,

V + := V ∩ H 2 (Ω)

and analogously Hq , Vq and Vq+ if the domain is Ωq . By construction, V ,→ H
continuously and densely. We also use the spaces
∞
Cio
(Ω) := {ϕ ∈ C ∞ (Ω) | supp ϕ ∩ ∂io Ω = ∅},

∞ (Ω)
W := Cio

∥·∥H 1 (Ω)

and define analogously Wq .
Lemma 4.2.1 (Generalized normal trace, [Soh01, Section II.1.2]). On the
Banach space
E(Ω) := {v ∈ L2 (Ω) | div v ∈ L2 (Ω)}
with norm kvkE(Ω) := kvkL2 (Ω) + k div vkL2 (Ω) there exists a bounded linear
operator
1
E(Ω) → H − 2 (∂Ω), v 7→ v · n
which extends the classical normal trace in the sense that for v ∈ C ∞ (Ω) and
1
ϕ ∈ H 2 (Ω) there holds
(v · n)(ϕ) = (v · n, ϕ)∂Ω
and for any v ∈ E(Ω) and ϕ ∈ H 1 (Ω) there holds the generalized Green’s
formula
(div v, ϕ) + (v, ∇ϕ) = hv · n, ϕi∂Ω := (v · n)(ϕ).
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Proof. See e.g. [Soh01, Section II.1.2].

□

Lemma 4.2.2. There holds

H = {v ∈ L2 (Ω) | div v = 0, hv · n, ϕi∂Ω = 0 ∀ϕ ∈ W },
V = {v ∈ H 1 (Ω) | div v = 0, v|∂w Ω = 0},
W = {v ∈ H 1 (Ω) | v|∂io Ω = 0}.
Analogous results are valid for Hq , Vq and Wq .
Proof. Let H̃, Ṽ and W̃ denote the sets on the right of the claimed equalities.
The inclusions V ⊂ Ṽ and W ⊂ W̃ follow by continuity of the divergence
and trace operator on H 1 (Ω). To prove W̃ ⊂ W we extend Ω to a Lipschitz
domain Ω̂ by extruding ∂io Ω in normal direction. Then for v ∈ W̃ there exists
v̂ ∈ H01 (Ω̂) such that v̂|Ω = v. By density of C0∞ (Ω̂) in H01 (Ω̂) there are
ϕ̂k ∈ C0∞ (Ω̂) with ϕ̂k → v̂ in H 1 (Ω̂), which implies ϕk := ϕ̂k |Ω → v in H 1 (Ω)
and ϕk ∈ C ∞ (Ω), supp ϕk ∩ ∂io Ω = ∅, hence v ∈ W .
To prove that v ∈ Ṽ lies in V we modify an argument from [Hey76, Section
3]. Since ∂w Ω is C 3 , an argument as in [PS16, Section 2.3] implies that σ > 0
exists for which
Λ : ∂w Ω × [0, σ) → Rd ,

(y, d) 7→ y − dny

is a C 2 -diffeomorphism onto its image Λ(∂w Ω × [0, σ)) = {x ∈ Ω | d(x, ∂w Ω) <
σ} since the boundaries ∂w Ω and ∂io Ω are orthogonal and ∂io Ω is planar. We
write Λ−1 = (π, δ). We define the shrinking transformation for θ ∈ (0, 1] and
x ∈ Ω by
(
x
if d(x, ∂w Ω) ≥ σ,
Ψθ (x) =
π(x) − ηθ (δ(x))nπ(x) else
where ηθ (d) := d + 13 (1 − θ)σ −2 (σ − d)3 , following [Hey76]. Then η1 (d) = d
and ηθ is strictly monotone increasing with ηθ (σ) = σ, ηθ′ (σ) = ηθ′′ (σ) = 0 for
all θ. This implies that ψθ is C 2 -diffeomorphism onto its image denoted by Ωθ .
Then Ωθ ⊂ Ω and since ηθ (0) > 0 for θ < 1, Ωθ ∩ ∂w Ω = ∅ for θ < 1. Let
vθ denote the image of v under the inverse Piola transformation induced by
Ψθ , identified with its extension by zero to Ω. Then by [Hey76], vθ ∈ Hσ1 (Ω),
supp vθ ∩ ∂w Ω = ∅ and kv − vθ kH 1 (Ω) → 0 as θ → 1.
Let vθ,ρ denote the mollification of vθ , extended constant in normal direction
∂io Ω, with some mollification kernel of width 0 < ρ < ρ0 (θ). Then div vθ,ρ =
∞
0 and supp vθ,ρ ∩ ∂w Ω = ∅ for small ρ. Thus vθ,ρ ∈ Cσ,w
(Ω) and kvθ −
vθ,ρ kH 1 (Ω) → 0 for ρ → 0. Hence there are θk and ρk such that
kv − vθk ,ρk kH 1 (Ω) ≤ kv − vθk kH 1 (Ω) + kvθk − vθk ,ρk kH 1 (Ω) → 0
for k → ∞, implying v ∈ V .
∞
Let v ∈ H. Then vk ∈ Cσ,w
(Ω) exists with kv − vk kL2 (Ω) → 0. Using the
definition of distributional divergence, this is suﬀicient to prove div v = 0 and
hence v · n is well-defined in the generalized sense above. For ϕ ∈ W there
holds
hv · n, ϕi∂Ω = (v, ∇ϕ) = lim (vk , ∇ϕ) = lim (vk · n, ϕ)∂Ω = 0
k→∞

k→∞
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since vk |∂w Ω = 0 and ϕ|∂io Ω = 0. Hence v ∈ H implies v ∈ H̃.
For the final implication H̃ ⊂ H we use a technique similar to [Tem01,
Theorem 1.4], using a characterization of the orthogonal complement of H.
We claim that
H⊥ = {∇p | p ∈ W }.
With slight abuse of notation let H̃⊥ denote the right-hand side of this identity
(and not the orthogonal complement of H̃). If v ∈ H̃⊥ , i.e. v = ∇p for p ∈ W ,
∞
then we must prove that (v, ϕ) = 0 for all ϕ ∈ H. Let ϕk ∈ Cσ,w
(Ω) be such
2
that ϕk → ϕ in L (Ω) for k → ∞, then
(v, ϕ) = lim (v, ϕk ) = lim (∇p, ϕk ) = lim (−(p, div ϕk ) + (pn, ϕk )∂Ω ) = 0
k→∞

k→∞

k→∞

since −(p, div ϕk ) = 0 and (pn, ϕk )∂Ω = 0 for ϕk |∂w Ω = 0 and p|∂io Ω = 0. We
can thus conclude v ∈ H⊥ . For H⊥ ⊂ H̃⊥ let v ∈ H⊥ . The functional
Fv : L2 (Ω) → L2 (Ω),

ϕ 7→ (v, ϕ)

can be restricted to H −1 (Ω) and by the orthogonality assumption Fv (ϕ) = 0 for
all ϕ ∈ C0∞ (Ω) with div ϕ = 0. By a standard argument, [Tem01, Proposition
1.2], and using the continuity of Fv in L2 (Ω), this implies that there is p̃ ∈
H 1 (Ω) such that (v, ϕ) = Fv (ϕ) = (∇p̃, ϕ) for ϕ ∈ H01 (Ω), i.e. v = ∇p̃.
We prove that there is c ∈ R such that p := p̃ − c satisfies p|∂io Ω = 0, an
argument similar to one in [MMW11, Theorem 6.8]. Orthogonality yields that
0 = (v, ϕ) = (∇p̃, ϕ) = −(p̃, div ϕ) + (p̃n, ϕ)∂Ω = (p̃n, ϕ)∂Ω

(4.13)

∞
(Ω)
Cσ,w

for all ϕ ∈
and by density for all ϕ ∈ V . This identity only depends
on ϕ|∂Ω , characterized as follows:
Z
1
{ϕ|∂Ω | ϕ ∈ V } = {ϕ ∈ H 2 (∂Ω) | ϕ|∂w Ω = 0,
ϕ · n do = 0}.
(4.14)
∂Ω

The inclusion ⊂ follows from
R V = Ṽ and the divergence theorem. If ϕ ∈
1
H 2 (∂Ω) with ϕ|∂w Ω = 0 and ∂Ω ϕ·n do = 0 let E ϕ denote any H 1 (Ω) extension
1
of
R ϕ and let ϕ ∈ RH0 (Ω) solve divR ϕ = − div(E ϕ), which is well-defined since
div(E ϕ) dx = ∂Ω E ϕ · n do = ∂Ω ϕ · n do = 0. Then E ϕ + ϕ ∈ V restricted
Ω
to ∂Ω is ϕ, proving ⊃.
1
Back to the construction of p: Fix ϕ0 ∈ H 2 (∂Ω) satisfying ϕ0 |∂w Ω = 0 and
R
R
1
ϕ ·n do = 1. Then for any ϕ ∈ H 2 (∂Ω) with ϕ|∂w Ω = 0 set η := ∂Ω ϕ·n do
∂Ω 0
so that ϕ − ηϕ0 is the trace of a function in V by eq. (4.14), hence eq. (4.13)
implies
(p̃n, ϕ)∂Ω = (p̃n, ϕ − ηϕ0 )∂Ω + (p̃n, ηϕ0 )∂Ω = (p̃n, ηϕ0 )∂Ω = (cn, ϕ0 )∂Ω
with c := (p̃n, ϕ0 )∂Ω . Therefore p := p̃ − c satisfies (pn, ϕ)∂Ω = 0 for all
ϕ ∈ H 1 (Ω) with ϕ|∂w Ω = 0. By the fundamental lemma this implies p|∂io Ω = 0
and thus finally H⊥ ⊃ H̃⊥ .
With this characterization of H⊥ we come back to the proof of H = H̃.
Since H ⊂ H̃ was already proven, there exists an orthogonal complement H▽
of H in H̃. Then H = H̃ follows if H▽ = {0}. If v ∈ H▽ , then v ∈ H̃, i.e.
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div v = 0 and hv · n, ϕi = 0 for all ϕ ∈ W . But by orthogonality, v ∈ H⊥ , thus
v = ∇p with p ∈ W . Combining these conditions yields that p satisfies
(∇p, ∇ϕ) = 0

∀ϕ ∈ W

which implies p = 0, i.e. v = ∇p = 0. We conclude H▽ = {0} and thus
H = H̃.
□
Remark 4.2.3. Since for ϕ ∈ W there holds ϕ|∂io Ω = 0, the condition hv ·
n, ϕi∂Ω = 0 in the characterization of H in Lemma 4.2.2 can be interpreted as
weak version of v · n|∂w Ω = 0.

Definition 4.2.4. For given q ∈ Q we define the Stokes operator on Ωq ,
Ãq : D(Ãq ) ⊂ Hq → Hq ,
as follows: v ∈ D(Ãq ) if and only if v ∈ Vq and there is f ∈ Hq satisfying
(∇v, ∇ϕ)q = (f, ϕ)q

∀ϕ ∈ Vq .



Set Ãq v := f .

That Ãq is well-defined, i.e. the uniqueness of f associated to v ∈ D(Ãq ) in
the definition above, is a particular consequence of the following lemma.
Lemma 4.2.5. For each q ∈ Q, Ãq is a positive, self-adjoint operator with
dense domain induced by the coercive symmetric bilinear form

Vq × Vq → R,

(v, ϕ) 7→ (∇v, ∇ϕ)q .

(4.15)

Proof. It is clear that the form is symmetric and bilinear. The claimed properties of Ãq now follow from [Soh01, Lemma II.3.2.1].
□
Lemma 4.2.6. For each v ∈ Vq+ with (I −n ⊗ n)∂n v = 0 on ∂io Ωq there exists
a unique p ∈ H 1 (Ωq ) such that
−∆v + ∇p ∈ Hq

and ∂n v − pn = 0 on ∂io Ωq

given as solution to
(∇p, ∇ξ)q = h∆v · n, ξi∂Ωq = (∆v, ∇ξ)q

∀ξ ∈ Wq

with boundary condition p = ∂n v · n on ∂io Ωq .
Remark 4.2.7. Since ∆v ∈ E(Ωq ) the normal trace ∆v · n is well-defined in
the sense of Lemma 4.2.1.

Proof of Lemma 4.2.6. For −∆v + ∇p ∈ Hq to hold it suﬀices by Lemma 4.2.2
that
div(−∆v + ∇p) = 0 in Ωq ,

h(−∆v + ∇p) · n, ξi∂Ω = 0 for ξ ∈ Wq

which can be rewritten, using div(∆v) = ∆(div v) = 0, as
(∇p, ∇ξ)q = h∇p · n, ξi∂Ωq = h∆v · n, ξi∂Ωq

∀ξ ∈ Wq .
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Writing p = p0 + pD with p0 ∈ Wq and pD ∈ H 1 (Ωq ) extending the boundary
1
values ∂n v · n ∈ H 2 (∂io Ωq ), standard Hilbert space theory yields the existence
and uniqueness of p0 and hence p, since Poincaré’s inequality holds on Wq .
Using the assumption (I −n ⊗ n)∂n v = 0 on ∂io Ωq , it follows that
∂n v − pn = n ⊗ n ∂n v − pn = (∂n v · n − p)n = 0

on ∂io Ωq ,

since by construction p = ∂n v · n on ∂io Ωq .

□

Using this lemma and regularity results for the mixed-boundary Stokes
problem, we arrive at the following characterization of Ãq :
Lemma 4.2.8. There holds

D(Ãq ) = {v ∈ Vq+ | (I −n ⊗ n)∂n v = 0 on ∂io Ωq }
and for v ∈ D(Ãq ) the action of Ãq is described by
Ãq v = −∆v + ∇p
with p being the (unique) pressure p associated to v from Lemma 4.2.6.
Proof. Let v ∈ Vq+ with (I −n ⊗ n)∂n v = 0 on ∂io Ωq and p ∈ H 1 (Ωq ) as given
by Lemma 4.2.6. For ϕ ∈ Vq there holds
(−∆v + ∇p, ϕ)q = (∇v, ∇ϕ)q − (p, div ϕ)q − (∂n v − pn, ϕ)∂io Ωq = (∇v, ∇ϕ)q
using that div ϕ = 0, ϕ|∂w Ωq = 0 and the boundary condition on ∂io Ωq . This
implies that
Vq 3 ϕ 7→ (∇v, ∇ϕ)q = (−∆v + ∇p, ϕ)q
is continuous in Hq . Thus v ∈ D(Ãq ) and the claimed representation for Ãq v
holds. If v ∈ D(Ãq ) then (∇v, ∇ϕ)q = (Ãq v, ϕ)q for ϕ ∈ Vq . It follows that
v ∈ H 2 (Ωq ) and thus v ∈ Vq+ by a regularity result for the Stokes equation
from [BK16, Theorem A.1] if d = 2 and [Ben14, Corollary 3] if d = 3 due to our
assumption that the change of boundary type happens at points where these
boundaries are orthogonal. To prove that the tangential components of ∂n v
vanish, we note that


ϕ 7→ (∇v, ∇ϕ)q − (Ãq v, ϕ)q ∈ H −1 (Ωq )
∞
vanishes on C0,σ
(Ωq ) ⊂ Vq , thus there is p̃ ∈ L2 (Ωq ) such that

(∇v, ∇ϕ)q − (p̃, div ϕ)q = (Ãq v, ϕ)q

∀ϕ ∈ H01 (Ωq ).

In fact, p̃ ∈ H 1 (Ωq ) since ∇p̃ = Ãq v + ∆v in the sense of distributions. And
hence, through partial integration and using the density of H01 (Ωq ) in L2 (Ωq ),
there holds −∆v + ∇p̃ = Ãq v a.e. in Ωq . This implies that
(∂n v − p̃n, ϕ)∂Ωq = (∇v, ∇ϕ)q − (p̃, div ϕ)q + (∆v − ∇p̃, ϕ)q = 0
for all ϕ ∈ Vq . Similar arguments as in the proof of Lemma 4.2.2 then imply
that there is c ∈ R such that with p := p̃ + c there holds ∂n v = pn and thus
(I −n ⊗ n)∂n v = 0 on ∂io Ωq .
□
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Lemma 4.2.9. Ãq is a boundedly invertible, sectorial operator and has maximal
regularity.
Proof. The invertibility follows using arguments similar to the case of homogeneous Dirichlet boundary values in [Soh01, Theorem III.2.1.1]. That Ãq is
a sectorial operator is standard, e.g. [Sch12, Corollary 3.23]. The maximal
regularity follows since Ãq is induced by a symmetric, coercive and continuous
bilinear form, see e.g. [ADF17].
□

Non-Autonomous Stokes Operator
Lemma 4.2.10. The operator Pq induces an isomorphism between Xq and X
for X ∈ {H, V , V + } and q ∈ Q with constants independent of q.
Proof. Let v ∈ Hq . By construction div(Pq v) = 0. It remains to check the
validity of the weak boundary condition. For ϕ ∈ W we have
Z
hPq v · n, ϕi∂Ω = (Pq v, ∇ϕ) = (v ◦ Φq , Cof Fq ∇ϕ) =
Jq (v ◦ Φq ) · ∇q ϕ dx
Ω
Z
−1
=
v · ∇(ϕ ◦ Φ−1
q ) dx = hv · n, ϕ ◦ Φq i∂Ωq
Ωq

induces an isomorphism between W and Wq ,
and since the pullback by Φ−1
q
for each ψ ∈ Wq we find ϕ ∈ W such that ψ = ϕ ◦ Φ−1
q , which implies that
0 = hPq v · n, ϕi∂Ω = hv · n, ψi∂Ωq
holds for all ψ ∈ W as required. The argument that Pq−1 maps H to Hq is
analogous. For the more regular spaces X = V and X = V + we proceed similarly but can use standard trace theory to argue that the boundary values are
preserved. We note that the occurrence of Fq in the definition of Pq requires Φq
to be a C 3 -diffeomorphism for Pq to be an isomorphism between H 2 -subspaces.
The independence of the constants from q follows by the uniform bounds on
Φq , Φ−1
□
q and their derivatives.
Definition 4.2.11. For q ∈ Q we define the pullback Stokes operator
Aq : D(Aq ) := Pq−1 D(Ãq ) ⊂ H → H
by

Aq v := Pq ◦ Ãq ◦ Pq−1 .



Lemma 4.2.12. The domain of Aq is independent of q and given by

D(A) := D(Aq ) = {v ∈ V + | (I −n ⊗ n)∂n v = 0 on ∂io Ω}.
Furthermore, the operator norm of Aq is equivalent to the H 2 (Ω)-norm with
constants independent of q.
Proof. We have

D(Aq ) = Pq−1 D(Ãq ) = Pq−1 {v ∈ Vq+ | (I −n ⊗ n)∂n v = 0 on ∂io Ωq }
by Lemma 4.2.8. The characterization of D(Aq ) follows since Pq−1 : Vq+ → V +
is an isomorphism by Lemma 4.2.10 and Φq = Id in a neighborhood of ∂io Ω
by assumption. The independence of the constants follows by the respective
statements for D(Ãq ) and Pq .
□
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Corollary 4.2.13. (Aq )q∈Q is a family of boundedly invertible, sectorial operators of maximal regularity.
To apply [Saa06, Theorem 1.4] and for our multiscale analysis we need:
Lemma 4.2.14. The map A : Q → L(D(A), H), q 7→ Aq is Lipschitz continuous.
Proof. We must prove that for given q1 , q2 ∈ Q and v ∈ D(A) there holds
kAq1 v − Aq2 vk = k(Pq1 ◦ Ãq1 ◦ Pq−1
− Pq2 ◦ Ãq2 ◦ Pq−1
)vk ≲ |q1 − q2 |kvkD(A) .
2
1
We use the representation of Ãq v = −∆v + ∇p for v ∈ D(Ãq ) for q ∈ Q from
Lemma 4.2.8 with p being the pressure associated to v by Lemma 4.2.6. For
the Laplacian, we have seen for fixed q ∈ Q that

Pq (∆(Pq−1 v)) = Cof FqT ∆q (Cof Fq−T v) = Fq−1 div(∇(Cof Fq−T v)Fq−1 Cof Fq ).
Elementary but lengthy calculations yield that for x ∈ Ω and i = 1, . . . , d
[Pq (∆(Pq−1 v))]i (x) =

d X
X

∂ α vj (x)aα
ij (x; q)

j=1 |α|≤2

with coeﬀicient functions aα
ij (·; q) containing derivatives of Φq up to order 3−|α|.
By assumption q 7→ Φq ∈ C 3 (Ω) is Lipschitz continuous, it follows that q 7→
aα
ij (·; q) ∈ C(Ω, R) is Lipschitz continuous as well. Thus
|[Pq1 (∆(Pq−1
v)) − Pq2 (∆(Pq−1
v))]i (x)|
1
2
≤

d X
X

α
|∂ α vj (x)||aα
ij (x; q1 ) − aij (x; q2 )| ≲ |q1 − q2 |

d X
X

|∂ α vj (x)|

j=1 |α|≤2

j=1 |α|≤2

and we can conclude
kPq1 (∆(Pq−1
v)) − Pq2 (∆(Pq−1
v))k ≲ |q1 − q2 |kvkH 2 (Ω) ≲ |q1 − q2 |kvkD(A) .
1
2
Let pi ∈ H 1 (Ωqi ) denote the pressure associated to Pq−1
v by Lemma 4.2.6
i
for i = 1, 2. With the transformation law for scalar gradients there holds
kPq1 (∇p1 ) − Pq2 (∇p2 )k = k Cof FqT1 ∇q1 (p1 ◦ Φq1 ) − Cof FqT2 ∇q2 (p2 ◦ Φq2 )k
≤ k(Cof FqT1 Fq−1 T − Cof FqT2 Fq−2 T )∇(p1 ◦ Φq1 )k
+ k Cof FqT2 Fq−2 T ∇(p1 ◦ Φq1 − p2 ◦ Φq2 )k.
The first term on the right can be estimated by
k(Cof FqT1 Fq−1 T − Cof FqT2 Fq−2 T )∇(p1 ◦ Φq1 )k ≲ |q1 − q2 |k∇q1 (p1 ◦ Φq1 )k
≲ |q1 − q2 |k∇p1 kq1 .
By construction of p1 and standard techniques for elliptic equations, there holds
vkD(Ãq
k∇p1 kq1 ≲ kPq−1
1

1)

≲ kvkD(A) .
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For the second term on the right we must estimate k∇(p1 ◦ Φq1 − p2 ◦ Φq2 )k.
We transform the equation defining pi ,
v), ∇ξ)qi
(∇pi , ∇ξ)qi = (∆(Pq−1
i

∀ξ ∈ Wqi

to the reference domain
(Jqi ∇qi (pi ◦Φqi ), ∇qi (ξ ◦Φqi )) = (Jqi (∆((Pq−1
v)◦Φqi ), ∇qi (ξ ◦Φqi )) ∀ξ ∈ Wqi .
i
Since Φqi : W → Wqi is an isomorphism and by definition of Pqi , equivalently
(Jqi Fq−1
Fq−i T ∇(pi ◦ Φqi ), ∇ξ) = (Pqi (∆(Pq−1
v)), ∇ξ) ∀ξ ∈ W .
i
i
Subtracting these equations for i = 1, 2 and some algebraic manipulations yield
(Jq2 ∇q2 (p1 ◦ Φq1 − p2 ◦ Φq2 ), ∇q2 ξ)
= (Pq1 (∆(Pq−1
v)) − Pq2 (∆(Pq−1
v)), ∇ξ)
1
2
+ ((Fq−1
Cof Fq2 − Fq−1
Cof Fq1 )∇(p1 ◦ Φq1 ), ∇ξ).
2
1
Since Φqi = Id near ∂io Ω there holds p1 ◦ Φq1 = p2 ◦ Φq2 on ∂io Ω. Hence
ξ = p1 ◦ Φq1 − p2 ◦ Φq2 ∈ W is a test function. Using the established estimate
for the Laplace difference for the first term on the right and the Lipschitz
continuity of Φq together with k∇p1 kq1 ≲ kvkD(A) for the second term on the
right yields
k∇(p1 ◦ Φq1 − p2 ◦ Φq2 )k ≲ |q1 − q2 |kvkD(A) .
Combining these two estimates for the two terms of Aq , we get as claimed
kAq1 v − Aq2 vk ≲ |q1 − q2 |kvkD(A) .

□

Theorem 4.2.15. For given q ∈ C(I, Q), where I := (0, T ) with T > 0, the
non-autonomous operator Aq(·) := {t 7→ Aq(t) } is maximal regular: For each
v 0 ∈ V and f ∈ L2 (I, H), not necessarily given by eq. (4.12), there exists a
unique v ∈ H 1 (I, H) ∩ L2 (I, D(A)) such that
∂t v(t) + Aq(t) v(t) = f (t),

v(0) = v 0

for t ∈ I a.e. with the estimate
k∂t vkL2 (I,H) + kvkL2 (I,D(A)) ≲ kv 0 kV + kf kL2 (I,H) .

(4.16)

The constants are in particular independent of q and T .
Proof. This is a consequence of [Saa06, Theorem 1.4], whose assumptions were
verified in Corollary 4.2.13 and Lemma 4.2.14. The arguments in [Saa06] that
the continuity of t 7→ A(t) guarantees uniform bounds for the constants can
be applied to the Lipschitz continuous map Q 3 q 7→ Aq , yielding bounds
independent of q(·).
□

Coupled Problem
With the previous result for the fluid equation with given state, we prove
existence and uniqueness of solutions using a fixed-point iteration for q.
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Problem 4.2.16 (Fixed scale problem). Given ε > 0, T > 0, v 0 ∈ V and
q 0 ∈ Q, find vε ∈ L2 (I, D(A)) ∩ H 1 (I, H) and qε ∈ C 0,1 (I, Q) where I := (0, T )
such that
∂t vε (t) + Aqε (t) v(t) = f (t; qε (t)),
qε′ (t)

= εg(qε (t), vε (t)),

vε (0) = v 0 ,
0

qε (0) = q .

(4.17a)
(4.17b)

Except for Corollary 4.2.20 the ε-dependence is of no importance for the
results of this section, which is why we set ε = 1 and write v and q instead of
vε and qε .
Lemma 4.2.17. Given v 0 ∈ V and q ∈ C(I, Q) for I := (0, T ) with T > 0
there exists a unique solution v ∈ L2 (I, D(A)) ∩ H 1 (I, H) to
∂t v(t) + Aq(t) v(t) = f (t; q(t)),

v(0) = v 0

(4.18)

satisfying
k∂t vkL2 (I,H) + kvkL2 (I,D(A)) ≲ kv 0 kV + kpio kL2 (I,H 1 (Ω))

(4.19)

with constant independent of q.
Proof. The result follows immediately from Theorem 4.2.15 and ineq. (4.16)
using the definition of f (t; q) from eq. (4.12).
□
Lemma 4.2.18. Let q1 and q2 ∈ C(I, Q) for I := (0, T ) with some T > 0. Let
v1 , v2 be the corresponding solutions to eq. (4.18) with the same initial value
v 0 ∈ V . Then
k∂t (v1 − v2 )kL2 (I,H) + kv1 − v2 kL2 (I,D(A))

≲ kv 0 kV + kpio kL2 (I,H 1 (Ω)) kq1 − q2 kC(I,Q) .

(4.20)

Proof. By eq. (4.18), w := v1 − v2 satisfies, omitting the time as argument,
∂t w + Aq1 w = f (q1 ) − f (q2 ) + (Aq2 − Aq1 )v2 ,
with initial value w(0) = 0. The maximal regularity from ineq. (4.16) implies
k∂t wkL2 (I,H) + kwkL2 (I,D(A))
≲ kf (q1 ) − f (q2 )kL2 (I,L2 (Ω)) + k(Aq2 − Aq1 )v2 kL2 (I,H) .

(4.21)

By definition of f in eq. (4.12) there holds
kf (q1 ) − f (q2 )kL2 (I,L2 (Ω))
= k Cof FqT1 ∇q1 pio − Cof FqT2 ∇q2 pio kL2 (I,L2 (Ω))
≤ kpio kL2 (I,H 1 (Ω)) k Cof FqT1 Fq−1 T − Cof FqT2 Fq−2 T kL∞ (I,L∞ (Ω))
≲ kpio kL2 (I,H 1 (Ω)) kq1 − q2 kC(I,Q) .
Using the Lipschitz-continuity of q 7→ Aq by Lemma 4.2.14 in space and
ineq. (4.19) for v2 , for the other term on the right-hand side of ineq. (4.21)
there holds
k(Aq1 − Aq2 )v2 kL2 (I,H) ≲ kv2 kL2 (I,D(A)) kq1 − q2 kC(I,Q)

≲ kv 0 kV + kpio kL2 (I,H 1 (Ω)) kq1 − q2 kC(I,Q) .
Combining the previous results results in the claimed ineq. (4.20).

□
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Theorem 4.2.19. For all v 0 ∈ V , q 0 ∈ Q there exists T > 0 such that
Problem 4.2.16 has a unique solution on I := (0, T ). If T is chosen maximal
with these properties, either T = ∞ or q(T ) ∈ ∂Q.
Proof. Let T > 0 be chosen appropriately later. We study the Picard iteration
map


Z t
0
F : U → U , U 3 q̃ 7→ I 3 t 7→ q +
g(q̃(s), ṽ(s)) ds ∈ U
0

where U ⊂ C(I, Rn ) is defined below and ṽ is a solution to eq. (4.18) for a fixed
plaque state q̃, i.e.
∂t ṽ(t) + Aq̃(t) ṽ(t) = f (t; q̃(t)),

ṽ(0) = v 0 .

By Lemma 4.2.17 there is a unique ṽ with these properties and ṽ ∈ L2 (I, D(A)).
By boundedness of g this implies F (q̃) ∈ W 1,∞ (I, Q) ∼
= C 0,1 (I, Q). Let ρ =
0
ρ(q ) > 0 be such that Bρ (q 0 ) ⊂ Q and define

U := {q ∈ C(I, Q) | kq − q 0 kC(I,Q) ≤ ρ}.
By definition of ρ it follows that U is well-defined and a closed subset of
C(I, Rn ), hence a complete metric space with k · kC(I,Q) . If M > 0 denotes the
bound of g, F is well-defined for T ≤ ρM −1 . Let q̃1 , q̃2 ∈ U and ṽ1 , ṽ2 be the
solutions to eq. (4.18). The Lipschitz assumption on g from ineq. (4.9) implies
Z t
kF (q̃1 ) − F (q̃2 )kC(I,Q) ≤ max
|g(q̃1 (s), ṽ1 (s)) − g(q̃2 (s), ṽ2 (s))| ds
Z

t∈I

0

t

|q̃1 (s) − q̃2 (s)|(1 + kṽi (s)kD(A) ) + kṽ1 (s) − ṽ2 (s)kD(A) ds
√
√
≲ kq̃1 − q̃2 kC(I,Q) (T + T kṽi kL2 (I,D(A)) ) + T kṽ1 − ṽ2 kL2 (I,D(A))
≲ max
t∈I

0

for i ∈ {1, 2}. With the estimate ineq. (4.20) from Lemma 4.2.18 for kṽ1 −
ṽ2 kL2 (I,D(A)) and the bound from ineq. (4.19) for kvi kL2 (I,D(A)) , we conclude

√

kF (q̃1 )− F (q̃2 )kC(I,Q) ≲ kq̃1 − q̃2 kC(I,Q) T + T kv 0 kV + kpio kL2 (I,H 1 (Ω)) .
Hence for small T > 0 depending on kv 0 kV , F is a contraction. As a consequence there exists a fixed point q ∈ U of F , q = F (q) ∈ C 0,1 (I, Q), which
together with the solution v of eq. (4.18) solves Problem 4.2.16.
If we assume T < ∞ is the maximal time for which a solution exists, we
have q(T ) ∈ ∂Q since otherwise Problem 4.2.16 with starting time T0 := T and
initial values q(T ) ∈ Q and v(T ) ∈ V has a solution on (T, T + δT ) for some
δT > 0 by the construction carried out before, extending q and v to (0, T + δT )
and thus contradicting T ’s maximality.
To prove that the solution to Problem 4.2.16 is unique, let (q1 , v1 ) and
(q2 , v2 ) be two solutions with the same data on a shared interval I = (0, T ). If
q := q1 = q2 , then v1 −v2 satisfies ∂t (v1 −v2 )+Aq (v1 −v2 ) = 0, (v1 −v2 )(0) = 0
and hence v1 − v2 = 0. Now assume that q1 6= q2 . Define T̃ := inf J for
J := {t ∈ I | q1 (t) 6= q2 (t)}. The graphs of q1 and q2 on I are closed in I × Rn
and so is their intersection. This implies that I \J is closed and hence J is open
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in I. Thus T̃ ∈ I \ J and hence q̃ := q1 (T̃ ) = q2 (T̃ ) and T̃ < T . Since q1 = q2
on I˜ := (0, T̃ ), by the argument above, v1 = v2 on I˜ and ṽ := v1 (T̃ ) = v2 (T̃ ).
The initial value problem at T̃ with initial values (q̃, ṽ) has a unique solution on
(T̃, T̃ + δT ) for δT such that T̃ + δT < T . This implies q1 = q2 on (0, T̃ + δT ),
contradicting the construction T̃ .
□
Corollary 4.2.20. For given q 0 ∈ Q there exists T > 0 such that for all v 0 ∈ V
and ε > 0 the solution to Problem 4.2.16 exists at least on I := (0, ε−1 T ).
Proof. With ρ := d(q 0 , ∂Q) > 0 and M > 0 being the bound of g, the solution qε cannot exit Q for T ≤ ε−1 ρM −1 and hence the claim follows from
Theorem 4.2.19.
□

4.3 Singular Limit
Since the wall shear stress has only L2 -regularity in time, we cannot directly
use the results from Chapter 3 to prove convergence of qε to the solution of a
suitably averaged equation. While this loss of regularity requires some changes
in the convergence proof, we nevertheless use some key results from Chapter 3.
For this, we first prove that the solution v to eq. (4.18) for given q induces a
parametric evolution process as introduced in Chapter 3.
Definition 4.3.1. For t ≥ s, q ∈ C(I, Q) and v 0 ∈ V define
V (t, s; q)v 0 := v(t)
where for I := (s, t), v ∈ L2 (I, D(A)) ∩ H 1 (I, H) ,→ C(I, V ) solves eq. (4.18)
with (shifted) initial value v(s) = v 0 and given plaque state q.

Lemma 4.3.2. The set {V (t, s; q); t ≥ s, q ∈ C(R, Q)} ⊂ C(V , V ) is a localin-time evolution process as defined in Chapter 3, i.e. satisfies for q ∈ C(R, Q)
the conditions
• V (t, t; q) = IdV for all t ∈ R,
• V (t, s; q) = V (t, r; q)V (r, s; q) for all t ≥ r ≥ s,
• (t, s, v 0 ) 7→ V (t, s; q)v 0 ∈ V is continuous for t ≥ s, v 0 ∈ V .
Proof. This follows by definition and Lemma 4.2.17 using that L2 (I, D(A)) ∩
H 1 (I, H) ,→ C(I, V ).
□
Lemma 4.3.3. There exists α > 0 such that for q ∈ C(I, Q) and v1 , v2 solving
eq. (4.18) with given q and initial values v10 , v20 ∈ V there holds
k∂t (eαt (v1 − v2 ))kL2 (I,H) + keαt (v1 − v2 )kL2 (I,D(A)) ≲ kv10 − v20 kV
and pointwise-in-time exponential stability holds in V for t ∈ I:
kv1 (t) − v2 (t)kV ≲ e−αt kv10 − v20 kV .
Proof. For any q ∈ Q the bilinear form

Vq × Vq 3 (v, ϕ) 7→ (∇v, ∇ϕ)q − α(v, ϕ)q
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is coercive for 0 < α < Cq with Cq > 0 depending only on Poincaré’s constant
and hence diam(Ωq ). Since diam(Ω) ≲ diam(Ωq ) ≲ diam(Ω) we can find α > 0
independent of q such that the bilinear form is coercive for all q ∈ Q.
Analogous to the arguments for the bilinear form (4.15) the form above
induces a maximal regular operator Ãq,α = Ãq − α IdHq on Hq with domain
D(Ãq ) and operator norm equivalent to k · kD(Ãq ) for all q ∈ Q, with analogous
properties for Aq,α := Pq ◦Ãq,α ◦Pq−1 = Aq −α IdH . For q ∈ C(I, Q), t 7→ Aq(t),α
is maximal regular, so that the solution to
∂t w(t) + Aq(t) w(t) − αw(t) = 0,

w(0) = w0 ∈ V

(4.22)

obeys the bound
k∂t wkL2 (I,H) + kwkL2 (I,D(A)) ≲ kw0 kV .
Now w := eαt (v1 (t) − v2 (t)) satisfies eq. (4.22), which follows by subtraction
of the equations for v1 and v2 multiplied with eαt . Thus the maximal regularity
estimate for w implies the first claimed bounds. The embedding L2 (I, D(A)) ∩
H 1 (I, H) ,→ C(I, V ) results in the pointwise-in-time estimates.
□
Corollary 4.3.4. The assumptions A1–A3 from Chapter 3 are satisfied, i.e.
A1. There is α > 0 such that
kV (t, s; q)v 0 − V (t, s; q)ṽ 0 kV ≲ e−α(t−s) kv 0 − ṽ 0 kV .
A2. There is a monotone function λ : R≥0 → R≥0 such that


kV (t, s; q)v 0 − V (t, s; q̃)v 0 kV ≲ kq − q̃kC([s,t],Q) kv 0 kV + λ(t − s)

for s < t, v 0 ∈ V and q, q̃ ∈ C([s, t], Q).
A3. For each q ∈ Q the process is 1-periodic, i.e.
V (t + 1, s + 1; q) = V (t, s; q)
for any s < t.
Proof. Exponential stability, pointwise in V , was verified in Lemma 4.3.3, the
Lipschitz continuity in Lemma 4.2.18 and periodicity follows since the data pio
is 1-periodic.
□
Lemma 4.3.5. For each q ∈ Q there is a unique vπ (·; q) ∈ L2 (0, 1; D(A)) ∩
H 1 (0, 1; H) solving the time-periodic equation
∂s vπ (s; q) + Aq vπ (s; q) = f (s; q),

vπ (0, q) = vπ (1, q).

The map
Q 3 q 7→ vπ (·; q) ∈ L2 (0, 1; D(A)) ∩ H 1 (0, 1; H)
is Lipschitz continuous.
Proof. By Lemma 3.3.2 a unique periodic solution exists. The Lipschitz continuity in L2 (0, 1; D(A)) ∩ H 1 (0, 1; H) follows from Lemmas 4.3.3 and 4.2.18
together with the Lipschitz continuity of Q 3 q 7→ vπ (0; q) ∈ V also proven in
Lemma 3.3.2.
□
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Let us remind of our notation τ ∈ I := (0, T ) for T > 0 to denote the slow
timescale. For some fixed 0 < ε  1 it is related to the fast ε-timescale, where
we write t ∈ I := (0, T ) for T > 0, by τ = εt, T = εT . The limit system is
naturally formulated in the slow timescale, but we return to the fast scale for
the convergence analysis.
Problem 4.3.6 (Limit system). Given T > 0, q 0 ∈ Q, find q0 ∈ C 0,1 (I , Q)
with I := (0, T ) such that for τ ∈ I there holds
q0′ (τ ) = g(q0 (τ )),

q0 (0) = q 0

where the averaged right-hand side g : Q → Rn is defined by
Z 1
g(q) :=
g(q, vπ (s; q)) ds

(4.23)

0

and vπ (·; q) for q ∈ Q denotes the time periodic solution from Lemma 4.3.5.
Lemma 4.3.7. The function g defined in eq. (4.23) is Lipschitz continuous.
Proof. For q1 , q2 ∈ Q there holds for i ∈ {1, 2}:
|g(q1 ) − g(q2 )|
Z 1
≲
|q1 − q2 |(1 + kvπ (s; qi )kD(A) ) + kvπ (s; q1 ) − vπ (s; q2 )kD(A) ds
0

≲ |q1 − q2 |(1 + kvπ (qi )kL2 (0,1;D(A)) ) + kvπ (q1 ) − vπ (q2 )kL2 (0,1;D(A))
≲ |q1 − q2 |
using the Lipschitz-continuity of g, ineq. (4.9), and the Lipschitz continuity of
q 7→ vπ (q) ∈ L2 (0, 1; D(A)) from Lemma 4.3.5.
□
Lemma 4.3.8. For every q 0 ∈ Q there exists T > 0 such that Problem 4.3.6
has a unique solution q0 ∈ C 1,1 (I , Q) where I := (0, T ). For the maximum
time of existence either T = ∞ or q0 (T ) ∈ ∂Q.
Proof. This follows from standard theory of ordinary differential equations due
to the Lipschitz continuity and boundedness of g from Lemma 4.3.7.
□
Theorem 4.3.9. For q 0 ∈ Q and v 0 ∈ V there exists T > 0 such that for any
0 < ε  1 the solution (qε , vε ) to Problem 4.2.16 exists on I := (0, ε−1 T ), the
solution q0 to Problem 4.3.6 exists on I = (0, T ) and there holds
kqε − q0 kC(I,Q) ≲ ε.
Proof. By Corollary 4.2.20 there exists T > 0 such that for any ε > 0 Problem 4.2.16 has a solution (qε , vε ) on I := (0, T ) with T := Tε := ε−1 T . By
Lemma 4.3.8 the same holds true for q0 with T smaller if necessary. For t ∈ I
there holds
|qε (t) − q0 (t)|2
Z t
g(qε , vε ) − g(q0 ) ds|2
≤ ε2 |
0
Z t
Z t
2
≤ε |
g(qε , vε ) − g(q0 , vε ) ds|2 + ε2 |
g(q0 , vε ) − g(q0 ) ds|2 . (4.24)
0

0
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For the first term we use the Lipschitz continuity of g, ineq. (4.9), to estimate
Z

Z

t

|

g(qε ) − g(q0 , vε ) ds|2 ≲
0

t

2
(1 + kvε kD(A) )|qε − q0 | ds

0

≲ (T +

Z
kvε k2L2 (I,D(A)) )

t

|qε − q0 |2 ds.
0

Using ineq. (4.19) and kpio k2L2 (I,H 1 (Ω)) ≲ ε−1 kpio k2L2 (0,1;H 1 (Ω)) it follows that
2
−1
kvε k2L2 (I,D(A) ≲ kv 0 k2V + kpio kL
2 (I,H 1 (Ω)) ≲ ε

which together with T ≲ ε−1 implies for ineq. (4.24) that
Z
|qε (t) − q0 (t)| ≲ ε

Z

t

|qε − q0 | ds + ε |

2

2

0

t

g(q0 , vε ) − g(q0 ) ds|2 .

2

(4.25)

0

Our goal is to apply Gronwall’s inequality to ineq. (4.25), which yields the
claimed estimate if all terms on the right are either of the form of the first term
or of order ε2 . We abbreviate vπ0 (q) := vπ (0; q) and ṽε (t) := v(0, t; qε )vπ0 (q 0 ).
Then there holds
Z

t

|

g(q0 , vε ) − g(q0 ) ds|
Z t
Z t
≤
|g(q0 , vε ) − g(q0 , ṽε )| ds + |
g(q0 , ṽε ) − g(q0 ) ds|

0

0

(4.26)

0

and the exponential stability estimate from Lemma 4.3.3 implies
Z

Z

t

|g(q0 , vε ) − g(q0 , ṽε )| ds ≲
0

Z
≲

t

kvε − ṽε kD(A) ds
0

t

−2αs

e

 12
keαs (vε − ṽε )kL2 (0,t;D(A)) ≲ kv 0 − vπ0 (q 0 )kV ≲ 1.
ds

0

For the second term on the right of ineq. (4.26) we proceed as in Chapter 3 and
split [0, t] into btc intervals of period length 1 and a remainder:
Z
|

t

g(q0 , ṽε ) − g(q0 ) ds|2
0

≲|

⌊t⌋ Z
X
i=1

Z

i

i−1

g(q0 , ṽε ) − g(q0 ) ds|2 +

t

⌊t⌋

|g(q0 , ṽε ) − g(q0 )|2 ds.

The last term is bounded independent of ε since g, and hence g, is. We abbreviate e.g. qεi−1 := qε (i − 1) and split the remaining integrals over full periods
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as follows:
Z

i

g(q0 , ṽε ) − g(q0 ) ds
i−1

Z

(4.27a)

i

g(q0 , ṽε ) − g(q0 , vπ (qεi−1 )) ds

=

(4.27b)

i−1

Z

i

+

g(q0 , vπ (qεi−1 )) − g(q0 , vπ (q0i−1 )) ds

(4.27c)

g(q0 , vπ (q0i−1 )) − g(q0i−1 , vπ (q0i−1 )) ds

(4.27d)

g(q0i−1 , vπ (q0i−1 )) − g(q0i−1 ) ds

(4.27e)

g(q0i−1 ) − g(q0 ) ds.

(4.27f)

i−1
Z i

+
i−1
Z i

+
i−1
Z i

+
i−1

The integral in line (4.27e) is zero by definition of g since we integrate over one
period. Since we sum over btc ≲ ε−1 periods we require lines (4.27b), (4.27d)
and (4.27f) to be of order ε, line (4.27c) will be estimated differently. For
line (4.27b) we use Lipschitz continuity of g, such that it remains to estimate
Z

i

kṽε − vπ (qεi−1 )kD(A) ds
i−1

Z

i

≤

kṽε − V i−1 (qε )vπ0 (qεi−1 )kD(A) + kV i−1 (qε )vπ0 (qεi−1 ) − vπ (qεi−1 )kD(A) ds
i−1

writing V i−1 (qε ) := V (·, i − 1; qε ) for the process starting at i − 1. There holds
Z

i

kṽε − V i−1 (qε )vπ0 (qεi−1 )kD(A) ds ≲ kṽεi−1 − vπ0 (qεi−1 )kV ≲ ε
i−1

since kṽε (t) − vπ (t; qε (t))kV ≲ ε for any t ∈ I by a simple modification of the
argument in Lemma 3.4.4, noting that not the specific form of qε but only a
Lipschitz constant of order ε is necessary there. For the second term we have
Z

i

kV i−1 (qε )vπ0 (qεi−1 ) − vπ (qεi−1 )kD(A) ds ≲ kqε − qεi−1 kC([i−1,i],Q) ≲ ε.
i−1

For line (4.27d) the Lipschitz continuity of g by ineq. (4.9) and of q 7→ vπ (q) by
Lemma 4.3.5 yield
Z

i

|g(q0 , vπ (q0i−1 )) − g(q0i−1 , vπ (q0i−1 ))| ds
i−1

Z

i

≲

(1 + kvπ (q0i−1 )kD(A) )|q0 − q0i−1 | ds ≲ ε(1 + kvπ (q0i−1 )kL2 (0,1;D(A)) )
i−1

and thus by the boundedness of vπ in L2 (0, 1; D(A)) the claim. For line (4.27f)
the O(ε)-estimate follows since g is Lipschitz continuous by Lemma 4.3.7. For
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the last term on line (4.27c) we have by similar techniques as before
Z

Z

i

i

|g(q0 , vπ (qεi−1 )) − g(q0 , vπ (q0i−1 ))| ds ≲
i−1

kvπ (qεi−1 ) − vπ (q0i−1 )kD(A) ds
i−1

≲ kvπ (qεi−1 ) − vπ (q0i−1 )kL2 (0,1;D(A)) ≲ |qεi−1 − q0i−1 |.
Using the Lipschitz continuity of qε and q0 we have
Z
|qεi−1 − q0i−1 |

Z

i

|qεi−1 − qε | + |qε − q0 | + |q0i−1 − q0 | ds

≤
i−1

i

≲ ε+

|qε − q0 | ds.
i−1

Applying these estimates for lines (4.27b) to (4.27f) in ineq. (4.25), we conclude
|qε (t) − q0 (t)|2
Z

t

≲ε



|qε (s) − q0 (s)|2 ds + ε2 + ε2 

0

Z
≲ε

⌊t⌋ Z
X
i=1

2
i

|qε (s) − q0 (s)| ds

i−1

t

|qε (s) − q0 (s)|2 ds + ε2
0

and thus by Gronwall’s inequality the claimed estimate follows:
|qε (t) − q0 (t)|2 ≲ ε2 eCεt ≲ ε2 eC T .

□

Chapter 5

Numerics for the Simplified
Plaque Model
This chapter is concerned with the numerical solution of the problem described
in Chapter 4, i.e. a fluid equation with time-periodic boundary conditions on
a slowly moving domain with movement governed by an ordinary differential
equation depending on the wall shear stress. In contrast to the theory we
will mainly study the Navier–Stokes equation, assuming that analogous results
for the multiscale convergence hold. We emphasize that the interest lies in
the evolution of the growth, rather than the blood flow for which a simple
reconstruction is available.
The motivation for the theory was that the limit equation is much more
eﬀicient to solve numerically than the original fast-slow system, at least for ε
“suﬀiciently small”. The numerical solution of the limit system is non-standard
since each evaluation of the right-hand side of the limit equation for q0 requires
the solution of the time-periodic solution to the Navier–Stokes equation on
the domain corresponding to q0 . This chapter consists of a description of the
problem and the discretizations used for both fast-slow and limit systems, an
error analysis for the temporally semi-discrete limit equation, the numerical
convergence results and an improvement, both theoretically and numerically,
of an existing method to solve the time-periodic fluid equation.

5.1 Problem Description
For computational simplicity we only study the two-dimensional geometry from
Example 4.1.2 from Chapter 4, see also Figure 5.1. To summarize, this domain
is a single-channel geometry with dimensionless diameter 1 and length L :=
5. At the bottom-center a stenosis may develop with base width L0 := 3.5,
prescribed bump-shape and height given by the slow variable q. The fluid
flows from the inflow boundary ∂i Ω on the left to the outflow boundary ∂o Ω
on the right, the remaining boundary is the fixed wall ∂w Ωq . Only the region
Γq ⊂ ∂w Ωq of the bump is considered damaged and hence permeable, which in
our model means that the growth rate depends on the wall shear stress only in
this region.
Some physiological parameters such as Reynolds and Strouhal number were
taken from the non-dimensionalization of the model by Yang et. al. [Yan+15]
93
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∂i Ωq

∂w Ωq

∂o Ωq
Γq ⊂ ∂w Ωq

1

q
3.5
5
Figure 5.1: Sketch of the problem domain Ωq for some q ≈ 0.5 with notation
for boundaries and geometric dimensions. The reference domain
Ω̂ is a rectangle with the same dimensions. This figure is a repetition of Figure 4.1.

from Section 2.3, but the situation treated here must be viewed as a purely
theoretical test case to demonstrate the numerical implementation and acceleration of the proposed multiscale scheme compared to the direct numerical
simulation of the original fast-slow problem. Apart from the geometrical simplifications we investigate an exemplary flow profile and wall shear stress to
growth rate relation.
We formulate all equations on the unknown moving domain. The problem is then to find fluid velocity vε , pressure pε and growth qε as solution
to the following equations. The fluid velocity and pressure is solution to the
(dimensionless) Navier–Stokes equation on a moving domain given by
)
St ∂t vε + (vε · ∇)vε − Re−1 ∆vε + ∇pε = 0,
in ΩIqε
(5.1a)
div vε = 0,
with Strouhal number St = 0.016 and Reynolds number Re = 500 in the slowly
evolving space-time domain
ΩIqε := {(t, x) | t ∈ I, x ∈ Ωqε (t) }

(5.1b)

with plaque state qε given by
qε′ = εg(qε , vε )
where

Z
g(q, v) := γ(1 − q)


1+

Γq

|σWS (v)|
0
σWS

(5.1c)
−1
do

following the example from eq. (4.3) where σWS (v) is the wall shear stress
0
:= 0.004 was chosen
corresponding to the velocity field v. The parameter σWS
such that the integrand over Γq has non-trivial behavior, whereas γ := 0.1
rescales the slow time such that interesting behavior happens for τ ∈ [0, 10]
and effectively acts as a rescaling of ε.
The initial values chosen for our computations are qε (0) := 0 and vε (0) := 0
in Ω0 . From a modelling perspective it would be more appropriate to set
vε (0) := vπ (0; 0) under the assumption that the blood flow prior to our model’s
initial time is undisturbed and hence periodic. Such an initial value is investigated for a single test case below, but it requires knowledge of the initial
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periodic flow, which is unknown in general1 . The method we present to solve
the time-periodic Navier–Stokes problem in our limit equation could be used to
determine this initial value, but this would convolute the presentation and computations. This nevertheless highlights that a time-periodic problem should be
solved for realistic models even if the fast-slow problem is studied. We remind
that the limit system is independent of the choice of initial fluid velocity, so
the simplification vε (0) := 0 mainly affects the boundary layer behavior for the
fast variable vε .
On in- and outflow boundaries, a 1-periodic pressure drop is prescribed,
Re−1 ∂n vε − pε n = −Pio n

on I × ∂io Ω

(5.1d)

with temporally 1-period pressure drop function Pio described below. For the
wall boundary homogeneous Dirichlet values are used for simplicity
vε (t, x) = 0

for t ∈ I and x ∈ ∂w Ωqε (t) .

The pressure drop function is graphed in Figure 5.2 and given by
(

p0
1 − cos(2π(2t − t2 )) for x ∈ ∂i Ω,
2
Pio (t, x) =
0
for x ∈ ∂o Ω

(5.1e)

(5.2)

for t ∈ [0, 1], periodically extended to R. The parameter p0 := 0.16 was
chosen such that the induced periodic velocity field has a maximal speed of
approximately 1 in the initial geometry while the solution is still stable, see
the remarks about the pressure boundary conditions below. The shape of the
pressure drop function is intended to only roughly approximate systole (heart
contraction) and diastole (refilling of the heart), including the asymmetry of
this process.
Translating the multiscale result from Chapter 4 to the present situation
for the Navier–Stokes equation we assume that the limit as ε → 0 is given by
the solution to
q0′ (τ ) = g0 (q0 (τ ))
(5.3a)
with initial value q0 (0) := 0 and right-hand side
−1
Z 1Z 
|σWS,π (s; q̂)|
g0 (q̂) := γ(1 − q̂)
1+
do ds
0
σWS
0
Γq̂

(5.3b)

for q̂ ∈ Q, where σWS,π (·; q̂) is the wall shear stress of the solution to the
time-periodic Navier–Stokes equation on a cylindrical domain
)
St ∂s vπ (q̂) + (vπ (q̂) · ∇)vπ (q̂) − Re−1 ∆vπ (q̂) + ∇pπ (q̂) = 0,
in (0, 1) × Ωq̂ ,
div vπ (q̂) = 0,
(5.3c)
omitting the temporal variable s ∈ (0, 1) here, i.e. writing vπ (q̂) instead of
vπ (s; q̂). This solution is temporally 1-periodic,
vπ (0; q̂) = vπ (1; q̂) in Ωq̂ ,

(5.3d)

1 For the straight tube geometry one could use (a spatial projection of) the Womersley
flow as an exact solution [Wom55], but such a solution is also only given as a Fourier series
depending on the Fourier decomposition of pio .
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Figure 5.2: Plot of the pressure (drop) at the inflow boundary ∂i Ω over one
period, see eq. (5.2). A zero pressure is prescribed on the outflow
boundary ∂o Ω.

and has the same boundary conditions as the fast-slow problem, i.e.
Re−1 ∂n vπ (q̂) − pπ (q̂)n = −Pio n
vπ (q̂) = 0

on (0, 1) × ∂io Ω,
on (0, 1) × ∂w Ωq̂ .

(5.3e)
(5.3f)

We refer to [GK16] for an overview of the theory for the time-periodic
Navier–Stokes equation, in particular the existence and uniqueness of weak
time-periodic solutions with homogeneous Dirichlet boundary conditions for
suﬀiciently regular right-hand side and domain, assuming the smallness of the
data for d = 3. Corresponding results for the boundary conditions and domain
studied here are not known to the author. In fact, the use of the do-nothing
boundary condition on an outflow boundary, as in eq. (5.3e), is known to cause
stability issues due to the possibility of uncontrollable backflow, i.e. inflow at
nominal outflow boundaries. As a remedy, directional do-nothing conditions
have been proposed which add a stabilization only affecting such backflow
[BM14] among other approaches [Ber+18]. On inflow boundaries such modifications drastically change the flow profile and are hence unsuitable. Instead,
tame problem data and geometry were selected such that no stabilization is
necessary.
The behavior of the solutions qε and q0 are plotted in Figure 5.3. These
solutions were obtained numerically using the discretization discussed below.
All simulations were stopped after the growth variable exceeded a 80%-diameter
stenosis, i.e. q > qmax := 0.8. In the algorithmic descriptions of the timestepping schemes this condition is replaced with a fixed number of time steps
for simplicity. All errors between solutions in the following were computed on
the largest shared time interval.
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Figure 5.3: Behavior of the solutions qε for different values of ε and the
limit solution q0 . The simulation is stopped after q exceeded
qmax := 0.8 (dashed line), the limit system crosses this threshold
significantly due to the large step size employed. For small ε, qε
and q0 are indistinguishable on this scale, hence a zoomed view
is provided.

5.2 Numerical Realization of Fast-Slow and Limit
Systems
Spatial Discretization
For both limit and fast-slow equation the solution of the Navier–Stokes equation
will be necessary. We will use the same spatial discretization in both cases,
employing the inf-sup stable Taylor–Hood P 2 /P 1 element on a triangular mesh.
We write h for the maximal element diameter and denote the discrete velocity
space by Vh ⊂ {v ∈ H 1 (Ω0 ) | v|∂w Ω = 0} and the discrete pressure space by
Qh ⊂ L2 (Ω0 ). The spatial mesh is uniform on the initial geometry Ω0 and
is chosen as very coarse with only 15 522 degrees of freedom for the velocity
and 2000 degrees of freedom for the pressure variable. The reason for this low
spatial resolution is the very large number of time steps required in particular
for the solution of the fast-slow system. Since our focus lies exclusively on the
temporal aspects of this problem this is not considered a problem.
The movement of the geometry is implemented as explicit movement of the
mesh vertices using the transformation Φq and not through a pullback of the
equation to the initial geometry. We denote the finite element spaces on such
a deformed mesh by Vh,q and Qh,q . Since the transformation Φq of the whole
fluid domain is explicitly given, the mesh quality can be controlled easily, in
contrast to e.g. ALE methods.
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All numerical simulations in this chapter were carried out using a customized version of the FEniCS software v2018.1 [Aln+15; LWH12; Log+12;
Aln+14; Kir04; ALM12]. The used (semi-)implicit temporal discretization of
the fluid equation leads to nonlinear problems which were solved with a quasiNewton method using PETSc’s SNES package [Bal+] and the resulting linear
equations were solved with the direct solver UMFPACK [Dav04].

Temporal Discretization: Fast-Slow System
We compute the solution of the fast-slow system eq. (5.1) for different ε to investigate the numerical convergence behavior of qε to q0 . Following the convention used throughout this thesis we will formulate the temporal discretization
of the fast-slow system in terms of the fast variable t. For simplicity we employ
1
where M ∈ N is the
a uniform temporal discretization with step size k := M
number of temporal steps per period. With total number of time steps N ∈ N,
we denote the individual discrete times on the fast scale by
0 = t0 < t1 < · · · < tN −1 < tN = T,

tn := nk.

We remark that, since T = ε−1 T , the number of micro steps is proportional
to ε−1 . We formulate our time-stepping schemes with a fixed N for formal
simplicity, but the simulations performed in the following were stopped once
the growth qε exceeded the threshold qmax := 0.8. We write qεn , vεn and pnε for
the fully discrete solution at time tn , i.e. omit the dependence on k and h.
The discretization of the fast-slow system eq. (5.1) is non-trivial due to the
coupling of these two equations through the movement of the fluid domain.
Since our focus lies on the solution of the limit system, we will propose a
straight-forward decoupling scheme employing an explicit Euler method for qε
and the Crank–Nicolson scheme for the fluid velocity vε .
For all n = 1, . . . , N first solve
qεn = qεn−1 + εkg(qεn−1 , vεn−1 )
with initial value qε0 := 0 and then, reminding that ( · , · )q̂ denotes the L2 (Ωq̂ )
scalar product , the weak version of the Navier–Stokes equation, given as solution to
St(vεn − ṽεn−1 , ϕ)qεn + k2 ((vεn · ∇)vεn + (ṽεn−1 · ∇)ṽεn−1 , ϕ)qεn
+

k
2

Re−1 (∇vεn + ∇ṽεn−1 , ∇ϕ)qεn − k(pnε , div ϕ)qεn + k(div vεn , ξ)qεn

= −k(pnio n, ϕ)∂io Ω
for all ϕ ∈ Vh,qεn and ξ ∈ Qh,qεn with initial value vε0 := 0. Here, ṽεn−1 is the
push-forward of vεn−1 to Ωqεn induced by the movement of the vertices of the
finite element mesh. As in the multiscale analysis we omitted the advection
due to mesh movement of order O(ε). Note that the integral over Γq̂ in the
evaluation of g must be replaced by a quadrature scheme.
The algorithm presented here first evolves qεn and then vεn . Even though
a first order discretization is used for the growth equation the observed convergence is of second order as depicted in Figure 5.4, where the error in terms
of the step size k has been plotted for ε = 0.1. Evolving first vεn and then qεn
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Figure 5.4: Maximal error between qε , with ε = 0.1, for different values of k
compared to the reference solution with k0 := 5 × 10−3 . Plotted
are both orders in which the qε and vε steps could be taken.

reduces the observed order to k 1.5 , also plotted in Figure 5.4. The reference solution in both cases is the respective solution for k0 := 5×10−3 . The reason for
this better-than-expected convergence is unknown. Below we will use that the
integration scheme corresponding to the implicit Euler method is equivalent to
the second-order trapezoidal rule for periodic functions integrated over the full
period, which also holds for the explicit Euler method. The improved convergence seen in Figure 5.4 may be related to this effect since the fast changing
vεn is close to its periodic orbit, but this is only speculation.

Temporal Discretization: Limit Equation
The evaluation of the right-hand side of eq. (5.3a) for q0 requires the timeperiodic solution of the Navier–Stokes equation for the associated domain. This
naturally decomposes the numerical algorithm into macro steps evolving q0 and
micro steps for the temporal discretization of the time-periodic Navier–Stokes
equation for the given geometry. These two interlinked time-stepping schemes
are illustrated in Figure 5.5.
The decomposition into macro and micro steps naturally fits into the framework of the heterogeneous multiscale method (HMM), see [E+07] for a review.
In the nomenclature from [E+07] the problem studied here is of type B, where
the macro scale equation, in our case the equation for q0 , is computationally
not explicit in the sense that vπ and qπ are unknown and thus the right-hand
side of the limit equation cannot be evaluated directly. The solution algorithm
we are going to propose computes the associated periodic Navier–Stokes equation in each step and is thus a concurrent coupling method, again following the
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κ
τ0 = 0

τn

τ n+1

τN = T

macroscale
(evolve q0 )

Solve periodic problem for each r.h.s. evaluation:

s0 = 0

sm

k

sm+1

sM = 1

microscale
(find vπ , pπ )

(approx. periodic)

Figure 5.5: Sketch of the solution process for the discrete limit equation. In
every macro step, which evolves q0 , each evaluation of the averaging right-hand side requires the solution of the microscale problem, i.e. the solution of the time-periodic Navier–Stokes equation.

nomenclature from [E+07]. Sequential coupling methods, in contrast, would
pre-compute the periodic problem for a fixed set of Q and then interpolate
between these values, an approach not pursued here.
As indicated in Figure 5.5, we use equidistant temporal meshes for simplicity and use κ for the temporal step size on the macro scale. We denote by q0n for
n = 0, . . . , N the discretization of q0 at time τ n := nκ with N := T /κ. Note
that q0n is an approximation to q0 (τ n ) for n = 0, . . . , N on the slow timescale,
whereas qεn is an approximation of qε (tn ) for n = 0, . . . , N on the fast timescale.
We study only explicit time-stepping schemes for the limit equation for
q0 , eq. (5.3a), since otherwise the coupling between q0 and the time-periodic
solution of the Navier–Stokes equation on Ωq0 must be resolved. Discretizing
only the macro scale for the moment, the time-stepping schemes studied here
are the explicit Euler method
q0n := q0n−1 + κg0 (q0n−1 )

(5.4)

and the second-order Runge–Kutta midpoint (RK2) method


δ n(1) := g0 (q0n−1 ), δ n(2) := g0 q0n−1 + κ2 δ n(1) , q0n := q0n−1 + κδ n(2) . (5.5)
The right-hand side g0 can not be evaluated exactly since vπ (·; q̂) is unknown. The determination of an approximation for vπ is the topic of the
second part of this chapter. Here we only assume that a time-discrete approximation vπm (q̂) at time sm := mk for m = 0, . . . , M and k := 1/M has been
found by a black box solver, where M ∈ N is the number of time steps used to
resolve a single period.
We will use the second-order Crank–Nicolson method for the temporal discretization of the Navier–Stokes equation, just as for the fast-slow system. For
the discretization of the averaging integral in the evaluation of g0 it is hence
plausible to also use a second-order approximation, such as the trapezoidal
integration rule, i.e.



Z 
m−1
M
m
X
|σWS,π
(q̂)| −1
|σWS,π
(q̂)| −1
k
+ 1+
do.
1+
g0 (q̂) ≈ γ(1 − q̂)
0
0
2 Γq̂
σWS
σWS
m=1
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The periodicity of the integrand allows us to find alternative formulations for
0
M
this integral. Namely, assuming that σWS,π
= σWS,π
, which is only approximatively satisfied in practise, the integral can be rewritten as
−1
Z 
M
m
X
|σWS,π
(q̂)|
g0 (q̂) ≈ γ(1 − q̂)
k
1+
do
(5.6)
0
σWS
Γq̂
m=1
which is the integral version of the implicit Euler scheme, or explicit Euler
scheme if the sum is taken over m = 0, . . . , M − 1. This equivalence between
midpoint and explicit Euler scheme was alluded to above as a possible explanation why the explicit Euler discretization of the fast-slow system yielded better
convergence than expected. While the discretization eq. (5.6) is used for our
numerical computations, the approximation
!−1
Z
m−1
M
m
X
| 12 (σWS,π
(q̂) + σWS,π
(q̂))|
1+
g0 (q̂) ≈ γ(1 − q̂)
k
do
(5.7)
0
σWS
Γq̂
m=1
is more suitable for the error analysis of the limit system carried out in the
last part of this chapter due to the form of error estimates available for the
Crank–Nicolson scheme.
After spatial discretization of the Navier–Stokes equation and replacement
of the boundary integral with a quadrature rule, this approximation of g0 will
be used in the time-stepping schemes eqs. (5.4) and (5.5). Again, we will
omit any indices for the discretization parameters, which would yield unwieldy
names such as q0,κ,k,h . All these parameters will influence the quality of the
discretization, the last part of this chapter consists of a sketch of an error
analysis for the RK2 scheme. This analysis will show that the right-hand side
evaluation for δ n(2) from eq. (5.5), i.e. the micro problem solution, must be of
order O(κ2 ), whereas the micro problem solved for δ n(1) must be only of order
O(κ) to balance the overall error to be of order O(κ2 ), cf. Theorem 5.4.1.
Consequentially, different discretization schemes for the micro solver should be
used in the evaluation of δ n(1) and δ n(2) for eﬀiciency.
The convergence of the limit solver in terms of the macro step size κ is
plotted in Figure 5.6, comparing the discrete solutions for explicit Euler and
RK2 schemes to the reference solution which employed the RK2 scheme with
κ = 1 × 10−1 . Here and in the following the errors between functions on
different time grids are computed using a linear interpolation to a common,
matching grid. For the balanced RK2 scheme the parameters were chosen such
that the overall error is balanced, see Theorem 5.4.1 at the end of this chapter.
Specifically,
M (1) = 6dκ−1/2 e and M (2) = 6dκ−1 e
(1)

(2)

time steps were used in the evaluation of g̃0 and g̃0 , respectively. For the
explicit Euler and unbalanced RK2 scheme a fixed micro discretization was
employed which used M = 40 time steps per period and stopped once the
L2 error between initial and final value in a period was below 10−7 . The
convergence behavior for the explicit Euler scheme in Figure 5.6 is of first
order as expected. The error for the unbalanced RK2 scheme is of second
order, whereas the error for the balanced RK2 scheme is better than expected
for κ = 2 but shows convergence behavior similar to that of the unbalanced
scheme for smaller κ, while being much more computationally eﬀicient.
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explicit Euler

linear convergence
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quadratic convergence

maximal error
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Figure 5.6: Convergence behavior for the solution of the limit equation in the
macro step size κ. Plotted are the errors for the solutions using
the explicit Euler and RK2 schemes, compared to the reference
solution which used the RK2 scheme with κ = 1×10−1 . Two variants of the RK2 discretization are plotted, one striving to balance
the overall error and thus reducing the numerical cost (RK2 balanced), the other using a much finer, static discretization (RK2
unbalanced).

Single Period Micro Solvers
Even though the periodic solver has not been discussed yet, we want to investigate an alternative and computationally cheaper micro solver which only evolve
the fast initial value problem by a single period while keeping the slow growth
variable, i.e. the domain, fixed without taking periodicity into account. This
can either be seen as a heuristic approach to solving the fast-slow system if no
knowledge of the limit system is available, or as a computational simplification.
Such a single-period micro solver requires initial values for the fast initial
value problem at each macro step. The most obvious choice is to use the end
value of the micro solver from the previous macro step as new initial value, or
rather its push-forward due to the mesh movement. The initial value for the
first macro step could either be the initial value of the fast-slow system, in our
case simply v 0 = 0, or, in view of the known limit structure, the initial value of
the periodic solution vπ0 (0) in the initial geometry. The determination of this
initial value would again require a solution of the periodic problem, but just
once.
The result of such a simplification, compared to the reference solution for
q0n from Figure 5.6, can be found in Figure 5.7. It can be observed that the
single period micro solvers also yield convergent solutions, but the convergence

maximal error
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(a) Zero initial value.
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RK2
linear convergence

2e-02

5e-02
1e-01
macro stepsize κ

2e-01

(b) Periodic initial value.

Figure 5.7: Error between the reference solution for q0n from Figure 5.6 and
solutions of the “limit system” if only a single period of the fast
equation is evolved per macro step, instead of seeking periodic
solutions. Two different initial values for the first micro step are
compared.

order for the RK2 discretization is reduced to O(κ1.2 ). The use of a periodic
initial value only reduces the overall error, cf. Figure 5.7(b). The convergence
in κ may be explained by the fact that the increase in macro steps leads to an
increase in the number of computed periods such that the velocity is close to
its periodic state. We will see below for the RK2 discretization with κ = 0.2
that only 2–4 initial value problems must be solved per macro step to achieve
quadratic convergence, cf. Figure 5.9, which shows the superiority of using a
true periodic solver at least for the RK2 discretization.

Multiscale Convergence and Eﬀiciency
The convergence of the solution of the fast-slow solutions qε to the limit solution
q0 can be found in Figure 5.8. In contrast to the theory only a convergence
order of ≈ 0.85 could be achieved, where the error stalls if the number of steps
per period for the fast-slow system is too small. The reason for this deviation
from the theoretical results could not be determined, other tests with the Stokes
equation and other temporal norms for the difference qε − q0 yielded the same
convergence rate.
To estimate the cost for the solution of the limit equation we need to investigate the cost of solving the periodic micro problem. The algorithm presented
below amounts to a variable number of iterations, each consisting of solving an
initial value Navier–Stokes problem for a single period and then performing a
correction, which is negligible in cost. The number of iterations required per
macro step for the RK2 discretization with macro step size κ = 0.2 is plotted
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Figure 5.8: Maximal error between the numerical solutions of the fast-slow
problem and the reference solution to the limit equation for different number M of time steps per period for the fast-slow problem.

in Figure 5.9. Each macro steps in the RK2 scheme consists of two evaluations
of an approximation to g0 , each employing different temporal discretizations
and periodicity tolerances. These evaluations are distinguished in Figure 5.9
(1)
(2)
as g̃0 and g̃0 corresponding to the updates δ n(1) and δ n(2) from eq. (5.5).
For τ ≥ 3 it can be observed in Figure 5.9 that the number of iterations
decreases, until just one iteration is needed per evaluation of g0 , a behavior we
will later attribute to the reduction of flow velocity due to the closure of the
artery. Summing over the numbers from Figure 5.9, a total of 89 iterations were
(1)
(2)
(1)
needed for the evaluation of g̃0 and 97 for g̃0 . Each iteration of g̃0 consisted
(1)
of M = 18 time steps, yielding a total of 1602 time steps for the evaluation of
(1)
(2)
g̃0 . For g̃0 a finer discretization with M (2) = 30 steps was employed, yielding
a total of 2910 time steps. Thus, the main cost of the solution to the limit
equation were 4512 time steps of the Navier–Stokes equation. The only tested
resolution which yielded appropriate results for ε = 10−3 employed M = 40
steps per period for the fast-slow system, see Figure 5.8. This discretization
performed a total of 361 473 steps, i.e. 80 times more than the limit system.
This demonstrates the eﬀiciency of the limit system solver. A solution of
the fast-slow system for smaller ε is infeasible, in particular for ε = 10−8 as
appropriate for the model of Yang et. al. as discussed in Section 2.3. Even for
ε = 10−3 the cost of solving the fast-slow system severely limited the spatial
resolution which could be employed for these calculations.
Finally we emphasize that the limit system is solved to approximate qε for
some fixed ε, our case ε = 10−8 . This means that the total error consists of
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Figure 5.9: Number of iterations until an approximately periodic solution was
found in each macro step for the balanced RK2 discretization with
step size κ = 0.2. Each iteration consists primarily of solving
an Navier–Stokes initial value problem. Distinguished are the
iterations needed for the two evaluations of g0 , denoted here by
(1)
(2)
g̃0 and g̃0 for δ n(1) and δ n(2) from eq. (5.5), which use different
temporal discretizations and periodicity tolerances.

discretization errors for the limit system and the multiscale convergence error,
max |q0n − qε (τ n )| ≤

n=1,...,N

≤

max |q0n − q0 (τ n )| + max |q0 (τ n ) − qε (τ n )|

n=1,...,N

n=1,...,N

max |q0n − q0 (τ n )| + Cε.

n=1,...,N

The multiscale error is so small in our application that the corresponding term
can be neglected. For applications with larger values of ε it may be appropriate to balance these errors, which would again create a dependency between
the limit system discretization and ε. Still, the use of higher order schemes
would reduce the computational cost compared to solving the fast-slow system
directly.

5.3 Calculation of Periodic Solutions
A numerical method is required to solve the time-periodic micro problem in
the limit equation. We quickly review some proposals to solve such timeperiodic problems on a continuous level, i.e. with neither temporal nor spatial
discretization. Since the slow variable q ∈ Q is fixed we omit this dependence
and denote by vπ (·) the solution to the periodic (Navier–)Stokes equation and
by v(·; v 0 ) the solution to the corresponding initial value problem with initial
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value v 0 . Let

S0 : v 0 7→ v(1; v 0 )

(5.8)

denote the map between initial value v 0 and the velocity of the corresponding
initial value problem after one period. Later we will introduce a family of
related operators Sγ for γ ∈ [0, 1] which explains the subscript. The periodic
solution can be characterized as fixed-point of S0 , i.e.
v 0 = vπ0 := vπ (0)

⇔

S0 (v 0 ) = v 0 .

(5.9)

Assuming exponential stability of the problem, the map S0 is a contraction.
Applying the Picard iteration to this fixed-point problem leads to
0
0
vi0 = S0 (vi−1
) = v(1; vi−1
) for i ∈ N

(5.10)

with initial guess v00 . The sequence (vi0 )i∈N thus defined can be characterized by
vi0 = v(i; v00 ), i.e. the initial value problem is simply solved for large times and
the reason for convergence to vπ0 is the exponential stability already exploited
extensively in our multiscale analysis. This scheme is referred to as forward
iteration in [Ric19], but also as direct integration in [Kei+99] and as successive
substitution in [JBF03].
It is easy to see for the Stokes equation that the iteration from eq. (5.10)
converges linearly and that the rate of convergence depends on the problem
parameters, see Lemma 5.3.1 below. For many problems this rate of convergence is very slow, making the forward iteration impractical. For theoretical
purposes it can be used to prove the existence of periodic solutions, numerically it can be a building block in more elaborate solvers for nonlinear parabolic
problems [Ste79; Pao02]. The method discussed and used in this thesis, the
mean correction iteration, is a simple augmentation of the forward iteration
guaranteeing a reasonable upper bound for the rate of convergence.
The calculation of periodic solutions can also be seen as a special boundary
value problem, for which shooting methods have been developed. For this the
fixed-point iteration eq. (5.9) is rewritten as a root finding problem

S0 (v 0 ) − v 0 = 0
and various variants of Newton’s method are used to approximate this. While
Newton’s method leads to a higher order of convergence [Ste79], the drawback
of such methods is that at least an approximation of the Jacobian DS0 (v 0 ) must
be computed. Neither storage nor computation of the full Jacobian is feasible
for spatial resolutions typically encountered in applications. Quasi-Newton
methods such as Broyden’s rank-one updating scheme of the Jacobian have
been found to perform better than theoretically predicted for some applications
[NLB99], see also [MPR03] for a review of other strategies for Quasi-Newton
methods. Another modification of the shooting strategy for highly nonlinear
problems is the replacement of a single shooting step with multiple shooting
trajectories, starting from a subdivision of the period interval, which increases
stability, see e.g. [SB02].
An optimization based approach is suggested in [AW12; RW18], where timeperiodicity is rephrased as
min
j(v 0 ),
0
v

where j(v 0 ) := 12 kv 0 − v(1; v 0 )k2 .
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Of course j(vπ0 ) = 0. This optimization problem can then be solved using e.g.
a gradient descent algorithm, requiring the solution of a primal and adjoint
problem per step, both consisting of the simulation of one cycle.
Finally, fully discrete space-time systems are employed in [NP98; Pla+05].
The consideration of all time steps at once has the benefit that periodicity can
be enforced directly, but this approach suffers from severe memory requirements
in particular for higher spatial dimensions.

Continuous Mean Correction Iteration
The mean correction algorithm augments the forward iteration to guarantee
rates of convergence independent of problem parameters.
Mean Correction for the Stokes Equation
For simplicity we assume that the problem is to find the solution of the timeperiodic Stokes problem with 1-periodic right-hand side f and homogeneous
Dirichlet boundary conditions. Let (vπ , pπ ) hence solve
)
∂s vπ (s) − ∆vπ (s) + ∇pπ (s) = f (s),
in (0, 1) × Ω
(5.11)
div vπ (s) = 0,
with vπ (0) = vπ (1) in Ω and vπ (s) = 0 on (0, 1) × ∂Ω, where we set the
dimensionless parameters to one for simplicity. The corresponding initial value
problem has solution v(·; v 0 ) where
)
∂s v(s; v 0 ) − ∆v(s; v 0 ) + ∇p(s; v 0 ) = f (s),
in (0, 1) × Ω
(5.12)
div v(s; v 0 ) = 0,
with associated pressure p(·; v 0 ), satisfying v(0; v 0 ) = v 0 in Ω and v(·; v 0 ) = 0
on (0, 1) × ∂Ω.
Reminding of the notation L2σ (Ω) for the weakly solenoidal functions in
2
L (Ω) we have the following simple convergence result for the forward iteration,
which also carries over almost verbatim to other time-periodic, linear parabolic
problems with autonomous operator.
Lemma 5.3.1. Let the domain Ω be such that the Stokes operator −P ∆ =
A : D(A) ⊂ L2σ (Ω) → L2σ (Ω) has domain D(A) = H 2 (Ω) ∩ H01 (Ω) ∩ L2σ (Ω).
Assume that f ∈ L2 (0, 1; L2 (Ω)) (with 1-periodic extension to R). The forward
iteration eq. (5.10) then convergences linearly with
0
− vπ0 k
kvi0 − vπ0 k ≤ e−λ1 kvi−1

where λ1 > 0 is the smallest eigenvalue of the Stokes operator.
Proof. The proof is standard, but we repeat it here as preparation for the
corresponding results for the mean correction algorithm introduced below. We
use the variation of constants representation for the solution to eq. (5.12):
Z s
0
−As 0
v(s; v ) = e
v +
e−A(s−r) P f (r) dr
0
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for s > 0, which implies for any v10 and v20 that
v(s; v10 ) − v(s; v20 ) = e−As (v10 − v20 ).
By definition of vi0 in eq. (5.10) and the fixed-point property of v0π we thus get
0
0
kvi0 − vπ0 k = kS0 (vi−1
) − S0 (vπ0 )k = ke−A (vi−1
− vπ0 )k.

The last term is estimated using the decomposition of L2σ (Ω) into eigenvectors
of A. Let Avl = λl for l ∈ N with ordered eigenvalues 0 < λ1 ≤ λ2 ≤ . . .
and corresponding orthonormal eigenvectors vl ∈ D(A) ⊂ L2σ (Ω). With w :=
0
vi−1
− vπ0 we write wl := (w, vl ). Then
X
X
ke−A wk2 =
e−2λl kwl k2 ≤ e−2λ1
kwl k2 = e−2λ1 kwk2
l∈N

l∈N

and the claim follows.

□

We will use the method outlined in [Ric19], although with a small optimization and rephrased as a fixed-point iteration similar to eq. (5.10). We first
observe that at least for linear problems the mean value of the periodic solution
can be easily computed without knowledge of the periodic solution itself. This
can be seen by splitting vπ into mean and oscillatory parts
Z 1
vπ = vπ + vf
vπ :=
vπ (s) ds, vf
π,
π := vπ − vπ ,
0

we use the same notation for pπ and f . Integration of the periodic problem
from eq. (5.11) over (0, 1) yields the stationary problem:
)
−∆vπ + ∇pπ = f ,
in Ω,
(5.13)
div vπ = 0
R1
since 0 ∂s vπ ds = vπ (1) − vπ (0) = 0, with vπ = 0 on ∂Ω. Note that eq. (5.13)
does not require any knowledge of vπ0 . The idea in [Ric19] is now to shift
the trajectory v(·; v 0 ) by a constant such that that the shifted mean value
agrees with v π and to use this shifted trajectory as initial value for the next
iteration. For an improvement of the results in [Ric19] we introduce a relaxation
parameter γ ∈ [0, 1] which controls the strength of this shift, with γ = 0
corresponding to no shifting, i.e. the forward iteration, and γ = 1 to full shifting
as used in [Ric19]. Specifically, we apply the Picard iteration to the map


Sγ : v 0 7→ v(1; v 0 ) + γ vπ − v(·; v 0 )
(5.14)
for which vπ0 is obviously still the fixed-point. For γ = 0 this corresponds to
the map introduced in eq. (5.8). There holds


v(·; v 0 ) + γ vπ − v(·; v 0 ) = (1 − γ)v(·; v 0 ) + γvπ
(5.15)
for all v 0 and the average of the corrected function is thus equal to that of vπ
for γ = 1. Applying the Picard iteration to the fixed-point of eq. (5.14) yields


0
0
vi0 = Sγ (vi−1
) = v(1; vi−1
) + γ vπ − v(·; v 0 ) ,
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which we reformulate as
0
vi0 = v(1; vi−1
) + γ δi ,

0 )
δi := vπ − v(·; vi−1

(5.16)

for some initial guess v00 . In other words, we solve the same problem with a
shifted initial value, which is the formulation used in [Ric19] for γ = 1. The
linearity of the problem would allow us to study without loss of generality only
the case vπ = 0. We won’t make this simplification here since it will not work
for the Navier–Stokes equation. Furthermore, the shift of the trajectory comes
at the price that the Stokes equation is no longer satisfied. Specifically there
0
holds for w(·) := v(·; vi−1
) + γ δi that
∂s w − ∆w + ∇q = f + γ(w(1) − w(0)),

div w = 0

(5.17)

with some associated pressure q. But the right-hand side evidently converges
0
to f as vi−1
approaches the fixed-point. Together, eq. (5.15) and eq. (5.17)
illustrate the trade-off between choosing γ such that the shifted solution has
the correct average (γ = 1) or satisfies the correct equation (γ = 0).
Lemma 5.3.2. Let the assumptions of Lemma 5.3.1 be satisfied. Then the
mean correction iteration eq. (5.16) with parameter γ ∈ [0, 1] satisfies
0
kvi0 − vπ0 k ≤ ρkvi−1
− vπ0 k

(5.18)

with reduction rate ρ given by
ρ := max |ρ̃(λl ; γ)|,
l∈N

ρ̃(λ; γ) := e−λ + γλ−1 (e−λ − 1)

(5.19)

where λl are the eigenvalues of the Stokes operator. By taking the supremum
over λ > 0 we can find bounds independent of the Stokes operators’ spectrum.
One can find numerically that this supremum is minimized for γ0 ≈ 0.79 where
0
kvi0 − vπ0 k < 0.21kvi−1
− vπ0 k

(5.20)

independent of the problem data.
Proof. As in the proof of Lemma 5.3.1 we have
v(s; v10 ) − v(s; v20 ) = e−As (v10 − v20 )
for arbitrary v10 and v20 , where A := −P ∆ is the Stokes operator. Since vπ0 is a
fixed-point of Sγ we have
0
vi0 − vπ0 = Sγ (vi−1
) − Sγ (vπ0 )
0
0 )
= v(1; vi−1
) − vπ (1) + γvπ (·) − v(·; vi−1
Z 1
0
0
e−As (vπ0 − vi−1
) ds
= e−A (vi−1
− vπ0 ) + γ
0
0
0
= e−A (vi−1
− vπ0 ) − γA−1 (e−A − Id)(vπ0 − vi−1
)

and hence
 0
vi0 − vπ0 = e−A + γA−1 (e−A − Id) (vi−1
− vπ0 ).
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Figure 5.10: The reduction rate of the mean correction iteration eq. (5.16)
for different values of γ plotted over the range of possible eigenvalues λ for the Stokes operator, see eq. (5.19). The reduction
rate, independent of the eigenvalue distribution, is smallest for
γ0 ≈ 0.79.
With a decomposition of L2σ (Ω) using eigenvectors of A, Avl = λl for l ∈ N
with 0 < λ1 ≤ λ2 ≤ . . . and orthonormal vl ∈ D(A) ⊂ L2σ (Ω), we see as in the
proof of Lemma 5.3.1 that
−λl
0
kvi0 − vπ0 k ≤ max e−λl + γλ−1
− 1) kvi−1
− vπ0 k.
l (e
l∈N

This implies the claimed ineq. (5.18) with ρ and ρ̃(λ; γ) as in eq. (5.19). By
elementary analysis one can prove that the function ρ̃(λ; γ) has the asymptotic
behavior
lim ρ̃(λ; γ) = 1 − γ and
lim ρ̃(λ; γ) = 0
λ→0

λ→∞

and that there exists exactly one local maximum in (0, ∞). The supremum thus
either occurs at this local maximum or at the limit value as λ → 0. Computing
the value of sup |ρ̃| on an equidistant grid for γ ∈ [0, 1] with step size 0.001
we find numerically that γ0 = 0.791 has the best reduction rate r < 0.21, cf.
Figure 5.11, which leads to ineq. (5.20).
□
Remark 5.3.3. For γ = 1, the case examined in [Ric19], the reduction rate
is slightly worse with ρ < 0.3 as evident from Figure 5.10. While the mean
correction iteration guarantees convergence rates independent of the problem
parameters, these rates may not be superior to the forward iteration if the
smallest eigenvalue of the Stokes operator is “large enough”. This can be seen
in Figure 5.10 where |ρ̃(λ; 0)| is smaller than any |ρ̃(λ; γ)| for fixed γ if λ is
large enough. The superiority of the forward iteration to the mean correction
in certain cases can also be observed numerically, see e.g. Figure 5.15. Finally,
note that limλ→0 ρ̃(λ; γ) = 1 − γ decreases as γ increases, whereas Figure 5.10
indicates that the local maximum of |ρ̃(·; γ)| in the interior increases as γ
increases. The optimal γ0 is thus the point at which these two local maxima
are equal with reduction rate limλ→0 ρ̃(λ; γ0 ) = 1 − γ0 ≈ 0.21.
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Figure 5.11: Bounds for the reduction rate ρ of the mean correction iteration eq. (5.16) independent of the operator spectrum, computed
numerically. While excluded in the analysis, the reduction rate
for 1 < γ < 2 is also plotted to show that such over-relaxation
has no benefit. The optimal choice of γ0 ≈ 0.79 is indicated by
the dashed line.

Mean Correction for the Navier–Stokes Equation
Let in this section vπ and pπ denote the solution to
∂s vπ (s) + (vπ (s) · ∇)vπ (s) − ∆vπ (s) + ∇pπ (s) = f (s),
div vπ (s) = 0,

)
in (0, 1) × Ω

(5.21)
with vπ (0) = vπ (1) in Ω and vπ (s) = 0 on (0, 1) × ∂Ω, again omitting all
constants for simplicity. As in the linear case, v(·; v 0 ) denotes the solution of
the corresponding initial value problem.
For the Navier–Stokes equation there is no equation for vπ like eq. (5.13)
independent of vf
π due to the nonlinear term. With the decomposition vπ =
vπ + vf
we
have
for
the nonlinear term
π
(vπ · ∇)vπ = (vπ · ∇)vπ + (vπ · ∇)f
vπ + (f
vπ · ∇)vπ + (f
vπ · ∇)f
vπ .
Since the mixed terms contain one function independent of time and one with
zero mean, taking the mean of this identity yields that
Z 1
Z 1
(vπ · ∇)vπ ds = (vπ · ∇)vπ +
(f
vπ · ∇)f
vπ ds.
0

0

This implies that the average of eq. (5.21) satisfies
Z 1
(f
vπ · ∇)f
vπ ds − ∆vπ + pπ = f .
(vπ · ∇)vπ +

(5.22)

0

Equation (5.22) is known as Reynolds averaged Navier–Stokes (RANS) equation in the context of turbulence analysis, where the decomposition into mean
and oscillatory components, although typically for non-periodic solutions, is a
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well-known tool under the name Reynolds decomposition, see [Pop00; Foi+01].
The approach in turbulence modelling is to replace the oscillatory nonlinear
term, also known as Reynolds stresses, with models depending only on the
mean component intended to replicate the effects of turbulent behavior. We
are not concerned with turbulent behavior however, such that we handle this
term in another way.
With the same Picard iteration approach as in the linear case, we directly
study the fixed-point iteration
0
vi0 = v(1; vi−1
) + γ δi ,

0 )
δi := vπ − v(·; vi−1

(5.23)

analogous to eq. (5.16). By our discussion above, vπ and hence δi cannot be
computed without knowledge of vf
π . To circumvent this issue, [Ric19] suggests
to directly compute (an approximation of) δi . With the abbreviations vi :=
0
0
v(·; vi−1
) and pi := p(·; vi−1
) we note, by the same techniques used in the
derivation of eq. (5.22), that
Z
vi (1) − vi (0) + (vi · ∇)vi +

1

(vei · ∇)vei ds − ∆vi + pi = f

(5.24)

0

which differs in form from eq. (5.22) only in the first two terms due to the
non-periodicity of vi . The corrector δi = vπ − vi hence satisfies
Z
(vπ · ∇)vπ − (vi · ∇)vi − ∆δi + ∇qi =

1

(vei · ∇)vei − (f
vπ · ∇)f
vπ ds + vi (1) − vi (0)
0

with some associated pressure qi . Using the algebraic identity
(vπ · ∇)vπ − (vi · ∇)vi = (δi · ∇)δi + (δi · ∇)vi + (vi · ∇)δi
we can rewrite the first two terms to yield
(δi · ∇)δi + (δi · ∇)vi + (vi · ∇)δi − ∆δi + ∇qi
Z 1
=
(vei · ∇)vei − (f
vπ · ∇)f
vπ ds + vi (1) − vi (0).
0

Now it is argued in [Ric19] that since vi approaches vπ both the integral over the
oscillatory terms on the right-hand side as well as δi ·∇δi may be neglected, the
former out of necessity the latter for simplicity. This leads to the final equation
for (an approximation of) δi :
(δi · ∇)vi + (vi · ∇)δi − ∆δi + ∇qπ = vi (1) − vi (0).

(5.25)

Equations (5.23) and (5.25) constitute the mean correction scheme for the
Navier–Stokes equation in the continuous setting.

Discrete Mean Correction Iteration
The numerical realization of the mean correction scheme requires a discretization in both space and time. For the spatial discretization we will use the
inf-sup stable Taylor–Hood P 2 /P 1 element on triangular meshes just as in the
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discretization of the fast-slow system. Our focus lies again in the temporal
discretization.
For the presentation in this section we will assume that spatial and temporal discretization remain fixed during the determination of periodic solutions.
Computationally more eﬀicient is the use of adaptive discretizations, using less
resources if the quality of the approximately periodic solution is poor. We only
refer to [JBF03; LST07] for a discussion and further references for adaptive
solvers. In Section 5.4 we will discuss how the parameters of the (temporal)
micro solver must be tweaked for an overall balance of error in the limit system.
We discuss the numerical results for the following three test cases.
Test Case 5.3.4. For comparison with [Ric19] we study the Navier–Stokes
equation in Ω := (−L, L) for fixed L > 0, i.e.
∂s vπ + (vπ · ∇)vπ − ν∆vπ + ∇pπ = f,

div vπ = 0

in (0, 1) × Ω

with vπ = 0 on (0, 1) × ∂Ω, vπ (0) = vπ (1) in Ω and 1-periodic right-hand side
 
1
1
f (x, y, s) := tanh(y) sin(2πs)
.
0
L
In contrast to [Ric19] we only use a period of length 1. The domain Ω is
discretized for all L with a uniform triangular mesh with a total number of
91 003 degrees of freedom, 80 802 for the velocity and 10 201 for the pressure.
This differs from [Ric19] where a quadrilateral mesh is employed.

The amount of parameters and the peculiar scaling of f with L in Test
Case 5.3.4 obfuscates the behavior of the periodic solver, motivating the use of
the following non-dimensional test case.
Test Case 5.3.5. Proceeding just as for the model by Yang et. al. in Section 2.3 the non-dimensional version of Test Case 5.3.4 is
St ∂s vπ + (vπ · ∇)vπ − Re−1 ∆vπ + ∇pπ = f,

div vπ = 0

in (0, 1) × Ω

with vπ (0) = vπ (1) in Ω, vπ = 0 on (0, 1) × ∂Ω and
where Ω :=
1-periodic right-hand side
 
1
f (x, y, s) := tanh(2y) sin(2πs)
0
(− 12 , 12 )2 ,

which has been scaled to 1. The spatial discretization is the same as in Test
Case 5.3.4.

Both Test Case 5.3.4 and Test Case 5.3.5 are of the type for which we
formulated the algorithms, with homogeneous Dirichlet boundary conditions
and time-periodic right-hand side. The final test case is the periodic problem
which arises in the limit system of the problem described in the beginning of
this chapter. Here we wish to investigate how the algorithms depend on the
domain and test convergence for the actual quantities of interest as they appear
in the right hand side of g0 in the limit system.
Test Case 5.3.6. We study the Navier–Stokes problem as it appears in the
limit system in the beginning of this chapter, i.e. eqs. (5.3c) to (5.3f). This
system differs from the previous test cases due to the time-periodic pressure
boundary conditions and the dependence on the (fixed) geometry Ωq . The
spatial discretization is just as in the fast-slow system.
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Mean Correction for the Stokes Equation
In [Ric19] the use of a θ-scheme for θ ∈ [ 21 , 1] is proposed, which we also
primarily discuss here and only briefly sketch some results for the BDF2 scheme
below. We remind of the notation sm := km with m = 0, . . . , M for the
M ∈ N time steps of the temporal discretization of the periodic problem, with
k := 1/M .
The θ-scheme discretization of the periodic Stokes problem from eq. (5.11)
is to find (vπm , pm
π ) ∈ Vh × Qh for m = 1, . . . , M such that
(vπm − vπm−1 , ϕ) + k(∇(θvπm + (1 − θ)vπm−1 ), ∇ϕ) − k(pm
π , div ϕ)
+ (div vπm , ξ) = k(θf m + (1 − θ)f m−1 , ϕ)

(5.26)

with vπ0 = vπM . The discretization of the initial value problem is the solution
(v m , pm ) ∈ Vh × Qh for m = 1, . . . , M of
(v m − v m−1 , ϕ) + k(∇(θv m + (1 − θ)v m−1 ), ∇ϕ) − k(pm , div ϕ)
+ (div v m , ξ) = k(θf m + (1 − θ)f m−1 , ϕ)

(5.27)

for all (ϕ, ξ) ∈ Vh ×Qh , where f m := f (sm ) and v 0 ∈ Vh is a given space-discrete
initial value. As in the continuous case we also write v m (v 0 ) to emphasize the
dependence on the initial value. Note that θ = 12 corresponds to the CrankNicolson and θ = 1 to the implicit Euler discretization, while θ = 12 + O(k) is
known as shifted Crank-Nicolson scheme. Shifted Crank-Nicolson schemes are
still second-order accurate but are, in contrast to the Crank-Nicolson scheme,
strongly A-stable and have thus superior stability properties [Ric17], e.g. don’t
require a step size condition such as k ≲ h2 which is, at least theoretically,
required for the Crank-Nicolson scheme [LR82].
To carry over the continuous ideas into the discrete setting, we need to define
an appropriate decomposition of the discrete solution into mean and oscillatory
components such that the mean value of vπ can be computed without knowledge
of vπ0 . The identity
M
X

vπm − vπm−1 = vπM − vπ0 = 0

(5.28)

m=1

motivates the definition of the discrete θ-mean for some discrete function
w0 , . . . , wM as
M
X
θ,k
wm :=
k(θwm + (1 − θ)wm−1 )
(5.29)
m=1

since then
(∇vπ θ,k , ∇ϕ) − (pπ 1,k , div ϕ) + (div vπ θ,k , ξ) = (f

θ,k

, ϕ)

(5.30)

for all (ϕ, ξ) ∈ Vh × Qh . We implicitly used that the divergence condition
(div vπm , ξ) = 0 holds for m = 1, . . . , M but also for m = 0 due to periodicity,
which implies that we can can choose any discrete θ̃-mean for the corresponding
condition in eq. (5.30), in particular θ̃ = θ such that only vπ θ,k and pπ 1,k are
unknowns of the problem.
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With this definition of the discrete θ-mean, which allows the computation
of vπ θ,k without knowledge of vπ0 , we can formulate a discrete version of the
Picard iteration from eq. (5.16):
0
vi0 = v M (vi−1
) + γ δi ,

Input:

θ,k

0 )
δi := vπ θ,k − v m (vi−1

.

(5.31)

• discrete initial guess v00 ∈ Vh with (div v00 , ξ) = 0 for all ξ ∈ Qh ,
• maximum number of iterations ni ∈ N,
• absolute tolerance T OLa > 0,

• relative tolerance T OLr > 0
Output: Approximation of vπ0
1:
2:
3:
4:
5:
6:
7:
8:

Compute vπ θ,k by solving eq. (5.30)
for i = 1, . . . , ni do
0
Compute v m (vi−1
) for m = 1, . . . , M by solving eq. (5.27)
0
M 0
ṽi ← v (vi−1 )
0
0
if kṽi0 − vi−1
k ≤ T OLa or kṽi0 − vi−1
k ≤ T OLr kṽi0 k then
return ṽi0
end if
θ,k

0 )
Compute v m (vi−1

using eq. (5.29)
θ,k

0 )
vi0 ← ṽi0 + γ(vπ θ,k − v m (vi−1
)
10: end for
11: raise error: tolerance not reached in ni iterations

9:

Algorithm 5.12: Algorithmic realization of the mean value correction iteration for the Stokes equation discretized with the θ-scheme.
An algorithmic realization of the mean correction iteration from eq. (5.31)
requires an evaluable stopping criterion. The theoretical results estimate the
distance to the true periodic solution, but this is of course unknown in practise.
Instead we examine the L2 (Ω) periodicity error Ei given by
0
Ei := kṽi0 − vi−1
k,

with ṽi0 := v M (v0i−1 )

where v M (v0i−1 ) is the final value of the discrete initial value problem from
eq. (5.27). Here and in the following we will measure the periodicity error with
respect to the L2 (Ω) norm, for Test Case 5.3.6 it is later checked that this is
not detrimental, see Figure 5.21. Note that the periodicity error is measured
0
prior to correction. The error kvi0 − vi−1
k between iterates of the fixed-point
iteration is of course also valid but requires the calculation of an additional
correction if the iteration is stopped afterwards.
With this evaluable error we can formulate Algorithm 5.12 for the discrete
mean correction iteration, where a solution is accepted if either absolute or
relative periodicity error is below a tolerance threshold. The focus of the algorithmic description is not eﬀiciency, for which e.g. the θ-mean should already be
computed during the initial value solution to avoid the storage of the solution
for averaging.
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As for convergence of the mean correction iteration, we only cite the following result from [Ric19] where the case γ = 1 is investigated.
Lemma 5.3.7 (from [Ric19, Lemma 6]). Let Ω be a convex polygonal domain,
f ∈ L2 (0, 1; L2 (Ω)). Let Vh × Qh ⊂ H01 (Ω) × L2 (Ω) be an inf-sup stable finite
element space and v00 ∈ Vh with (div v00 , ξ) = 0 for all ξ ∈ Qh . Let the time
discretization be equidistant with parameter θ depending on the step size by
θk =

1 k
+ .
2 2

Then, the discrete mean correction iteration from eq. (5.31) with γ = 1 applied
to the Stokes equations converges like
0
kvi0 − vπ0 k ≤ 0.42kvi−1
− vπ0 k.

(5.32)

Proof. See [Ric19, Lemma 6].

□

Remark 5.3.8. It is remarked in [Ric19] that numerical results indicate no
problem if θ = 21 is chosen. Furthermore, the estimate of the reduction factor in
eq. (5.32) appears to be not sharp and a reduction factor similar the continuous
case is observed numerically, see Figure 5.15(a) below. That such a result
holds, at least asymptotically as k → 0, can be already seen from the proof
of Lemma 5.3.7 from [Ric19], where it is observed that the discrete reduction
rate, in dependence on the eigenvalues of the discrete operator, converges to
the same expression from the continuous case as k → ∞.

Mean Correction for the Navier–Stokes Equation
The discrete Navier–Stokes problem as studied here is to find (vπm , pm
π ) ∈ Vh ×
Qh for m = 1, . . . , M such that
(vπm − vπm−1 , ϕ) + k(θ(vπm · ∇)vπm + (1 − θ)(vπm−1 · ∇)vπm−1 , ϕ)
m
+ k(∇(θvπm + (1 − θ)vπm−1 ), ∇ϕ) − k(pm
π , div ϕ) + (div vπ , ξ)

= k(θf

m

+ (1 − θ)f

m−1

(5.33)

, ϕ)

for all (ϕ, ξ) ∈ Vh × Qh with vπ0 = vπM . While different time-discretizations
for the nonlinearity are possible, the choice made here is naturally compatible
with averaging as will be seen later. Following [Ric19] we proceed just as in
the continuous case. For a time-discrete function wm with m = 0, . . . , M there
holds by algebraic manipulations that
M
X

k(θ(wm · ∇)wm + (1 − θ)(wm−1 · ∇)wm−1 )

m=1

= (wm
+

θ,k

M
X

· ∇)wm

m
g
k(θ(w

θ,k

θ,k

m
g
· ∇)w

θ,k

m−1
^
+ (1 − θ)(w

θ,k

m−1
^
· ∇)w

θ,k

)

m=1

where the oscillatory part of the discrete solution is defined analogous to the
continuous setting
θ,k
θ,k
m
g
w
= wm − wm .
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Application of this identity to wm = vπm and wm = v m := v m (v 0 ) ∈ Vh , being
the solution to
(v m − v m−1 , ϕ) + k(θ(v m · ∇)v m + (1 − θ)(v m−1 · ∇)v m−1 , ϕ)
+ k(∇(θv m + (1 − θ)v m−1 ), ∇ϕ) − k(pm , div ϕ) + (div v m , ξ)
= k(θf m + (1 − θ)f m−1 , ϕ)

(5.34)

for m = 1, . . . , M and (ϕ, ξ) ∈ Vh × Qh with associated discrete pressure
θ,k
θ,k
pm ∈ Qh , yields the following equation for the update δi := vπm − vim
m := m 0
where vi
v (vi−1 ):
((vπm

θ,k

· ∇)vπm

θ,k

− (v m

θ,k

· ∇)v m

θ,k

, ϕ)

+ (∇δi , ∇ϕ) − (qi , div ϕ) + (div δi , ξ) = (Ri , ϕ) + (viM − vi0 , ϕ)
for all (ϕ, ξ) ∈ Vh × Qh , with associated pressure qi and remainder
M
X

Ri :=

m
km (vf
i

θ,k

m
· ∇)vf
i

m−1
+ (1 − θ)(v]
i

θ,k

θ,k

m−1
· ∇)v]
i

θ,k

m=1
m
− (vf
π

θ,k

m
· ∇)vf
π

θ,k

m−1
− (1 − θ)(v]
π

θ,k

m−1
· ∇)v]
π

θ,k 

R1
which corresponds to 0 (vei · ∇)vei − (f
vπ · ∇)f
vπ ds from the continuous setting.
With the same heuristic that the remainder is small if vi is close to vπ we
assume that the uncomputable Ri ≈ 0. This yields the update equation
((vπm

θ,k

=

· ∇)vπm
(viM

−

θ,k

− (v m

θ,k

· ∇)v m

θ,k

, ϕ) + (∇δi , ∇ϕ) − (qi , div ϕ) + (div δi , ξ)

vi0 , ϕ).

Just as in the continuous case we rewrite the difference of the averages and
drop the quadratic nonlinearity to arrive at
((δi · ∇)vim
=

θ,k

(viM

−

+ (vim

θ,k

· ∇)δi , ϕ) + (∇δi , ∇ϕ) − (qi , div ϕ) + (div δi , ξ)

vi0 , ϕ).

(5.35)

With an evaluable stopping criterion just as in the linear case, this leads to
Algorithm 5.13.
Numerical Results for Test Cases 5.3.4 and 5.3.5
The improvements due to the use of the correction scheme can be seen in
Figure 5.14 for Test Case 5.3.4 with L = 4 and ν = 2.5 × 10−3 . For these
parameters, the solver without correction does not converge in 50 iterations,
whereas all corrected schemes converge. The best convergence properties for
the selected set of γ can be seen for γ = 0.79, which in particular converges
faster than γ = 1. Here and in the following, unless specified otherwise, the
temporal discretization consists of M = 40 time steps per period and the
simulation was stopped after an absolute tolerance of 10−8 was reached. In the
error analysis we will see that such a tolerance is far lower than required.
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Input:

• discrete initial guess v00 ∈ Vh with (div v00 , ξ) = 0 for all ξ ∈ Qh ,
• maximum number of iterations ni ∈ N,
• absolute tolerance T OLa > 0,

• relative tolerance T OLr > 0
Output: Approximation vi0 of vπ0
1:
2:
3:
4:
5:
6:
7:
8:
9:
10:
11:

for i = 1, . . . , ni do
0
Compute v m (vi−1
) for m = 1, . . . , M by solving eq. (5.34)
0
M 0
ṽi ← v (vi−1 )
0
0
if kṽi0 − vi−1
k ≤ T OLa or kṽi0 − vi−1
k ≤ T OLr kṽi0 k then
return ṽi0
end if
θ,k

0 )
Compute v m (vi−1
using eq. (5.29)
Compute δi by solving eq. (5.25)
vi0 ← ṽi0 + γ δi
end for
raise error: tolerance not reached in ni iterations

Algorithm 5.13: Algorithmic realization of the mean value correction iteration for the Navier–Stokes equation discretized with the
θ-scheme.
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Figure 5.14: Periodicity error for Test Case 5.3.4 with ν = 2.5 × 10−3 and
L = 4 for different relaxation parameters γ. The horizontal line
indicates the tolerance threshold.
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Figure 5.15: Averaged numerical reduction rate for Test Case 5.3.5 for different values of Re depending on relaxation factor γ with fixed
St = 1. The theoretical upper bound for the continuous algorithm for the linear problem from Figure 5.11 is also plotted.
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Figure 5.16: Number of iterations until the tolerance is reached for Test
Case 5.3.5 in the same setting as Figure 5.15.

To examine the relation between the different parameters, we will focus
exclusively on the non-dimensional Test Case 5.3.5 from now on. The influence
of the Reynolds number on the (numerical) reduction rate, given by
ρi =

0
k
kvi0 − vi−1
0 k
0
kvi−1 − vi−2

for i ≥ 2

(5.36)

with fixed St = 1 can be seen in Figure 5.15, where the reduction rate is averaged over all iterations. The first observation is that the reduction rate is very
similar when comparing Navier–Stokes and Stokes equation, Figures 5.15(a)
and 5.15(b), with slightly less consistent behavior for the nonlinear equation.
For the Stokes equation the rate of convergence is bound from above by the
theoretical upper bound from the continuous setting from Lemma 5.3.2 and
is an increasingly good fit for increasing Reynolds number. With some minor
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Figure 5.17: Number of iterations until the tolerance is reached for different Strouhal and Reynolds numbers for Test Case 5.3.5. The
Navier–Stokes equation is investigated for γ = 0, γ = 1 and
γ = 0.79. The iteration number for the Stokes equation for
γ = 0.79 is shown as comparison.

exception this is also true for the Navier–Stokes equation. The optimality of
γ = 0.79 was with respect to bounds independent of the operator spectrum, i.e.
independent of Re. Figure 5.15 shows that for many cases other choices of γ
perform better for the specific operator spectrum. No mean correction (γ = 0)
is best for Re = 10 and Re = 50, but with increasing Reynolds number the
quality of mean corrections with small γ deteriorate quickly. While γ = 0.79
is not be optimal for most specific settings, it is nevertheless a good general
choice with consistent performance when no prior knowledge is available. This
is corroborated by Figure 5.16, where the number of iterations for the same set
of simulations is plotted, which is of course linked to the convergence rate.

Chapter 5. Numerics for the Simplified Plaque Model

1

0 (5)
0.79 (5)
1 (5)

0 (2)
0.79 (3)
1 (3)

0 (2)
0.79 (3)
1 (3)

0 (2)
0.79 (4)
1 (4)

0 (2)
0.79 (5)
1 (6)

0 (3)
0.79 (7)
1 (7)

10

0 (4)
0.79 (4)
1 (4)

0 (2)
0.79 (4)
1 (4)

0 (3)
0.79 (6)
1 (7)

0 (4)
0.79 (8)
1 (9)

0 (12)
0.79 (8)
1 (10)

0 (20)
0.79 (7)
1 (9)

50

0 (3)
0.79 (4)
1 (4)

0 (3)
0.79 (7)
1 (7)

0 (8)
0.79 (10)
1 (12)

0 (13)
0.79 (9)
1 (11)

0 (47)
0.79 (8)
1 (10)

0 (50)
0.79 (7)
1 (9)

100

0 (3)
0.79 (5)
1 (5)

0 (4)
0.79 (9)
1 (10)

0 (14)
0.79 (9)
1 (12)

0 (24)
0.79 (9)
1 (12)

0 (50)
0.79 (8)
1 (10)

0 (50)
0.79 (7)
1 (9)

250

0 (5)
0.79 (6)
1 (7)

0 (8)
0.79 (11)
1 (14)

0 (31)
0.79 (9)
1 (12)

0 (50)
0.79 (9)
1 (11)

0 (50)
0.79 (8)
1 (9)

0 (50)
0.79 (7)
1 (9)

500

0 (11)
0.79 (12)
1 (13)

0 (14)
0.79 (13)
1 (18)

0 (50)
0.79 (9)
1 (12)

0 (50)
0.79 (9)
1 (11)

0 (50)
0.79 (7)
1 (9)

0 (50)
0.79 (7)
1 (9)

0.01

0.1

5

10

0.5
1
Strouhal number

50

iterations

Reynolds number

122

1

Figure 5.18: Summary of Figure 5.17. Each cell contains the best choice of
γ ∈ {0, 0.79, 1} in bold for that combination of Reynolds and
Strouhal numbers, with the number of iterations in parenthesis.
Background color according to the iteration number for the best
γ.

The influence of Re and St on the iteration number until convergence has
been tested only for the special values of γ ∈ {0, 0.79, 1}, the results of which
can be found in Figure 5.17. For large Reynolds and Strouhal numbers the
forward iteration without correction (γ = 0) does not converge within 50 iterations as can be seen in Figure 5.17(a). For γ = 0.79 and γ = 1 convergence is
reached for all tested parameter combinations in at most 18 iterations, see Figures 5.17(a) to 5.17(c). It can be observed that the correction schemes needed
the largest number of iterations for high Reynolds and low Strouhal numbers,
although this pattern is not always consistent, e.g. for Re = 500 the Strouhal
number St = 0.1 required more iterations than St = 0.01 for all studied γ.
The set of parameters for which the mean correction iteration, respectively the
forward iteration, performed well, differed. For γ = 0.79 the iteration numbers
for the Stokes variant of the problem are plotted in Figure 5.17(d). Only for
Re = 500 and St ∈ {0.1, 0.01} differences to the Navier–Stokes problem from
Figure 5.17(c) can be seen, where the determination of a periodic solution to
the Stokes equation required, as expected, fewer iterations.
A direct comparison of the results for γ = 0, γ = 0.79 and γ = 1 is given
in Figure 5.18. Ignoring the cases Re = 1 and Re = 10 for St = 0.01, where
all methods perform equally well, it can be observed that the parameters for
which γ = 0 performs best satisfy Re · St ≤ 25, whereas γ = 0.79 performs best
for Re · St ≥ 50. In other words, the product of Reynolds and Strouhal numbers
characterize the optimal choice of γ in this example.
The convergence behavior of the periodicity error for the case Re = 500
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Figure 5.19: Periodicity error for different values of γ for the Navier–Stokes
and Stokes equation for Test Case 5.3.5 with Re = 500 and
St = 0.01 from Figure 5.17.

and St = 0.01 can be seen in Figure 5.19. The first observation is that the
initial periodicity error is equal to the L2 norm of the first iterate since v00 = 0.
The reduction rate for the Stokes equation stays, approximately, constant for
all methods with slightly better convergence in the last iteration. For the
Navier–Stokes equation the error is greatly reduced in the second iteration
for γ = 0, but then slows down significantly. A similar behavior can be observed for γ = 0.79 and γ = 1, where the slowdown occurs at a point where
the periodicity error is smaller. For these schemes the slowdown is more severe, with a smaller error than γ = 0 after the 7th iteration but more total
iterations, indicating that the correction may be detrimental in this scenario.
These results show a fundamental difference in the convergence behavior for
the Navier–Stokes compared to the Stokes equation for these parameters and
further investigations could be carried out to improve the mean correction iteration for the Navier–Stokes problem.
Numerical Results for Test Case 5.3.6
Test Case 5.3.6 is the problem occurring in the limit system, where the Reynolds
and Strouhal numbers are fixed. We will instead focus on the dependence of the
periodic solver on the domain through the parameter q ∈ Q and the periodicity
error for the wall shear stress dependent quantities used in the limit system.
All simulations were carried out with M = 40 time steps per period until
an absolute tolerance of 10−7 is reached for the L2 periodicity error. The
calculations for the limit problem use variable temporal discretizations and
periodicity tolerances to balance the overall error, see Theorem 5.4.1 at the
end of this chapter. For the finest macro discretization of the limit system
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Figure 5.20: Number of iterations until the tolerance is reached for Test
Case 5.3.6 for a number of different channel geometries, described by q, and different relaxation parameters.

M = 60 steps were performed per period with a tolerance of 10−4 , meaning
that the tolerance of 10−7 we consider here is far lower than the tolerances
used for the solution of the limit system.
The number of iterations necessary for convergence is shown in Figure 5.20
for different stages of the stenosis q in dependence on γ. The lowest number
of iterations, averaged over all examined domains, is achieved for γ = 0.4 and
γ = 0.5. The theoretical γ = 0.79 required on average 2–3 iterations more,
showing once again that the convergence can improved by tuning γ to the
problem parameters. Another observation which can be made from Figure 5.20
is that the domain corresponding to q = 0.8 requires the fewest iterations. An
explanation for this behavior is that the narrowing of the channel reduces the
velocity field induced by the pressure drop, such that the Reynolds number is
effectively decreasing as q increases.
Based on the observations from Figure 5.20 the relaxation γ = 0.5 was
chosen for the limit system to minimize the number of iterations until periodic
convergence. The comparison of the periodic solver for different q and γ carried
out here is already a significant investment of resources and thus unlikely to
be performed a priori for more complex problems. Note however, that the
adaptive discretizations and tolerances employed for the limit system, together
with other strategies discussed below, lower the required number of iterations
significantly, as evident by comparing Figure 5.20 to Figure 5.9.
Another question which naturally arises for our application is the choice of
control criteria for the periodic solver since the actual quantity of interest is
g0 . Figure 5.21 displays the error of various functionals between periods for
0
:= 0.04 was chosen for the last functional,
γ = 0.5 and q = 0, where σWS
as for the limit system from above. It can be observed that the absolute and
relative errors for the quantities involving the wall shear stress are very similar
to or smaller than the measured L2 (Ω) error. Similar behavior was observed
for other values of γ and q.
While unlikely in practise, it is possible that the wall shear stress dependent functionals do not change between iterations even if the solution has not
reached the periodic orbit, since only changes of the velocity field near the wall
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Figure 5.21: Periodicity error for Test Case 5.3.6 with γ = 0.5 and q = 0
using different functionals. The functionals involving the wall
shear stress were integrated over the permeable part of the wall.

are taken into account. We chose the L2 periodicity error as a more accurate
measurement of reaching the periodic orbit for this reason, with Figure 5.21 indicating that this does not under-estimate the true error made in the evaluation
of g0 .
Extending the Mean Correction Scheme to BDF2
The translation of the mean correction scheme to other time discretizations
is non-trivial, as will be discussed here for example of the two-step backward
differentiation formula (BDF2). This is not of interest in itself but also allows
us to reflect on the construction of the algorithm for the θ-schemes. BDF2 is
a second order method where the time derivative is approximated by

∂s v(sm ) ≈ ds v m := k1 32 v m − 2v m−1 + 21 v m−2
which is the derivative of the quadratic Lagrange polynomial through the points
(sj , v j ) for j = m − 2, . . . , m. Restricting ourselves for simplicity to the Stokes
equation, the BDF2 discretization for the periodic problem then reads
m
m
(kds vπm , ϕ) + k(∇vπm , ∇ϕ) − k(pm
π , div ϕ) + (div vπ , ξ) = k(f , ϕ)

(5.37)

for all (ϕ, ξ) ∈ Vh × Qh and m = 1, . . . , M . Note that the BDF2 scheme can
also be used for m = 1 in this problem by setting vπ−1 := vπM −1 .

126

Chapter 5. Numerics for the Simplified Plaque Model

The discrete average from eq. (5.29) for the θ-scheme was motivated by
eq. (5.28), where a summation cancelled out the time derivative due to the
periodicity of the discrete periodic solution. Since
M
X

kds vπm =

m=1

3
2

M
X

vπm − 2

m=1

M
−1
X

vπm +

1
2

m=0

M
−2
X

vπm =

3
2

−2+

1
2

M
X

m=−1

vπm = 0

m=1

we can similarly sum over m = 1, . . . , M in eq. (5.37) to arrive at
(∇vπm

1,k

, ∇ϕ) − (pm
π

1,k

, div ϕ) + (div vπm

1,k

, ξ) = (f m

1,k

, ϕ)

for all (ϕ, ξ) ∈ Vh × Qh using the notation for the (θ = 1)-mean from eq. (5.29).
For the iterates vim the discretization of the time derivative in the first
step of eq. (5.37) must be modified since vi−1 is undefined for an initial value
problem. An implicit Euler step is typically employed, leading to
m
m
(k d˜s vim , ϕ) + k(∇vim , ∇ϕ) − k(pm
i , div ϕ) + (div vi , ξ) = k(f , ϕ)

for m = 1, . . . , M and all (ϕ, ξ) ∈ Vh × Qh with modified time derivative
d˜s vim := ds vim

d˜s vi1 := k1 (vi1 − vi0 ),

for m = 2, . . . , M .

The mismatching time derivatives used for the iterates and periodic solution
is problematic. This can be seen by studying the equation for the corrector,
using the (θ = 1)-mean for both iterate and periodic solution, i.e.
δi := vπm

1,k

− vim

1,k

.

Then the corrector satisfies, with associated pressure qi ,
(∇δi , ∇ϕ) − (qi , div ϕ) + (div δi , ξ) =

M
X

k(d˜s vim , ϕ)

m=1

for all (ϕ, ξ) ∈ Vh × Qh and there holds
M
X

k d˜s vim = vi1 − vi0 +

m=1

=
=

3
2

M
X

vim − 2

M
−1
X

vim +

m=2
m=1
1 0
1 1
(−1 + 2 )vi + (1 − 2 + 2 )vi + ( 32
− 12 vi0 − 12 vi1 − 12 viM −1 + 32 viM .

1
2

−

M
−2
X

vim

m=0
2)viM −1

+ 23 viM

Since δi → 0 is necessary for the convergence of the fixed-point iteration, this
implies that the iteration cannot converge to the periodic solution for which
there holds
M
X

k d˜s vπm = vπ0 − 12 vπ1 − 12 vπM −1 6= 0

(5.38)

m=1

and this expression only vanishes as k → 0. This reveals that the correction
using the (θ = 1)-mean is incompatible with the modified time derivative.
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As a remedy one could try to find a more suitable averaging scheme for the
modified time derivative d˜s and use the same scheme for the periodic solution.
One approach could be to find α ∈ RM such that
M
X

αm d˜s v m = 0

m=1

for any v m ∈ VhM +1 for m = 0, . . . , M which is periodic, v 0 = v M . It can
be verified that the solution space for α is one-dimensional. It remains open
however, for which α, if any, the use of the average
vm

α,k

:=

M
X

kαm v m ,

m=1

leads to a convergent fixed-point iteration.
To circumvent the necessity to solve for α and scale it correctly, we will
pursue another approach which keeps the (θ = 1)-mean. Since we already
use the (mean-corrected) last time step from the previous iteration as initial
value for the next iteration, it is natural that we also use the (mean-corrected)
second-last time step from the previous iteration as approximation to vi−1 .
This allows us to use the BDF2 time discretization for all steps except for the
very first step of the first iteration. This is computationally beneficial since
the matrices containing the time derivative won’t change after the first step.
Mathematically, the mean correction would then be a fixed-point iteration for
the tuple (vπ0 , vπ−1 ), but we won’t go into details here. Using this approach, the
equation for the corrector δi for i > 1 is then
(∇δi , ∇ϕ) − (qi , div ϕ) + (div δi , ξ) = 32 (viM − vi0 ) − 12 (viM −1 − vi−1 )

(5.39)

for all (ϕ, ξ) ∈ Vh × Qh with associated pressure qi . Similar to the θ-schemes,
the right-hand side now converges to 0 as i → ∞ if the fixed-point is the
periodic solution, since
M −1
lim vi−1 = lim (vi−1
+ γδi ) = vπM −1 .

i→∞

i→∞

We tested two approaches for the first iteration i = 1, either applying the
(incorrect) correction from eq.(5.39) or no correction at all, i.e. as in the forward
iteration. No error analysis for this correction scheme is carried out here, but
the numerical results from Figure 5.22 show that the initial corrections disturbs
the convergence at the beginning but has no influence on the total number of
iterations. In both cases, the use of a correction improves the convergence to
the periodic solution significantly compared to BDF2 without mean correction.
The periodicity error behaves identically to the Crank–Nicolson scheme.
Nonlinear Terms in the Correction Scheme
In the derivation of Algorithm 5.13 for the Navier–Stokes equation the identity
(vπm

θ,k

· ∇)vπm

θ,k

− (vim

θ,k

· ∇)vim
θ,k

θ,k
θ,k

= (δi · ∇)δi + (δi · ∇)vim + (vim · ∇)δi
| {z } |
{z
} |
{z
}
“N”

“R”

“A”

(5.40)
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Figure 5.22: Periodicity error for Test Case 5.3.5 with Re = 500 and St = 1
for the BDF2 time discretization. Depicted are three mean correction strategies using the update δi from eq.(5.39): Correction
only for periods i ≥ 2, correction for all periods i ≥ 1 and no
correction at all, i.e. as in the forward iteration.

was used and the nonlinear term “N” dropped. The effect of using a correction
with different combinations of terms from eq. (5.40) is graphed in Figure 5.23
for the Test Case 5.3.5 with St = 0.01 and Re = 500. These results indicate that
dropping the nonlinear term, which circumvents the need to solve a nonlinear
equation, does not affect the convergence negatively if both “A” and “R” are
included, which is the choice used in Algorithm 5.13.
Anderson Acceleration
We finally discuss another, independent method to improve the convergence
of the periodic solver by employing an Anderson acceleration strategy. This
is a general method to improve the convergence of a fixed-point iteration and
is related to the GMRES method for linear systems and to a quasi-Newton
method for nonlinear problems, among others. We refer to [WN11] for an
overview of the Anderson acceleration and [Eva+20] for a proof of improved
convergence.
We will of course apply the Anderson acceleration to the fixed-point problem
vπ0 = Sγ (vπ0 ) with Sγ as in eq. (5.14). The Anderson acceleration contains an
optimization problem which takes the previous l ∈ N iterates into account,
where we set l = 10 in our calculations. For this optimization problem we
identify the iterates vi0 as basis coeﬀicient vectors with respect to the standard
nodal basis, i.e. vi0 ∈ RD where D ∈ N is the nodal dimension, and optimize
with respect to the `2 norm. This is a simplification and more appropriate
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Figure 5.23: Number of iterations until the tolerance is reached for Test
Case 5.3.5 with St = 0.01 and Re = 500 if the correction step
uses a combination of the terms from eq. (5.40).
would be an optimization with respect to the L2 (Ω) norm.
For i ∈ N we set li := min{l, i − 1} and define
αi :=

arg min
α=(α0 ,...,αli −1 )T

kri − Ri αkℓ2

where
Ri := (δri−li , · · · , δri−1 ),

δri := ri − ri−1 ,

ri := Sγ (vi0 ) − vi0

(5.41)

and r0 is defined analogously. The next iterate is then given by
0
vi0 = Sγ (vi−1
)−

lX
i −1


0
0
αij Sγ (vi−l
) − Sγ (vi−l
) .
i +j
i +j−1

j=0

Other formulations of the Anderson acceleration can be found in [WN11].
We remind that evaluating Sγ requires the solution of one period of the
Navier–Stokes initial value problem. By storing the last l values of vi0 and
Sγ (vi0 ) only one initial value problem must be solved per iteration, i.e. the
same as without acceleration. The main additional computational expense is
solving the optimization problem for αi , for which linalg.lstsq from the
NumPy library [Oli06], is employed. The cost for this is negligible compared
the solution of the initial value problem.
The improvements due to the use of the Anderson acceleration are pictured
in Figure 5.24. The number of iterations is reduced for all tested values of γ
for the Navier–Stokes equation and for all values except γ = 0 for the Stokes
equation, where the iteration number is the same. The number of periods is
reduced between 0% and 50% with ≈ 16% mean reduction rate between all test
cases. The periodicity error between periods is depicted in Figure 5.25 showing
the effect of the acceleration compared to Figure 5.19. These results are very
promising and further tests should be carried out to assess the performance
and robustness of this method. The Anderson acceleration was not used for
the discretization of the limit system, where only a few iterations were required
anyway due to the higher employed tolerances.
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Figure 5.24: Number of iterations until the tolerance is reached for Test
Case 5.3.5 for St = 0.01 and Re = 500 with and without Anderson acceleration (AA).
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Figure 5.25: Periodicity error for different values of γ for the Navier–Stokes
and Stokes equation in the same scenario as Figure 5.19 with
the Anderson acceleration.
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Figure 5.26: Number of iterations until an approximately periodic solution
was found in each macro step of the limit system for the RK2
discretization with step size κ = 0.2. The initial guess for the
(i)
periodic solver is zero in each evaluation of g̃0 for (a) and uses
the last periodic solution in (b), which is a replication of Figure 5.9.

Integration into the Limit System Solver
This section discusses the integration of the mean correction iteration into the
solution process of the limit system, where in each macro step one (for the
explicit Euler) or two (for the RK2 scheme) periodic Navier–Stokes problems
must be solved. A previously determined periodic solution can be used as initial
guess for a periodic solution in a new geometry as follows. Starting with the
second evaluation of g0 , the initial guess for the periodic solution, denoted as
v00 above, is taken as the final solution of the previous evaluation of g0 , pushed
forward to the mesh of the new geometry. For the first evaluation v00 := 0
is used for simplicity. The positive effect of technique can be observed by
comparing Figure 5.26(a), which uses an initial guess of zero for all evaluations,
with Figure 5.26(b), which uses the previously described technique of reusing
periodic solutions. The total number of iterations is reduced by 40% from
(1)
307 to 186. Note that the evaluation of g̃0 uses the periodic solution from
(2)
(2)
the evaluation of g̃0 from the previous macro step and the evaluation of g̃0
(1)
uses the periodic solution from the evaluation of g̃0 from the current macro
step, which is easily possible since both problems employ the same spatial
discretization.
In the algorithmic description of the limit system solver an approximatively
periodic solution is first determined and then used to compute the discrete average g0 according to e.g. eq. (5.6). The computation of g0 would then either
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require the storage of the solution for all time steps of the previous iteration or
another forward iteration after periodicity is determined. In our computations
we used the alternative approach of computing g0 within the time stepping of
each iteration and discarding the result if the threshold has not been reached.
While g0 requires the evaluation of a boundary integral, it can be assumed that
the cost of computing the discarded g0 is lower than performing a forward iteration of the full problem if memory requirements or performance considerations
prohibit the storage of all time steps of an iteration.

5.4 Temporal Error Analysis for the Limit System
In this section we sketch an error analysis for the limit system. In line with our
general focus on the temporal aspects of the problem we only discuss a temporal
semi-discretization of the limit equation with a space-continuous fluid problem.
For the equation for q0 on the macro scale we will use the Runge–Kutta 2 (RK2)
method from eq. (5.5), for the periodic fluid problem on the micro scale the
Crank–Nicolson scheme is employed.
The error analysis is non-standard due to the coupling of micro and macro
scales and the discretization of the time-periodic fluid equation. While the
presented analysis is new, the basic principles of micro and macro coupling
are also discussed e.g. in the context of the heterogeneous multiscale method
[E+07]. To focus on the non-standard aspects of the error analysis, we will
simplify the micro problem to a Stokes equation and make assumptions on
the regularity of the solution and limit right-hand side g0 which are expected
for the error analysis, likely to hold, but are not verified. This is the sense
in which this is merely a sketch of the error analysis. Constants occurring in
the rest of this section, either explicitly or implicitly in the ≲-notation, will
be independent of the discretization parameters but may depend on the limit
solution and the data.

Simplified Limit System and Discretization
For simplicity we only study a Stokes equation with time-periodic right-hand
side, Strouhal and Reynolds numbers equal to 1, just as in the discussion of
the mean correction iterations, cf. eq. (5.11). Specifically, we denote by vπ (·; q̂)
for q̂ ∈ Q in this section the solution to
)
∂s vπ (s; q̂) − P ∆vπ (s; q̂) = P f (s; q̂),
in (0, 1) × Ωq̂
(5.42a)
div vπ (s; q̂) = 0
with Helmholtz projection P and 1-periodic right-hand side f (·; q̂). The solution vπ (·; q̂) must be 1-periodic,
vπ (0; q̂) = vπ (1; q̂) in Ωq̂

(5.42b)

and satisfy the homogeneous Dirichlet boundary values
vπ (s) = 0

on (0, 1) × ∂Ωq̂ .

(5.42c)

The calculations carried out in the following will work the same way with
pressure boundary conditions. We make various regularity assumptions in the
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following which require regularity of ∂Ωq̂ , f and g0 greater than those previously assumed, e.g. differentiability of g0 . Such assumptions are natural for an
error analysis but are not verified here.
The limit equation for q0 is assumed to be just as eq. (5.3a), i.e.
q0′ (τ ) = g0 (q0 (τ ))

(5.43a)

with initial value q0 (0) := 0 and right-hand side
Z

1



Z

g0 (q̂) := γ(1 − q̂)

1+
0

Γq̂

|σWS,π (s; q̂)|
0
σWS

−1
do ds

(5.43b)

where σWS,π (·; q̂) is the wall shear stress of the simplified Stokes equation and
Γq̂ ⊂ ∂Ωq̂ has positive measure and is suﬀiciently regular.
An approximation of the right-hand side g0 is evaluated twice per macro
step in the RK2 discretization of the limit equation, we denote these approxi(i)
mations by g̃0 for i ∈ {1, 2}. The analysis will show that the use of different
micro discretizations is more eﬀicient and we denote by M (i) ∈ N the number
of micro time steps per period with step size k (i) := 1/M (i) and by TOL(i) > 0
a periodicity tolerance parameter, see ineq. (5.46) below. For notational simplicity will however often omit the index i and just write M , k and TOL.
The temporal discretization of the simplified Stokes equation is a Crank–
Nicolson scheme analogous to the one used for the computations, where vπm (q̂)
for m = 1, . . . , M is a solution to

vπm (q̂) − vπm−1 (q̂) − k2 P ∆(vπm (q̂) + vπm−1 (q̂))


m
m−1
k
in Ωq̂ (5.44a)
= 2 (P f (q̂) + P f
(q̂)),


m
div vπ (q̂) = 0,
with periodicity condition
vπ0 (q̂) = vπM (q̂) in Ωq̂

(5.44b)

and boundary condition
vπm (q̂) = 0

on ∂Ωq̂ .

(5.44c)

The solution vπm of course depends on the parameters M = M (i) and k = k (i)
m,(i)
for i ∈ {1, 2}, such that formally vπm = vπ .
For the RK2 discretization of the limit equation there must hold for n =
1, . . . , N that
(2)
(1)
q0n = q0n−1 + κg̃0 (q0n−1 + κ2 g̃0 (q0n−1 ))
(5.45a)
with q00 = 0. The numbers 1 and 2 here refer to the order of evaluation. We
will mainly investigate the discretization of g0 from eq. (5.7),
(i)
g̃0 (q̂)

:= γ(1 − q̂)

M
X
m=1

Z
k

1+
Γq̂

m−1
m
| 12 (σ̃WS,π
(q̂) + σ̃WS,π
(q̂))|
0
σWS

!−1
do (5.45b)

m
where σ̃WS,π
is the wall shear stress of the time-discrete, but only approximatively periodic solution ṽπm (q̂). This discretization of g0 will be beneficial since
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the resulting velocity error can be easily estimated for the Crank–Nicolson
scheme, we will later also discuss the corresponding estimates for other discretizations of g0 .
We assume that there is a periodicity tolerance TOL = TOL(i) > 0 which
guarantees that
kṽπm (q̂) − vπm (q̂)kH 2 (Ωq̂ ) ≤ TOL
(5.46)
for m = 1, . . . , M and q̂ ∈ Q. For the analysis such a criterion is reasonable,
but the periodic solver will not guarantee such a bound, in particular since the
periodic solution is unknown.

Macro Scale Error
The error is split into the errors due to this inexact approximation of the righthand side g0 and the normal error analysis for the RK2 scheme. Subtracting
eqs. (5.43a) and (5.45a) for q0 (τ ) and q0n , the error en := q0 (τ n ) − q0n satisfies
the recursion
Z τn
(1)
(2)
en = en−1 +
g0 (q0 (τ )) dτ − κg̃0 (q0n−1 + κ2 g̃0 (q0n−1 ))
τ n−1

and we split the right-hand side as follows
Z τn
n
n−1
e =e
+
g0 (q0 (τ )) dτ − κg0 (q0 (τ n−1 ) + κ2 g0 (q0 (τ n−1 )))
τ n−1

+ κg0 (q0 (τ n−1 ) + κ2 g0 (q0 (τ n−1 ))) − κg0 (q0n−1 + κ2 g0 (q0n−1 ))
(2)

(1)

+ κg0 (q0n−1 + κ2 g0 (q0n−1 )) − κg̃0 (q0n−1 + κ2 g̃0 (q0n−1 )).

(5.47)

The second and third terms on the right of eq. (5.47) are the standard local
truncation error for the RK2 method and of order O(κ3 ), verified e.g. using
Taylor polynomials, assuming that q0 is suﬀiciently regular. The term on the
second line of eq. (5.47) is estimated by
κ|g0 (q0 (τ n−1 ) + κ2 g0 (q0 (τ n−1 ))) − g0 (q0n−1 + κ2 g0 (q0n−1 ))|
≲ κ|en−1 + κ2 g0 (q0 (τ n−1 )) − κ2 g0 (q0n−1 )|
≲ κ|en−1 | + κ2 |en−1 |.
The final line of eq. (5.47) measures the inexact solution of the micro problem
and is split up as
(2)

(1)

κ|g0 (q0n−1 + κ2 g0 (q0n−1 )) − g̃0 (q0n−1 + κ2 g̃0 (q0n−1 ))|
(1)

≤ κ|g0 (q0n−1 + κ2 g0 (q0n−1 )) − g0 (q0n−1 + κ2 g̃0 (q0n−1 ))|
(1)

(2)

(1)

+ κ|g0 (q0n−1 + κ2 g̃0 (q0n−1 )) − g̃0 (q0n−1 + κ2 g̃0 (q0n−1 ))|
(2)

(1)

≲ κkg0 − g̃0 kC 0 (Q) + κ2 |g0 (q0n−1 ) − g̃0 (q0n−1 )|,
using the Lipschitz continuity of g0 , and consequently
(2)

(1)

κ|g0 (q0n−1 + κ2 g0 (q0n−1 )) − g̃0 (q0n−1 + κ2 g̃0 (q0n−1 ))|
(2)

(1)

≲ κkg0 − g̃0 kC 0 (Q) + κ2 kg0 − g̃0 kC 0 (Q) .
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Combining these estimates for eq. (5.47) leads to
(2)

(1)

|en | ≲ (1 + κ + κ2 )|en−1 | + κ3 + κkg0 − g̃0 kC 0 (Q) + κ2 kg0 − g̃0 kC 0 (Q)
and Gronwall’s inequality hence implies that
(2)

(1)

|en | ≲ κ2 + κkg0 − g̃0 kC 0 (Q) + kg0 − g̃0 kC 0 (Q)

(5.48)

with constant depending on the solution, properties of g0 and the slow time T .
(2)
Inequality (5.48) shows that the (micro) error in the evaluation of g̃0 must be
(1)
of order O(κ2 ), while the evaluation of g̃0 must be only of order O(κ) for an
overall balance of errors.

Micro Scale Error
(i)

To complete the estimate of en from ineq.(5.48) we must bound kg0 −g̃0 kC 0 (Q)
for i ∈ {1, 2}. By definition of g0 from eq. (5.43b) and for the specific form of
(i)
g̃0 from eq. (5.45b) we can rewrite both functions using g from the fast-slow
system, given by
Z
g(q̂, v) := γ(1 − q̂)
Γq̂



|σWS (v)|
1+
0
σWS

−1
do.

for suﬀiciently regular velocity field v : Ω̂q → Rd with associated wall shear
stress σWS (v). The micro discretization error can then be expressed as
Z
(i)

g0 (q̂) − g̃0 (q̂) =

1

g(q̂, vπ (s; q̂)) ds −
0

M
X

kg(q̂, 12 (ṽπm (q̂) + ṽπm−1 (q̂))).

m=1

We split this expression into integration error, discretization error and periodicity error:
(i)

|g0 (q̂) − g̃0 (q̂)|
Z 1
M
X
≤|
g(q̂, vπ (s; q̂)) ds −
kg(q̂, 12 (vπ (sm ; q̂) + vπ (sm−1 ; q̂)))|
0

+

M
X

(5.49)

m=1

k|g(q̂, 21 (vπ (sm ; q̂) + vπ (sm−1 ; q̂))) − g(q̂, 21 (vπm (q̂) + vπm−1 (q̂)))|

m=1

+

M
X

k|g(q̂, 12 (vπm (q̂) + vπm−1 (q̂))) − g(q̂, 21 (ṽπm (q̂) + ṽπm−1 (q̂)))|.

m=1

The second line of ineq. (5.49) describes the error for the midpoint integration
rule, which is of second order. Thus for suﬀiciently regular vπ (·; q̂) there holds
Z

1

g(q̂, vπ (s; q̂)) ds −

|
0

M
X
m=1

kg(q̂, 12 (vπ (sm ; q̂) + vπ (sm−1 ; q̂)))| ≲ k 2 .
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The third line of ineq. (5.49) is, by Lipschitz continuity of g and the H 2 dependence on the velocity, estimated by
M
X

k|g(q̂, 21 (vπ (sm ; q̂) + vπ (sm−1 ; q̂))) − g(q̂, 21 (vπm (q̂) + vπm−1 (q̂)))|

m=1

≲

M
X

kk 12 (wπm (q̂) + wπm−1 (q̂))kH 2 (Ωq̂ )

m=1

where we write wπm (q̂) := vπ (sm ; q̂) − vπm (q̂) for the error between continuous
and time-discrete periodic solutions. Before investigating this velocity error,
we estimate the last line of ineq.(5.49) using our periodicity tolerance condition
from ineq. (5.46), which yields
M
X

k|g(q̂, 12 (vπm (q̂) + vπm−1 (q̂))) − g(q̂, 12 (ṽπm (q̂) + ṽπm−1 (q̂)))|

m=1

≲

M
X

k kvπm (q̂) − ṽπm (q̂)kH 2 (Ωq̂ ) + kvπm−1 (q̂) − ṽπm−1 (q̂)kH 2 (Ωq̂ )



m=1

≲ TOL.
Combining these estimates for the right-hand side of ineq. (5.49) we get
(i)

|g0 (q̂) − g̃0 (q̂)| ≲ k 2 + TOL +

M
X

kk 12 (wπm (q̂) + wπm−1 (q̂))kH 2 (Ωq̂ ) .

(5.50)

m=1

The final part of the error analysis will be the estimate for the velocity error
wπm (q̂). Subtracting eq. (5.44) from eq. (5.42) we arrive at the error equation
)
wπm (q̂) − wπm−1 (q̂) − k2 P ∆(wπm (q̂) + wπm−1 (q̂)) = rm (q̂),
in Ωq̂
div wπm (q̂) = 0,
for m = 1, . . . , M with residual
Z sm
rm (q̂) :=
∂s vπ (s; q̂) ds − k2 (∂s vπ (sm ; q̂) + ∂s vπ (sm−1 ; q̂)).
sm−1

The error is 1-periodic, wπ0 (q̂) = wπM (q̂), and wπm = 0 on ∂Ωq̂ .
Testing the momentum equation with −P ∆ 12 (wπm (q̂) + wπm−1 (q̂)) and integrating in space yields, with some standard estimates, that
kwπm (q̂)k2H 1 (Ωq̂ ) − kwπm−1 (q)k2H 1 (Ωq̂ ) + kkP ∆ 21 (wπm (q̂) + wπm−1 (q̂))k2L2 (Ωq̂ )
≲ k 4 k∂tt vπ k2L2 (sm−1 ,sm ;L2 (Ωq̂ ))
using that the residual corresponds to the local error for the trapezoidal integration scheme. Summing over m = 1, . . . , M , the estimate k · kH 2 (Ωq̂ ) ≲
kP ∆ · kL2 (Ωq̂ ) under our domain regularity assumptions and the periodicity of
wπm (q̂) yields that
M
X
m=1

kk 12 (wπm (q̂) + wπm−1 (q̂))k2H 2 (Ωq̂ ) ≲ k 4 .

(5.51)
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Just as in the continuous theory a temporal L∞ estimate is not directly available with periodic boundary conditions in time. This finishes the estimate for
the micro error since
M
X

kk 12 (wπm (q̂)

+

wπm−1 (q̂))kH 2 (Ωq̂ )

≤

m=1

M
X

! 21
kk 12 (wπm (q̂)

+

wπm−1 (q̂)k2H 2 (Ωq̂ )

m=1

and thus we can conclude in eq. (5.50) that
(i)

|g0 (q̂) − g̃0 (q̂)| ≲ k 2 + TOL.

(5.52)

The error estimate from ineq. (5.51) as a time-discrete L2 integral of averages is somewhat natural for the Crank–Nicolson scheme, see [SR20]. The
discretization of g0 from eq. (5.7) was chosen for this analysis since it naturally
leads to such averages in the velocity error. We briefly discuss the estimates
for the discretization scheme of g0 from eq. (5.6), which is used in the computations, for the remainder of this section. Such discretization leads to the micro
error estimate
(i)

|g0 (q̂) − g̃0 (q̂)| ≲ k 2 + TOL +

M
X

kkwπm (q̂)kH 2 (Ωq̂ )

m=1

and a velocity error estimate in this form is not readily available for the Crank–
Nicolson scheme. One strategy to derive such a result is using a time-discrete
version of the (temporal) Poincaré inequality
kvπ (q̂) − v π (q̂)kL2 (0,1;H 2 (Ωq̂ )) ≲ k∂s vπ (q̂)kL2 (0,1;H 2 (Ωq̂ ))
where v π (q̂) is the temporal average of the periodic solution vπ (·; q̂). By testing
the error momentum equation by k1 (wπm (q̂)−wπm−1 (q̂)) one can derive an O(k 2 )estimate for the discrete time-derivative. By summing the error momentum
equation over m = 1, . . . , M one can derive an O(k 2 )-estimate for the timediscrete average. Together with the Poincaré inequality this yields the desired
estimate for the velocity error. We note that this approach requires much more
regularity for the continuous solution to compensate for the mismatch between
the spatial regularity of the time-derivative and the solution itself.

Overall Error Estimate
To finish the error estimate we must combine the macro error estimate from
ineq. (5.48),
(1)

(2)

|en | ≲ κ2 + κkg0 − g̃0 kC 0 (Q) + kg0 − g̃0 kC 0 (Q) ,
and the micro error estimate from ineq. (5.52),
(i)

|g0 (q̂) − g̃0 (q̂)| ≲ k 2 + TOL.
(i)

Distinguishing now between the micro parameters for the two evaluations g̃0 ,
i ∈ {1, 2}, this yields the following result.
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Theorem 5.4.1. Under suitable regularity assumptions the error between the
solution q0 of eq. (5.43) and its temporal semi-discretization q0n using the RK2
method on the macro scale, eq. (5.45), and the Crank–Nicolson scheme for the
fluid problem on the micro scale, eq. (5.44), using in particular the approximations of g0 from eq. (5.45b), satisfies the error estimate
 

2
2
max |q0 (τ n ) − q0n | ≲ κ2 + κ k (1) + TOL(1) + k (2) + TOL(2) .
n=1,...,N

Here k (1) and k (2) are the step sizes of the two micro discretizations corresponding to the two evaluations of the right-hand side g0 in the RK2 scheme.
Similarly, TOL(1) and TOL(2) are the assumed tolerances for the approximatively periodic solution, as specified in ineq. (5.46).
The choice of parameters for the micro discretization as
√
k (1) ≈ κ, TOL(1) ≈ κ, k (2) ≈ κ, TOL(2) ≈ κ2 ,
(5.53)
to be understood asymptotically in κ, hence yields the overall balanced error
max |q0 (τ n ) − q0n | ≲ κ2 .

n=1,...,N

(5.54)

Application to the Limit System
The computations for RK2 in the limit system presented at the beginning of
this chapter were carried out with a balanced error according to Theorem 5.4.1.
The balancing from eq. (5.53) is valid only asymptotically as κ → 0 and no
constants are known. For the computations presented in e.g. Figure 5.6 the
following relations were employed
M (1) = 6dκ−1/2 e, TOL(1) = 10−2 κ, M (2) = 6dκ−1 e, TOL(2) = 10−2 κ2 . (5.55)
These factors were chosen experimentally such that the solutions for the balanced parameters are of similar quality as the “RK2 (unbalanced)” solutions
depicted in Figure 5.6 with TOL(1) = TOL(2) = 10−7 and M (1) = M (2) = 40.
(1)
The benefit of choosing a lower tolerance and larger step size for g̃0 can
be estimated using the numbers provided for the RK2 discretization of the
limit system with κ = 0.2 from Figure 5.9. For this problem a total of 1602
(1)
(2)
time steps were used for the evaluation of g̃0 and 2910 time steps for g̃0 .
(1)
(2)
Assuming that g̃0 requires as many steps as g̃0 without adaptivity, the total
number of time steps required for the limit system would increase by ≈ 29%
from 4512 to 5820.

Chapter 6

Multiscale Analysis of a
Permeable Membrane Model
Departing from the previous three chapters we now discuss another aspect
of the model by Yang et. al. from Section 2.3 by investigating the equations
for monocytes in the fluid (lumen) and macrophages in the structure (wall),
coupled through the permeable endothelium. These equations also feature
processes on differing scales, with fast advection compared to diffusion and
reaction, as visible from the magnitude of the nondimensional parameters from
Table 2.4 and reflected in the scaling by ε in eqs. (6.1) below.
This chapter is organized as follows. After introduction of the problem and
review of the existing literature we investigate the singular limit convergence
for a series of simplified problems. Starting with a stationary equation we show
qualitative convergence to the limit equation, then quantify this convergence
under further assumptions on the velocity field, first in the case of non-vanishing
advection velocities, then for Poiseuille-flow like fields which vanish on the
boundary of the domain. These results are then carried over to the instationary
case. The final part of this chapter discusses a numerical realization of the
equations and the agreement between theoretical and numerical results.

∂i Ωf

∂w Ωf

∂ o Ωf
Ωf
Γ
Ωs

Figure 6.1: Example geometry for the concentration equations in two dimensions. The boundary of Ωs is only divided into Γ and ∂Ωs \ Γ.
Even though (∂Ωs \ Γ) ∩ ∂w Ωf 6= ∅ in this example, we use ∂w Ωf
only in the context of the fluid problem.
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6.1 Problem Description
We begin with a description of the geometry, an example of which is sketched in
Figure 6.1. We assume that Ωf , Ωs ⊂ Rd with d ∈ {2, 3} are disjoint domains
with Lipschitz boundaries and ∂Ωf ∩ ∂Ωs 6= ∅. As in Chapter 4 the fluid
domain’s boundary is disjointly subdivided into inflow boundary ∂i Ωf , outflow
boundary ∂o Ωf , the wall ∂w Ωf and the permeable interface Γ ⊂ ∂Ωf ∩ ∂Ωs . In
contrast to the previous chapters Γ is not assumed to be part of ∂w Ωf , leading
to the decomposition
∂Ωf = ∂i Ωf ∪ ∂w Ωf ∪ ∂o Ωf ∪ Γ.
We assume that only ∂w Ωf and Γ are on the shared boundary with Ωs , such
that (∂i Ωf ∪ ∂o Ωf ) ∩ ∂Ωs = ∅, and that Γ, ∂i Ωf and ∂o Ωf have non-zero
Lebesgue surface measure. On the structure domain we only distinguish between the permeable interface Γ and the remainder
∂Ωs = Γ ∪ (∂Ωs \ Γ).
Even though ∂w Ωf ∩∂Ωs may be non-empty we will not use ∂w Ωf in the context
of the structure problem.
We study the following simplified version of the non-dimensional equations from eqs. (2.21a) and (2.21b) for the monocytes cε,f inside the fluid and
macrophages cε,s in the structure, formulated on the slow timescale. Let
∂τ cε,f − ∆cε,f + 1ε vf · ∇cε,f = 0

in I × Ωf ,

(6.1a)

∂τ cε,s − ∆cε,s + cε,s = 0

in I × Ωs ,

(6.1b)

with initial values cε,f (0) = c0ε,f and cε,s (0) = c0ε,s whose possible dependence
on ε is specified below, with exterior boundary conditions
cε,f = cin
f

on I × ∂i Ωf ,

(6.1c)

∂nf cε,f = 0

on I × (∂o Ωf ∪ ∂w Ωf ),

(6.1d)

∂ns cε,s = 0

on I × (∂Ωs \ Γ)

(6.1e)

and interface coupling conditions
∂nf cε,f + ξ(cε,f − cε,s ) = 0

on I × Γ,

(6.1f)

∂ns cε,s + ξ(cε,s − cε,f ) = 0

on I × Γ.

(6.1g)

We assume that ξ ≥ 0 is a bounded, measurable permeability function on Γ
with ξ > 0 on a set of non-zero Lebesgue surface measure. Furthermore, the
transport velocity vf inside the lumen is assumed to satisfy div vf = 0 in Ωf ,
vf · nf = 0 on Γ ∪ ∂w Ωf and vf · nf < 0 on ∂i Ωf .
The scaling of eqs. (6.1) agrees with that of the model of Yang et. al., cf.
Table 2.4, in such that diffusion, reaction and permeation are slow processes,
whereas advection is fast. All ε-independent parameters were set to 1 for
simplicity. In contrast to the model by Young et. al. the blood velocity in the
lumen is assumed to be a given stationary field and any effects of fluid-structure
interaction or growth are omitted. There is in particular no domain movement
and thus no advection of macrophages inside the wall. Future research is
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necessary to extend the present analysis to more accurate models, to include
e.g. periodic velocities and a coupling to growth.
Equations (6.1) is a singularly perturbed system of partial differential equations, since for ε → 0 the equation in the fluid domain becomes hyperbolic.
The equation in the wall is regular, but coupled to the fluid equation through
the interface, which makes this problem non-standard.
For fixed ε = 1 a linear problem similar to eqs. (6.1) was analyzed in
[QVZ02b]. An analysis with nonlinear coupling conditions is discussed in
[CZ06] although for the case that one domain is contained in the other. None
of these models study the limit as ε → 0.
There is a vast literature for singularly perturbed problems on a single
domain Ω ⊂ Rd of the form
∂τ cε − ∆cε + 1ε v · ∇cε = 0

in I × Ω

and its stationary variant
−∆cε + 1ε v · ∇cε = 0

in Ω

with corresponding boundary and initial conditions, see e.g. the monographs
[Lio73; Eck79; Goe+83] for an overview. The limit behavior depends fundamentally on the velocity field v, specifically on the solution to the pure
advection problem, which in the stationary case is given by
v · ∇c0 = 0

in Ω.

We assume that the velocity field is such that monocytes are transported out
of the domain in finite time. We only investigate stationary velocity fields
here, where such a condition prevents flow reversal, which is an important
phenomenon in atherosclerosis. Nevertheless, we consider this as an artifact
of the assumption that the flow is stationary, whereas finite exit times are
physiologically essential. Under the assumption of finite exit times, formulated as Assumption 6.2.8 below, [Eck79] gives integral norm estimates for the
advection-diffusion problem similar to those we will employ for the permeable
interface problem. [DEF74] uses a similar condition to estimate the smallest
eigenvalue of the operator associated with the singularly perturbed advectiondiffusion problem, although the velocity field is allowed to vanish at a point.
Since it has links to the averaging theory from the previous chapters, we
briefly also discuss the setting where v is a periodic velocity field with trajectories which do not leave the domain. After a coordinate transformation along the
characteristics of the unperturbed advection problem [Kro91; HKV95] could
show that the solutions of such problems converge to an averaging-type limit
with order O(ε) on a slow timescale of order O(1) [Kro91] or for all time
[HKV95]. [Spi16] formally extends this method to more general scenarios using multiscale expansions. In [SPV09; Ded+15] similar problems to [Kro91]
are investigated using Lie averaging techniques, focusing in particular on the
spectral properties of the averaging limit to check for advection-enhanced dissipation, where the rate of decay of initial values is nonlinear in ε, in contrast
to the linear rate of decay expected from the diffusive term alone.
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6.2 Analysis of the Stationary Problem
We first examine the stationary variant of eqs. (6.1), i.e. the problem of finding
cε,f : Ωf → R and cε,s : Ωs → R such that
−∆cε,f + 1ε vf · ∇cε,f = 0
−∆cε,s + cε,s = 0

(6.2a)

in Ωf ,
in Ωs ,

(6.2b)

on ∂i Ωf ,

(6.2c)

∂n cε,f = 0

on ∂o Ωf ∪ ∂w Ωf ,

(6.2d)

∂n cε,s = 0

on ∂Ωs \ Γ

(6.2e)

∂nf cε,f + ξ(cε,f − cε,s ) = 0

on Γ,

(6.2f)

∂ns cε,s + ξ(cε,s − cε,f ) = 0

on Γ.

(6.2g)

with exterior boundary conditions
cε,f = cin
f

and interface coupling conditions

where ξ ∈ L∞ (Γ) with ξ > 0 a.e. and vf ∈ L∞ (Ωf ) with div vf = 0. The
regularity of cin
f and further assumptions on vf are expressed below in terms of
regularity of solutions to the pure advection problem. For the weak formulation
of eqs. (6.2) we define the spaces

Cf := {ϕf ∈ H 1 (Ωf ) | ϕf |∂i Ωf = 0},

C̄f := H 1 (Ωf ),

Cs := H 1 (Ωs ).

and, reminding of the notation ( · , · )i for the scalar product on L2 (Ωi ) for
i ∈ {f, s}, the bilinear forms
aε,f (cf , ϕf ) := (∇cf , ∇ϕf )f + 1ε (vf · ∇cf , ϕf )f
as (cs , ϕs ) := (∇cs , ∇ϕs )s + (cs , ϕs )s

∀cf ∈ C̄f , ϕf ∈ C̄f ,
∀cs , ϕs ∈ Cs .

In practise only the restriction of aε,f to Cf × Cf will be of interest, requiring
the typical reduction of the problem to homogeneous boundary values. We
equip L2 (Γ) with the ξ-weighted scalar product
1

1

( · , · )ξ := (ξ 2 · , ξ 2 · )Γ ,

1

k · kξ := ( · , · )ξ2 .

With these definitions, eqs. (6.2) can be rewritten in weak form as:
Problem 6.2.1. Find cε,f ∈ C̄f and cε,s ∈ Cs such that
aε,f (cε,f , ϕf ) + (cε,f − cε,s , ϕf )ξ = 0
as (cε,s , ϕs ) + (cε,s − cε,f , ϕs )ξ = 0

∀ϕf ∈ Cf ,
∀ϕs ∈ Cs

(6.3a)
(6.3b)

with cε,f = cin
f on ∂i Ωf .
That strong solutions to eqs. (6.2) are weak solutions in the sense of Problem 6.2.1 and vice versa (under additional regularity assumptions) can be easily
seen and uses that the interface condition is satisfied due to the boundary terms
occurring while partially integrating ∆cε,f on Ωf and ∆cε,s on Ωs .
We make the following assumption on the regularity of the pure advection
problem.
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Assumption 6.2.2. There is exactly one c0,f ∈ C̄f such that
(vf · ∇c0,f , ϕf )f = 0

∀ϕf ∈ L2 (Ωf )



with c0,f |∂i Ωf = cin
f .

The notation c0,f anticipates our later proof that c0,f is the zeroth order
approximation of cε,f as ε → 0, see Theorem 6.2.11. Assumption 6.2.2 is
restrictive in the sense that c0,f ∈ H 1 (Ωf ) requires regularity perpendicular
to the advection velocity, a requirement which is not easily satisfied given
that c0,f is determined by the value of cin
f along the characteristics of vf . This
assumption is nevertheless central for the subsequent analysis, not least because
a trace of c0,f is required for the well-posedness of the presented limit equation
for cε,s . In the model by Yang et. al. there holds cin
f ≡ 1 and Assumption 6.2.2 is
trivially satisfied with c0,f ≡ 1. This even greater regularity of c0,f is exploited
in some of the results below.
Existence and uniqueness of solutions for a similar, instationary model was
proven in [QVZ02b], but the arguments are repeated here to show the (in-)
dependence of the constants on ε.
Lemma 6.2.3. For every ε > 0 Problem 6.2.1 has a unique solution with
kcε,f kH 1 (Ωf ) + kcε,s kH 1 (Ωs ) ≲ 1

(6.4)

where the constant depends on the data, e.g. kc0,f kH 1 (Ωf ) , but not on ε.
Proof. Define the bilinear form
aε ((cf , cs ), (ϕf , ϕs )) := aε,f (cf , ϕf ) + as (cs , ϕs ) + (cf − cs , ϕf − ϕs )ξ
for cf , ϕf ∈ C̄f and cs , ϕs ∈ Cs . Then the solution of Problem 6.2.1 satisfies
aε ((cε,f − c0,f , cε,s ), (ϕf , ϕs )) = −(∇c0,f , ∇ϕf )f − (c0,f , ϕf − ϕs )ξ

(6.5)

for all (ϕf , ϕs ) ∈ Cf × Cs . We claim that aε is coercive on (Cf × Cs ) × (Cf × Cs )
with constant independent of ε. This follows by ξ > 0 and using that
Z
Z
vf · ∇ϕf ϕf dx =
div(vf ϕf )ϕf dx
Ωf

Ωf

Z

=−

Z
(vf ϕf ) · ∇ϕf dx +

Ωf

vf · nf |ϕf |2 do
∂Ωf

for ϕf ∈ Cf , which implies
Z
Z
1
vf · ∇ϕf ϕf dx =
vf · nf |ϕf |2 do ≥ 0
2 ∂Ωf
Ωf
using for the last inequality that vf · nf ≥ 0 on ∂Ωf \ ∂i Ωf and ϕf = 0 on ∂i Ωf .
Since (cε,f − c0,f , cε,s ) ∈ Cf × Cs the existence and uniqueness of solutions to
eq. (6.5), and thus to Problem 6.2.1, is guaranteed by the Riesz representation
theorem. Inequality (6.4) follows by coercivity of aε and that the right-hand
□
side of eq. (6.5) is independent of ε.
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Remark 6.2.4. We emphasize that the ε-independence in ineq. (6.4) depends
fundamentally on Assumption 6.2.2. For an arbitrary extension of cin
f in
1
H (Ωf ), as typically employed for non-homogeneous boundary values, the
right-hand side of eq. (6.5) in the proof of Lemma 6.2.3 would contain an
advection term of order O(ε−1 ).

In the limit, cε,f and cε,s will converge in some appropriate sense to solutions
of (repeating the definition of c0,f for convenience):
Problem 6.2.5 (Stationary limit). Find c0,f ∈ C̄f and c0,s ∈ Cs such that
(vf · ∇c0,f , ϕf )f = 0
as (c0,s , ϕs ) + (c0,s − c0,f , ϕs )ξ = 0

∀ϕf ∈ L2 (Ωf ),
∀ϕs ∈ Cs

with c0,f = cin
f on ∂i Ωf .
Lemma 6.2.6. The solution c0,s to Problem 6.2.5 exists, is unique and satisfies
kc0,s kH 1 (Ωs ) ≲ 1
with constant depending on the data. The existence of c0,f is guaranteed by
Assumption 6.2.2
Proof. Moving c0,f in the equation for c0,s to the right-hand side, the lefthand side is a coercive, continuous and symmetric bilinear form, hence existence, uniqueness and the claimed estimate follows by the Riesz representation
theorem.
□
The estimate from ineq. (6.4) is suﬀicient to prove qualitative results about
the convergence of cε,f and cε,s as ε → 0 without any further assumptions.
Lemma 6.2.7. As ε → 0 there holds
cε,f * c0,f

in H 1 (Ωf ),

cε,s → c0,s

in H 1 (Ωs ).

Proof. The estimate from ineq. (6.4) implies that there are c∗0,f ∈ H 1 (Ωf ) and
c∗0,s ∈ H 1 (Ωs ) such that for subsequences of cε,f and cε,s there holds
cε,f * c∗0,f

in H 1 (Ωf ),

cε,s * c∗0,s

in H 1 (Ωs )

as ε → 0. We do not distinguish between sequence and subsequence in notation
here. To see that c∗0,f = c0,f we multiply eq. (6.3a) by ε and take the limit as
ε → 0. The claim follows for this subsequence using the weak convergence and
the ε-independent bounds from Lemma 6.2.3. Due to the uniqueness of the
limit the claim then follows for the whole sequence cε,f , an argument which is
also implicitly used for cε,s in the following.
In eq.(6.3b) we directly pass to the limit, establishing c∗0,s = c0,s . For strong
convergence of cε,s we use the standard Sobolev embedding
1

,→ L2 (Γ)
H 2 (Γ) ,−
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which implies cε,f → c0,f in L2 (Γ). The error eε,s := cε,s − c0,s satisfies
as (eε,s , ϕs ) + (eε,s , ϕs )ξ = (cε,f − c0,f , ϕs )ξ
for ϕs ∈ Cs and testing with ϕs = eε,s yields
keε,s k2s + k∇eε,s k2s ≲ kcε,f − c0,f kξ → 0
which concludes the proof.

(6.6)
□

We use the following additional assumption on the advection velocity field,
following [Eck79, Chapter 6], to establish quantitative convergence results.
Assumption 6.2.8. There exists ψ ∈ C 2 (Ωf ) such that
−vf · ∇ψ ≥ ν > 0



where ν ∈ R.

Assumption 6.2.8 implies that any trajectory of the pure advection problem
leaves Ω after finite time, in fact Assumption 6.2.8 holds if vf has no closed
curves and vf 6= 0 in Ωf [DEF74]. The required regularity of ψ can be reduced
to ψ ∈ W 2,∞ (Ωf ), for which a similar characterization was proven in [AM09].
Note that the condition ν > 0 cannot be satisfied if vf = 0 along the boundary of the artery, preventing the application to the plaque problem. We will
nevertheless treat this, simpler, case first to demonstrate the main techniques,
before extending the analysis under more permissive conditions.
Example 6.2.9. In [Eck79, Chapter 6] the function ψ(x) = α·x for α ∈ Rd was
investigated. In our numerical examples we consider Ωf = (− L2 , L2 )×(0, 1) with
L > 0 and vf (x, y) = (1, 0)T , where the assumption is satisfied for α := (−1, 0)T
and ν := 1.

To handle the interface term we will employ the following interpolation-type
trace estimate.
Lemma 6.2.10. For any cf ∈ Cf there holds
1

1

kcf kL2 (∂Ωf ) ≲ kcf kf2 k∇cf kf2 .

(6.7)

Proof. According to [Gri11, Lemma 1.5.1.9] there exists δ > 0 and νf ∈
C ∞ (Ωf ) such that νf · nf ≥ δ on ∂Ωf , making νf in this sense a smooth
approximation of nf . Then, following the proof of Theorem 1.5.1.10 in [Gri11],
there holds by Green’s theorem that
Z
Z
Z
2
2
cf νf · nf do =
∇(cf ) · νf dx +
c2f div(νf ) dx
∂Ωf

Ωf

Z

Ωf

Z

cf ∇cf · νf dx +

=2
Ωf

c2f div(νf ) dx
Ωf

Using νf · nf ≥ δ, bounding the terms involving νf by kνf kC 1 (Ωf ) and applying
Hölder’s inequality, it follows that
kcf k2L2 (∂Ωf ) ≲ kcf kf k∇cf kf + kcf k2f .
The claimed ineq. (6.7) is then a consequence of applying Poincaré’s inequality
to one factor kcf kf of the last term on the right.
□
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Theorem 6.2.11. Let cε,f and cε,s solve Problem 6.2.1, c0,f and c0,s solve
Problem 6.2.5. Let Assumption 6.2.8 hold. Then for ε small enough we have
1

(6.8a)

k∇(cε,f − c0,f )kf ≲ 1,

(6.8b)

1
4

(6.8c)

3

(6.9a)

1
4

(6.9b)

1
2

(6.9c)

kcε,f − c0,f kf ≲ ε 2 ,
kcε,s − c0,s kH 1 (Ωs ) ≲ ε .
If additionally c0,f ∈ H 2 (Ωf ) then
kcε,f − c0,f kf ≲ ε 4 ,
k∇(cε,f − c0,f )kf ≲ ε ,
kcε,s − c0,s kH 1 (Ωs ) ≲ ε ,

i.e. the order is increased by 41 compared to ineqs. (6.8).
Proof. Set eε,f := cε,f − c0,f and eε,s := cε,s − c0,s . By stability of cε,f and
c0,f from ineq. (6.4), respectively Assumption 6.2.2, ineq. (6.8b) is trivial. Let
us outline the derivation of the other estimates in ineqs. (6.8): We use Assumption 6.2.8 to establish the estimate for keε,f kf and with Lemma 6.2.10
we estimate keε,f kξ in ineq. (6.6) using ineq. (6.8a) and ineq. (6.8b) to establish
the bound for eε,s .
We modify a techniques from [Eck79, Chapter 6] to establish the estimate
for eε,f . We have
aε,f (eε,f , ϕf ) = −(∇c0,f , ∇ϕf )f − (cε,f − cε,s , ϕf )ξ

(6.10)

for ϕf ∈ Cf . By Assumption 6.2.2 on c0,f and ineq. (6.4), the right-hand side
is bounded:
−(∇c0,f , ∇ϕf )f − (cε,f − cε,s , ϕf )ξ ≲ k∇ϕf kf

(6.11)

with constant depending on the data. We choose as test function ϕf := eψ eε,f .
For the left-hand side of eq. (6.10) we must estimate aε,f (eε,f , ϕf ) from below.
For the Laplace term there holds
(∇eε,f , ∇(eψ eε,f ))f = (∇eε,f , eψ ∇eε,f )f + (∇eε,f , (∇eψ )eε,f )f
and for the second term, partial integration yields

Z

2(∇eε,f , (∇e )eε,f )f = −(eε,f , (∆e )eε,f )f +
ψ

∇eψ · nf |eε,f |2 do.

ψ

∂Ωf

Writing min for minx∈Ωf and max for maxx∈Ωf , this implies
(∇eε,f , ∇(eψ eε,f ))f ≥ min eψ k∇eε,f k2f − 12 max |∆eψ |keε,f k2f
Z
+ 12
∇eψ · nf |eε,f |2 do.

(6.12)

∂Ωf

The boundary term needs special care, since the sign of ∇eψ ·nf can be negative
on ∂Ωf \ ∂i Ωf , in contrast to the similar integral with vf · nf which occurred
in the proof of Lemma 6.2.3. Let us assume that this situation occurs, i.e.
ess inf ∇eψ · nf < 0,

∂Ωf \∂i Ωf
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otherwise we directly estimate this term in ineq. (6.12). Using |nf | = 1 we get
Z
Z
1
∇eψ · nf |eε,f |2 do ≥ − 12 max |∇eψ |
|eε,f |2 do
2 ∂Ωf
∂Ωf
≥ − C2 max |∇eψ |k∇eε,f k2f
where C > 0 is independent of ψ. Employing this in ineq. (6.12), we conclude

(∇eε,f , ∇(eψ eε,f ))f ≥ min eψ − C2 max |∇eψ | k∇eε,f k2f
−

1
2

max |∆eψ |keε,f k2f .

If we rescale ψ 7→ ψ0−1 ψ with some scalar ψ0 > 0, we see that the validity
of Assumption 6.2.8 is unaffected apart from the value of ν. Since
min eψ0 ψ −

C
2 ψ0

max |∇ψeψ0 ψ | → 1

for ψ0 → 0

we may assume that, after rescaling, ψ is such that there holds
(∇eε,f , ∇(eψ eε,f ))f ≥ 12 k∇eε,f k2f −

1
2

max |∆eψ |keε,f k2f .

(6.13)

For the transport term in aε,f we have by a similar partial integration argument
that the boundary integral vanishes by our assumptions on vf
Z
ψ
ψ
2(vf · ∇eε,f , e eε,f )f = −(eε,f , vf · ∇ψ e eε,f )f +
vf · nf eψ |eε,f |2 do
∂Ωf

≥ −(eε,f , vf · ∇ψ e eε,f )f ≥ ν min eψ keε,f k2f
ψ

(6.14)

using Assumption 6.2.8. Combining this estimate with ineq. (6.13), we get
ν
aε,f (eε,f , eψ eε,f ) ≥ 12 k∇eε,f k2f + ( 2ε
min eψ −

1
2

max |∆eψ |)keε,f k2f .

(6.15)

Applying ineqs. (6.11) and (6.15) to eq. (6.10) we conclude
k∇eε,f k2f + ( 1ε − C0 )keε,f k2f ≲ k∇(eψ eε,f )k2f

(6.16)

1
with C0 > 0 independent of ε. For ε small enough, 1ε − C0 ≥ 2ε
. Using the
ψ
stability of eε,f and similar estimates as before imply k∇(e eε,f )k2f ≲ 1 and
hence ineq. (6.8a) follows from ineq. (6.16). For the structure error, ineq. (6.8c),
the arguments leading to ineq. (6.6) in the proof of Lemma 6.2.7 imply

keε,s kH 1 (Ωs ) ≲ keε,f kL2 (Γ) .
Using the interpolation-type trace ineq. (6.7) from Lemma 6.2.10 we can conclude ineq. (6.8c), since
1

1

1

keε,s kH 1 (Ωs ) ≲ keε,f kf2 k∇eε,f kf2 ≲ ε 4
1

(6.17)

as keε,f kf ≲ ε 2 and k∇eε,f kf ≲ 1. This finishes the proof if c0,f ∈ H 1 (Ωf ).
If additionally c0,f ∈ H 2 (Ωf ) we proceed as above and mainly improve the
estimate of the right-hand side of eq. (6.10). For the first term on the right of
eq. (6.10) we have
−(∇c0,f , ∇ϕf )f = (∆c0,f , ϕf )f − (∇c0,f · n, ϕf )∂Ωf \∂i Ωf
≲ kc0,f kH 2 (Ωf ) (kϕf kf + kϕf kL2 (∂Ωf \∂i Ωf ) ).
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Estimating the second term on the right of eq. (6.10) as
−(cε,f − cε,s , ϕf )ξ ≲ kξkL∞ (Γ) (kcε,f kH 1 (Ωf ) + kcε,s kH 1 (Ωs ) )kϕf kL2 (Γ)
we can hence conclude, using stability of cε,f and cε,s , and moving estimates
for the data into the constant, that
−(∇c0,f , ∇ϕf )f − (cε,f − cε,s , ϕf )ξ ≲ kϕf kf + kϕf kL2 (∂Ωf \∂i Ωf ) .
With ϕf = eψ eε,f , as above, this leads to
−(∇c0,f , ∇ϕf )f − (cε,f − cε,s , ϕf )ξ ≲ keε,f kf + keε,f kL2 (∂Ωf \∂i Ωf ) .

(6.18)

Using the coercivity bound for aε,f from ineq. (6.15) we can hence conclude
from eq. (6.10), using arguments as in the derivation of ineq. (6.16), that
k∇eε,f k2f + 1ε keε,f k2f ≲ keε,f kf + keε,f kL2 (∂Ωf \∂i Ωf ) .

(6.19)

For the second term on the right of ineq. (6.19) we use the trace ineq. (6.7) as
in the eε,s -estimate so that there holds
1

1

keε,f kL2 (∂Ωf \∂i Ωf ) ≲ keε,f kf2 k∇eε,f kf2 .
Inserting this estimate into ineq. (6.19) and rewriting the terms in preparation
for the next step, we conclude
1

1

1

1

1

k∇eε,f k2f + 1ε keε,f k2f ≤ (Cε 2 )( 1ε keε,f k2f ) 2 + (Cε 4 )( 1ε keε,f k2f ) 4 (k∇eε,f k2f ) 4 .
Using the suggestive grouping of the terms on the right, we apply Young’s
inequality with 12 + 12 = 1 for the first summand and with 21 + 14 + 14 = 1 for
the second summand, rescaling such that
1

1
1
k∇eε,f k2f + 1ε keε,f k2f ≤ Cε + 4ε
keε,f k2f + Cε 2 + 4ε
keε,f k2f + 12 k∇eε,f k2f (6.20)

which implies ineq. (6.9a) and ineq. (6.9b) since
1

1

k∇eε,f k2f + 1ε keε,f k2f ≲ ε + ε 2 ≲ ε 2 .
For ineq. (6.9c) we proceed as in the derivation of ineq. (6.17) in the low regularity case. With our improved estimates for eε,f this yields ineq. (6.9c) since
1

1

1

3

1

1

keε,s kH 1 (Ωs ) ≲ keε,f kf2 k∇eε,f kf2 ≲ ε 2 ( 4 + 4 ) = ε 2 .

□

We now investigate the case −vf · ∇ψ ≥ ν ≥ 0 with some function ν being
zero in a small set. To outline the arguments: Proceeding as in Theorem 6.2.11
one gets keε,f k2f,ν ≲ ε where k · kf,ν is the ν-weighted L2 (Ωf )-norm. Assuming
that {ν = 0} is small and ν well-behaved in a neighborhood, we can recover
estimates without weight but with worse rate of convergence.
Assumption 6.2.12. Let ψ be of the regularity as in Assumption 6.2.8 with
−vf · ∇ψ ≥ ν ≥ 0

6.2. Analysis of the Stationary Problem
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but now ν ∈ C(Ωf ) is allowed to be zero at some points in Ωf . Assume that
for any 0 < δ < δ0 there are subdomains Ωδf ⊂ Ωf such that for any 0 < µ < 1
there holds for all f ∈ H 1 (Ωf )
kf k2L2 (Ωf \Ωδ ) ≤ µkf k2L2 (Ωf ) + C(µ)δ 2 kf k2H 1 (Ωf )

(6.21)

f

with constant C(µ) > 0 depending on µ but not on δ. Furthermore,
ν0 (δ) := ess inf ν(x)
x∈Ωδf

is assumed to satisfy for some κ ∈ N the estimate
δκ
≲1
ν0 (δ)

(6.22)



with constant independent of δ.

One can think of Ωδf as a “nice” subset of Ωf with distance δ from {ν = 0}.
The constant κ measures the order at which ν vanishes as δ → 0. To construct
Ωδf with the property from ineq. (6.21) the following lemma can be used.
Lemma 6.2.13. Let ψ and ν be as in Assumption 6.2.12. Furthermore, assume
N := {x ∈ Ωf | ν(x) = 0} ⊂ ∂Ωf
and N 6= ∅. If there is δ0 > 0 such that
Λ : N × [0, δ0 ) → Ωf ,

(xN , d) 7→ xN − dnf (xN )

is a C 1 -diffeomorphism onto its image, we can choose
Ωδf := Ωf \ Λ(N × [0, δ))
with 0 < δ < δ0 for the sets in Assumption 6.2.12 such that ineq. (6.21) is
satisfied.
Proof. Let f ∈ H 1 (Ωf ). Transformation into normal coordinates by Λ yields
Z

Z Z
|f | dx =

Ωf \Ωδf

Z Z

δ

≲



δ

|f (xN − nf (xN )r)|2 | det ∇Λ(xN , r)| dr dxN

2

N

0

Z

|f (xN )| +
N

Z

≲δ

0

r

2
|∇f (xN − snf (xN ))nf (xN )| ds dr dxN

0

Z Z

δ

|∇f (xN − rnf (xN ))|2 dr dxN

|f (xN )|2 dxN + δ 2
N

N

0

≲ δkf k2L2 (N ) + δ 2 k∇f k2L2 (Ωf \Ωδ )
f

with constants independent of δ. Proceeding as in the proof of ineq. (6.7) from
Lemma 6.2.10 we get
1

1

2
kf k2L2 (N ) ≤ kf kL2 (∂Ωf ) ≲ kf kf2 kf kH
1 (Ω ) .
f
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We can hence conclude that ineq. (6.21) holds since
1

kf k2L2 (Ωf \Ωδ ) ≲ kf kf (δ 2 kf k2H 1 (Ωf ) ) 2 + δ 2 kf k2H 1 (Ωf )
f

≤ µkf k2f + C(µ)δ 2 kf k2H 1 (Ωf )
with C(µ) > 0 independent of δ.

□

Example 6.2.14. In Ωf := (− L2 , L2 )×(0, 1) with L > 0 consider the Poiseuilletype flow
v(x, y) = v0 (y µ (1 − y)µ , 0)T
for v0 > 0 and µ ∈ N. Then Assumption 6.2.12 is satisfied with
ψ(x) = (−1, 0)T · x
and κ = µ, supporting the interpretation that κ measures the rate at which
the flow vanishes.

Proof. The conditions of Lemma 6.2.13 are satisfied with
ν(x, y) = v0 y µ (1 − y)µ ≥ 0.
There holds N = (0, L) × {0, 1} and Λ is a diffeomorphism for 0 < δ0 ≤ 21 , with
Ωδf = (0, L) × (δ, 1 − δ).
Finally
ν0 (δ) = ess inf ν(x) = v0 ess inf y µ (1 − y)µ = v0 δ µ (1 − δ)µ
(x,y)∈Ωδf

y∈(δ,1−δ)

which implies that the optimal choice for κ is κ = µ since
δκ
1
= δ κ−µ
≲1
ν0 (δ)
v0 (1 − δ)
with constant independent of δ if and only if κ ≥ µ.

□
1

1

Definition 6.2.15. For ν from Assumption 6.2.12, ( · , · )f,ν := (ν 2 · , ν 2 · )f
defines the weighted L2ν (Ωf )-space with norm k · kL2ν (Ωf ) = k · kf,ν .

Before proceeding to the convergence proof under Assumption 6.2.12, we
investigate how a ν-weighted L2 (Ωf ) estimate and stability in H 1 (Ωf ) with
respect to ε yields non-weighted error estimates in L2 (Ωf ).
Lemma 6.2.16. Let Assumption 6.2.12 be satisfied for some κ ∈ N. Then for
any f ∈ H 1 (Ωf ) there holds
kf k2f ≲ δ −κ kf k2f,ν + δ 2 kf k2H 1 (Ωf )
for any 0 < δ < δ0 with constant independent of δ.
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Proof. For any 0 < δ < δ0 split
Z
Z
2
2
kf kf =
|f | dx +

Ωf \Ωδf

Ωδf

|f |2 dx.

(6.23)

For the first term we use ineq. (6.22) such that
Z
Z
Z
1
2
−κ
2
ν|f | dx ≲ δ
ν|f |2 dx.
|f | dx ≤
ν0 (δ) Ωδf
Ωδf
Ωδf
For the second term on the right of eq. (6.23) we use ineq. (6.21) with µ = 12 :
kf k2L2 (Ωf \Ωδ ) ≤ 12 kf k2f + Cδ 2 kf k2H 1 (Ωf ) .
f

Moving the first term on the right to the left-hand side in eq.(6.23) we conclude
kf k2f ≲ δ −κ kf k2f,ν + δ 2 kf k2H 1 (Ωf ) .

□

Theorem 6.2.17. Let cε,f and cε,s solve Problem 6.2.1, c0,f and c0,s solve
Problem 6.2.5. Let assumption Assumption 6.2.12 hold. Then for ε small
enough we have
1

kcε,f − c0,f kf ≲ ε 2+κ ,

(6.24a)

k∇(cε,f − c0,f )kf ≲ 1,
kcε,s − c0,s kH 1 (Ωs ) ≲ ε

(6.24b)

1
4+2κ

(6.24c)

with κ ∈ N as given by Assumption 6.2.12. If additionally c0,f ∈ H 2 (Ωf ) then
3

kcε,f − c0,f kf ≲ ε 4+2κ ,
k∇(cε,f − c0,f )kf ≲ ε
kcε,s − c0,s kH 1 (Ωs ) ≲ ε

1
4+2κ
1
2+κ

(6.25a)
(6.25b)

,

(6.25c)

.

Proof. Inequality (6.24b) follows from stability of cε,f and c0,f in H 1 (Ωf ).
For ineq. (6.24a) we repeat the main steps of the proof of Theorem 6.2.11.
Inequality (6.11) for the right-hand side of eq. (6.10) implies
aε,f (eε,f , ϕf ) = −(∇c0,f , ∇ϕf )f − (cε,f − cε,s , ϕf )ξ ≲ k∇ϕf kf

(6.26)

and for ϕf := eψ eε,f there holds k∇ϕf kf ≲ 1. For the Laplace term in aε,f
the arguments leading to ineq. (6.13) can be repeated verbatim, i.e.
(∇eε,f , ∇(eψ eε,f ))f ≥ 12 k∇eε,f k2f −

1
2

max |∆eψ |keε,f k2f .

(6.27)

Using the new assumptions, we can modify the arguments for the advection
term from ineq. (6.14) to arrive at
2(vf · ∇eε,f , eψ eε,f )f ≥ min eψ keε,f k2f,ν .

(6.28)

Combining ineq. (6.27) and ineq. (6.28) we have
aε,f (eε,f , eψ eε,f ) ≥ 12 k∇eε,f k2f −

1
2

max |∆eψ |keε,f k2f +

1
2ε

min eψ keε,f k2f,ν .
(6.29)

152

Chapter 6. Multiscale Analysis of a Permeable Membrane Model

In the current scenario we could move the |∆eψ |-term to the right-hand side
of eq. (6.26). In preparation for the case c0,f ∈ H 2 (Ωf ) we instead use
Lemma 6.2.16 to absorb this term into the other two terms of ineq. (6.29).
By Lemma 6.2.16 there exists C0 > 0 such that
max |∆eψ |keε,f k2f ≤ C0 δ −κ keε,f k2f,ν + C0 δ 2 k∇eε,f k2f
holds for any 0 < δ < δ0 . This implies
aε,f (eε,f , eψ eε,f ) ≥ 21 (1 − C0 δ 2 )k∇eε,f k2f + 12 ( 1ε min eψ − C0 δ −κ )keε,f k2f,ν .
and for δ := (2C0 ε) κ (min eψ )− κ and ε small enough such that δ < δ0 and
C0 δ 2 < 12 we conclude
1

1

aε,f (eε,f , eψ eε,f ) ≥ 41 (k∇eε,f k2f +

min eψ keε,f k2f,ν ).

1
ε

(6.30)

Using this coercivity-type estimate in eq. (6.26) yields by k∇ϕf kf ≲ 1 that
k∇eε,f k2f + 1ε keε,f k2f,ν ≲ k∇ϕf kf ≲ 1

(6.31)

which implies in particular
keε,f k2f,ν ≲ ε.
We use Lemma 6.2.16 to pass to the non-weighted L2 -norm of eε,f . Combining
the previous estimate with the stability of eε,f in H 1 (Ωf ), we get
keε,f k2f ≲ δ −κ keε,f k2f,ν + δ 2 keε,f k2H 1 (Ωf ) ≲ δ −κ ε + δ 2
for arbitrary 0 < δ < δ0 . With the Ansatz δ = εα for α > 0 the right-hand side
1
is balanced if α = 2+κ
, which yields ineq. (6.24a). Inequality (6.24c) follows as
in the proof of Theorem 6.2.11.
In case of enhanced regularity, c0,f ∈ H 2 (Ωf ), we use the improved estimate
from ineq. (6.18) from the proof of Theorem 6.2.11 for the right-hand side of
eq. (6.26). Combined with the coercivity-type estimate from ineq. (6.30) for
aε,f this implies
k∇eε,f k2f + 1ε keε,f k2f,ν ≲ keε,f kf + keε,f kL2 (∂Ωf \∂i Ωf ) .

(6.32)

For the first term on the right of ineq. (6.32) we have
keε,f kf ≲ ε−
≲ε

κα
2

keε,f kf,ν + εα k∇eε,f kf

1−κα
2

1

( 1ε keε,f k2f,ν ) 2 + εα k∇eε,f kf

≤ Cε1−κα +

2
1
4ε keε,f kf,ν

+ Cε2α + 61 k∇eε,f k2f

for any α > 0 by Lemma 6.2.16 with δ = εα and Young’s inequality. With the
1
choice α = 2+κ
the ε-powers are balanced, implying
2

keε,f kf ≤ Cε 2+κ +

2
1
4ε keε,f kf,ν

+ 16 k∇eε,f k2f .

(6.33)

For the second term on the right of ineq. (6.32) we again use the interpolationtype trace estimate from ineq. (6.7). With α as above then
1

1

keε,f kL2 (∂Ωf \∂i Ωf ) ≲ keε,f kf2 k∇eε,f kf2 ≲ ε 2 ε−α keε,f kf
α

 12

1

k∇eε,f kf2 .

6.3. Analysis of the Instationary Problem
Using Young’s inequality with

1
2

1
4

+

+

1
4
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= 1 we arrive at

keε,f kL2 (∂Ωf \∂i Ωf ) ≤ Cεα + µε−2α keε,f k2f + 16 k∇eε,f k2f

(6.34)

with free parameter µ > 0. This parameter is chosen such that application of
Lemma 6.2.16 with δ = εα yields
1
µkeε,f k2f ≤ ε1−κα 4ε
keε,f k2f,ν + ε2α 61 k∇eε,f k2f .

Since α =

1
2+κ

the exponents for ε on the right are equal and
µε−2α keε,f k2f ≤

2
1
4ε keε,f kf,ν

+ 61 k∇eε,f k2f .

Inserting this estimate in ineq. (6.34) we arrive at
1

keε,f kL2 (∂Ωf \∂i Ωf ) ≤ Cε 2+κ +

2
1
4ε keε,f kf,ν

+ 31 k∇eε,f k2f .

(6.35)

Combining ineqs. (6.33) and (6.35) in the right-hand side of ineq. (6.32) we get
2

1

k∇eε,f k2f + 1ε keε,f k2f,ν ≤ Cε 2+κ + Cε 2+κ +

2
1
2ε keε,f kf,ν

+ 21 k∇eε,f k2f

and hence, estimating the higher order ε term, we arrive at ineq. (6.25b), since
1

k∇eε,f kf2 + 1ε keε,f k2f,ν ≲ ε 2+κ .

(6.36)

2

The unweighted L (Ωf ) estimate from ineq. (6.25a) follows as above using
1
Lemma 6.2.16 with δ = εα for α = 2+κ
. The final ineq. (6.25c) for eε,s again
□
follows as in the proof of Theorem 6.2.11.
Remark 6.2.18. Setting formally κ = 0 in Theorem 6.2.17 we recover the

estimates from Theorem 6.2.11.

6.3 Analysis of the Instationary Problem
We now go back to the instationary problem from eqs. (6.1), but still making
the simplifying assumption that vf , ξ and cin
f are independent of time. Our
goal is primarily to investigate how the results from the previous section carry
over, in particular the influence of the initial values on the convergence behavior. We only study quantitative convergence in this section and either make
Assumption 6.2.8 or Assumption 6.2.12.
We use the notation from the stationary problem, e.g. denote the involved
function spaces by Cf , C̄f and Cs , use the bilinear forms aε,f and as and write
(·, ·)ξ for the ξ-weighted L2 (Γ) scalar product. Furthermore, we write h·, ·if
and h·, ·is for the dual products on Cf , respectively Cs . With these definitions,
eqs. (6.1) can be rewritten in weak form as follows.
Problem 6.3.1. For I = (0, T ), with T > 0 independent of ε, find cε,f ∈
L2 (I , C̄f ) ∩ H 1 (I , Cf∗ ) and cε,s ∈ L2 (I , Cs ) ∩ H 1 (I , Cs∗ ) such that
h∂τ cε,f , ϕf if + aε,f (cε,f , ϕf ) + (cε,f − cε,s , ϕf )ξ = 0
h∂τ cε,s , ϕs is + as (cε,s , ϕs ) + (cε,s − cε,f , ϕs )ξ = 0

∀ϕf ∈ Cf ,

(6.37a)

∀ϕs ∈ Cs

(6.37b)

holds pointwise in I a.e. with cε,f = cin
f on I ×∂i Ωf and initial values cε,f (0) =
0
2
0
2
cε,f ∈ L (Ωf ) and cε,s (0) = cε,s ∈ L (Ωs ).
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Just as in the stationary case we assume that ξ ∈ L∞ (Γ) and vf ∈ L∞ (Ωf )
with div vf = 0. We still make Assumption 6.2.2 about the existence of a
H 1 (Ωf )-regular, stationary solution c0,f to the pure advection problem.
Lemma 6.3.2. For every ε > 0 Problem 6.3.1 has a unique solution. Assuming
that kc0ε,f kf ≲ 1 and kc0ε,s ks ≲ 1, with constants independent of ε, there holds
kcε,f kL∞ (I ,L2 (Ωf )) + kcε,f kL2 (I ,H01 (Ωf )) ≲ 1
and
kcε,s kL∞ (I ,L2 (Ωs )) + kcε,s kL2 (I ,H 1 (Ωs )) ≲ 1
with constants independent of ε.
Proof. Testing eq. (6.37a) and eq. (6.37b) with cε,f , respectively cε,s , and integrating in time leads to the stability estimates (and uniqueness), using the
coercivity estimates and techniques from the proof of the corresponding result
from the stationary case, Lemma 6.2.3. The existence of solutions follows by
standard procedures for parabolic equations by construction of approximating
Galerkin sequences.
□
The requirements on c0ε,f and c0ε,s must be strengthened for the multiscale
convergence results below. We will prove below that the limit equation takes
the following (weak) form.
Problem 6.3.3 (Instationary limit). Find c0,f ∈ C̄f and c0,s ∈ L2 (I , Cs ) ∩
H 1 (I , Cs∗ ) such that
(vf · ∇c0,f , ϕf )f = 0
h∂τ c0,s , ϕs is + as (c0,s , ϕs ) + (c0,s − c0,f , ϕs )ξ = 0

∀ϕf ∈ Cf ,
∀ϕs ∈ Cs

where the second equation holds pointwise in I a.e., with c0,f = cin
f on ∂i Ωf
and initial value c0,s (0) = c0s ∈ L2 (Ωs ).
Note that the limit equation in the fluid domain has no initial value, which
will result in the occurrence of boundary layers for the fluid solution near τ = 0
if the initial value c0ε,f is not already close to c0,f .
Lemma 6.3.4. The solution c0,s to Problem 6.3.3 exists, is unique and satisfies
kc0,s kL∞ (I ,L2 (Ωs )) + kc0,s kL2 (I ,H 1 (Ωs )) ≲ 1
with constant depending on the data. The existence of c0,f is guaranteed by
Assumption 6.2.2.
Proof. We rewrite the equation for c0,s as
h∂τ c0,s , ϕs is + as (c0,s , ϕs ) + (c0,s , ϕs )ξ = (c0,f , ϕs )ξ .
Testing with ϕs = c0,s ∈ H 1 (Ωf ) and integrating in time, the stability estimate
(and thus uniqueness) follows, using in particular the coercivity of as (·, ·). Existence follows from the stability estimate using standard techniques for parabolic
equations through the construction of a sequence of Galerkin solutions.
□

6.3. Analysis of the Instationary Problem
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We now prove the results corresponding to Theorems 6.2.11 and 6.2.17 for
the stationary problem, i.e. quantitative convergence to the limit solution where
the velocity field may vanish in the sense of Assumption 6.2.12. The influence
of the initial values on the quality of the approximation is the major difference
to the stationary theory.
Theorem 6.3.5. Let I = (0, T ) with T > 0 independent of ε. Let cε,f
and cε,s solve Problem 6.3.1, c0,f and c0,s solve Problem 6.3.3. Let either
Assumption 6.2.8 or Assumption 6.2.12 hold. If the initial values satisfy
kc0ε,f kf ≲ 1

1

and kc0ε,s − c0s ks ≲ ε 4+2κ

(6.38)

then there holds for ε small enough that
1

kcε,f − c0,f kL2 (I ,L2 (Ωf )) ≲ ε 2+κ ,

(6.39a)

kcε,f − c0,f kL∞ (I ,L2 (Ωf )) + k∇(cε,f − c0,f )kL2 (I ,L2 (Ωf )) ≲ 1,
kcε,s − c0,s kL∞ (I ,L2 (Ωs )) + kcε,s − c0,s kL2 (I ,H 1 (Ωs )) ≲ ε

(6.39b)

1
4+2κ

(6.39c)

where we set κ = 0 if Assumption 6.2.8 holds. If additionally c0,f ∈ H 2 (Ωf )
and the initial value bounds are strengthened to
kc0ε,f kf ≲ 1

1

and kc0ε,s − c0s ks ≲ ε 2+κ

(6.40)

then the previous estimates can be improved to
3

kcε,f − c0,f kL2 (I0 ,L2 (Ωf )) ≲ ε 4+2κ ,
kcε,f − c0,f kL∞ (I0 ,L2 (Ωf )) + k∇(cε,f − c0,f )kL2 (I0 ,L2 (Ωf )) ≲ ε
kcε,s − c0,s kL∞ (I ,L2 (Ωs )) + kcε,s − c0,s kL2 (I ,H 1 (Ωs )) ≲ ε

1
4+2κ

(6.41a)
(6.41b)

,

1
2+κ −η

,

(6.41c)

where 0 < η  1 in ineq. (6.41c) is arbitrary but influences the constant and
I0 := (τ0 , T ) excludes the boundary layer at τ = 0 with τ0 given by
2

ln ε
τ0 = − 2µ1 0 ε 2+κ 2+κ
,

(6.42)

where µ0 > 0 is a constant from the proof. We clearly assume that ε is small
enough such that τ0 < T . If the condition on c0ε,f in ineq. (6.40) is replaced by
1

kc0ε,f − c0,f kf ≲ ε 4+2κ

(6.43)

we may set τ0 = 0, i.e. all estimates from ineqs. (6.41) hold on I , and η = 0.
Remark 6.3.6. We emphasize that ineq. (6.41c) for cε,s holds on the whole
interval I , whereas ineqs. (6.41a) and (6.41b) exclude the boundary layer. 
Remark 6.3.7. If the limit system is solved as an approximation to the εsystem for some specific 0 < ε̂  1 only condition ineq. (6.40) can be satisfied
in general by setting c0s := c0ε̂,s . Inequality (6.43) on the other hand requires
the closeness of two fixed quantities, c0ε̂,f and c0f . This motivates the more
technical proof if only ineq. (6.40) is assumed.
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Proof of Theorem 6.3.5. Inequality (6.39b) follows by stability of cε,f and c0,f .
We write eε,f = cε,f − c0,f and eε,s = cε,s − c0,s . Then
h∂τ eε,f , ϕf if + aε,f (eε,f , ϕf ) = −(cε,f − cε,s , ϕf )ξ − (∇c0,f , ∇ϕf )f

(6.44)

holds for all ϕf ∈ Cf in I almost everywhere and eε,f (0) = c0ε,f − c0,f . We
again use the trick to test with ϕf = eψ eε,f . Since ψ is independent of time
we have
Z
1 d
ψ
h∂τ eε,f , e eε,f if =
eψ |eε,f |2 dx.
2 dτ Ωf
For aε,f we use the coercivity estimate ineq. (6.30), which is valid under both
Assumption 6.2.8 and Assumption 6.2.12. This implies
Z
d
eψ |eε,f |2 dx + k∇eε,f k2f + 1ε keε,f k2f,ν
dτ Ωf
2
2
≲ kcε,f k2H 1 (Ωf ) + kcε,s kH
1 (Ω ) + kc0,f kH 1 (Ω ) .
s
f

Integrating over (0, τ ) for τ ∈ I , this implies
Z
eψ |eε,f (τ )|2 dx + k∇eε,f k2L2 (0,τ ;L2 (Ωf )) + 1ε keε,f k2L2 (0,τ ;L2ν (Ωf ))
Ωf

Z

≲
Ωf

eψ |eε,f (0)|2 dx + kcε,f k2L2 (0,τ ;H 1 (Ωf )) + kcε,s k2L2 (0,τ ;H 1 (Ωs ))

+ τ kc0,f k2H 1 (Ωf ) .
Using that τ ≲ T with T independent of ε and for σ ∈ {0, τ } the estimates
Z
min eψ keε,f (σ)k2f ≤
eψ |eε,f (σ)|2 dx ≤ max eψ keε,f (σ)k2f
Ωf

we arrive at
keε,f k2L∞ (I ,L2 (Ωf )) + k∇eε,f k2L2 (I ,L2 (Ωf )) + 1ε keε,f k2L2 (I ,L2ν (Ωf ))
≲

keε,f (0)k2f

+

kcε,f k2L2 (I ,H 1 (Ωf ))

+

kcε,s k2L2 (I ,H 1 (Ωs ))

+

(6.45)

kc0,f k2H 1 (Ωf ) .

If Assumption 6.2.8 holds, we use that k · kf,ν is equivalent to k · kf and
ineq. (6.39a) for eε,f follows using in particular the estimate ineq. (6.38) for
c0ε,f and the stability estimates for cε,f and cε,s from Lemma 6.3.2. Under
Assumption 6.2.12, ineq. (6.39a) follows by Lemma 6.2.16 applied pointwise in
1
time with δ = ε 2+κ , just as in the stationary case. To derive ineq. (6.39c) for
eε,s we use the identity
h∂τ eε,s , ϕs is + as (eε,s , ϕs ) + (eε,s , ϕs )ξ = (eε,f , ϕs )ξ

(6.46)

which holds for all ϕs ∈ Cs and in I almost everywhere. Using standard
techniques we arrive at
Z
2
2
2
keε,s kL∞ (I ,L2 (Ωs )) + keε,s kL2 (I ,H 1 (Ωs )) ≲ keε,s (0)ks + (eε,f , eε,s )ξ dτ.
I
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Since ξ ∈ L∞ (Γ), standard trace estimates for H 1 (Ωs ) yield
keε,s k2L∞ (I ,L2 (Ωs )) + keε,s k2L2 (I ,H 1 (Ωs )) ≲ keε,s (0)k2s + keε,f k2L2 (I ,L2 (Γ)) . (6.47)
Using the interpolation-type trace ineq. (6.7) pointwise-in-time, we have
1

1

keε,f kL2 (I ,L2 (Γ)) ≲ keε,f kL2 2 (I ,L2 (Ωf )) keε,f kL2 2 (I ,H 1 (Ωf )) .
The already proven estimates for eε,f from ineqs. (6.39a) and (6.39b) imply
1

keε,f kL2 (I ,L2 (Γ)) ≲ ε 4+2κ .

(6.48)

Together with ineq. (6.38) for eε,s (0) this yields for ineq. (6.47) that
1

keε,s k2L∞ (I ,L2 (Ωs )) + keε,s k2L2 (I ,H 1 (Ωs )) ≲ ε 2+κ
such that ineq. (6.39c) is satisfied.
For ineqs. (6.41) let us for simplicity first assume that c0ε,f is close to c0,f
in the sense of ineq. (6.43). Repeating the arguments leading to ineq. (6.18) in
the proof of Theorem 6.2.11 pointwise in time leads to
(−∇c0,f , ∇ϕf )f − (cε,f − cε,s , ϕf )ξ ≲ keε,f kf + keε,f kL2 (∂Ωf \∂i Ωf )
where ϕf = eψ eε,f as above. Repeating the arguments leading to ineqs. (6.33)
and (6.35) from the proof of Theorem 6.2.17 we get
2

(−∇c0,f , ∇ϕf )f − (cε,f − cε,s , ϕf )ξ ≤ Cε 2+κ +

2
1
2ε keε,f kf,ν

+ 12 k∇eε,f k2f .

The corresponding estimate under Assumption 6.2.8 is of the same form with
κ = 0, see ineq. (6.20). Modifying the arguments leading to ineq. (6.45) with
this improved estimate of the right-hand side in eq. (6.44), we conclude
keε,f k2L∞ (I ,L2 (Ωf )) + k∇eε,f k2L2 (I ,L2 (Ωf )) + 1ε keε,f k2L2 (I ,L2ν (Ωf ))
1

1

≲ keε,f (0)k2f + ε 2+κ ≲ ε 2+κ

(6.49)

where we used our assumption on the initial error, ineq. (6.43), in the last step.
Proceeding just as in the case of low regularity we arrive at ineqs. (6.41) with
τ0 = 0, using in particular the improved ineq. (6.40) for eε,s (0).
If ineq. (6.43) does not hold, the previous argument shows that the finer
estimates for the right-hand side of eq.(6.44) alone are insuﬀicient for improved
convergence. To control the initial error let c∗ε,f ∈ L2 (I , C̄f ) ∩ H 1 (I , Cf∗ ) solve
the same equation as cε,f but with initial value c0,f , i.e. let there hold
h∂τ c∗ε,f , ϕf if + aε,f (c∗ε,f , ϕf ) + (c∗ε,f − cε,s , ϕf )ξ = 0
for all ϕf ∈ Cf in I almost everywhere with c∗ε,f (0) = c0,f . Moving (cε,s , ϕf )ξ
to the right-hand side, the existence and uniqueness of c∗ε,f follows by standard
arguments since aε,f + (·, ·)ξ is coercive. Define e∗ε,f := cε,f − c∗ε,f , then
h∂τ e∗ε,f , ϕf if + aε,f (e∗ε,f , ϕf ) + (e∗ε,f , ϕf )ξ = 0
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for all ϕf ∈ Cf in I almost everywhere. Testing with ϕf = eψ e∗ε,f and using
the coercivity of aε,f from ineq. (6.30) we conclude that
Z
d
eψ |e∗ε,f (τ )|2 dx + (k∇e∗ε,f (τ )k2f + 1ε min eψ ke∗ε,f (τ )k2f,ν ) ≤ 0 (6.50)
dτ Ωf
holds for τ ∈ I . We multiply ineq. (6.50) by e2µτ with µ > 0 arbitrary. Since

d 2µτ ∗
d
e |eε,f (τ )|2 = e2µτ |e∗ε,f (τ )|2 + 2µe2µτ |e∗ε,f (τ )|2
dτ
dτ
we conclude for ineq. (6.50) that
Z
d
eψ e2µτ |e∗ε,f (τ )|2 dx
dτ Ωf

(6.51)

+ e2µτ (−2µ max eψ ke∗ε,f (τ )k2f + k∇e∗ε,f (τ )k2f +

1
ε

min eψ ke∗ε,f (τ )k2f,ν ) ≤ 0.

By Lemma 6.2.16 there exists C0 > 0 such that for all 0 < δ < δ0 there holds
2 max eψ ke∗ε,f (τ )k2f ≤ C0 δ −κ ke∗ε,f (τ )k2f,ν + C0 δ 2 k∇e∗ε,f (τ )k2f .
Applying this to ineq. (6.51) implies
Z
d
eψ e2µτ |e∗ε,f (τ )|2 dx
dτ Ωf

(6.52)

+ e2µτ ((1 − C0 µδ 2 )k∇e∗ε,f (τ )k2f + ( 1ε min eψ − C0 µδ −κ )ke∗ε,f (τ )k2f,ν ) ≤ 0.
With the Ansatz µ = µ0 ε−µ̂ and δ = εδ̂ for µ0 , µ̂, δ̂ > 0 we see that
1 − C0 µδ 2 ≥ 12 ,
if µ̂ =

2
2+κ ,

d
dτ

δ̂ =

Z
Ωf

1
2+κ

1
ε

min eψ − C0 µδ −κ ≥

1
2ε

min eψ

and µ0 is suﬀiciently small. This implies for ineq. (6.52):

eψ e2µτ |e∗ε,f (τ )|2 dx + e2µτ (k∇e∗ε,f (τ )k2f + 1ε ke∗ε,f (τ )k2f,ν ) ≤ 0.

Renaming τ as τ̃ and integrating over τ̃ ∈ (0, τ ), we conclude that
Z τ
2µτ
∗
2
e keε,f (τ )kf +
e2µτ̃ (k∇e∗ε,f (τ̃ )k2f + 1ε ke∗ε,f (τ̃ )k2f,ν ) dτ̃ ≲ ke∗ε,f (0)k2f . (6.53)
0

From ineq. (6.53) we can immediately read off
ke∗ε,f (τ )k2f ≲ e−2µτ ke∗ε,f (0)k2f ≲ e−2µτ0 .
for all τ ∈ (τ0 , T ), but also conclude that for τ0 > 0 we have
k∇e∗ε,f k2L2 (τ0 ,T ;L2 (Ωf )) + 1ε ke∗ε,f k2L2 (τ0 ,T ;L2ν (Ωf ))
Z T
e2µτ̃ (k∇e∗ε,f (τ̃ )k2f + 1ε ke∗ε,f (τ̃ )k2f,ν ) dτ̃
≤ e−2µτ0
≲e

−2µτ0

τ0
ke∗ε,f (0)k2f

≲ e−2µτ0 .
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Since µ = µ0 ε− 2+κ , eq. (6.42) for τ0 implies e−2µτ0 = ε 2+κ , thus
2

1

ke∗ε,f k2L∞ (τ0 ,T ,L2 (Ωf )) + k∇e∗ε,f k2L2 (τ0 ,T ,L2 (Ωf )) + 1ε ke∗ε,f k2L2 (τ0 ,T ;L2ν (Ωf ))
1

≲ ε 2+κ .

(6.54)

This concludes our estimate of e∗ε,f . We split eε,f as
eε,f = cε,f − c0,f = (cε,f − c∗ε,f ) + (c∗ε,f − c0,f ) = e∗ε,f + e⋄ε,f
with e⋄ε,f := c∗ε,f − c0,f . By construction of c∗ε,f , the error e⋄ε,f satisfies
h∂τ e⋄ε,f , ϕf if + aε,f (e⋄ε,f , ϕf ) = −(c∗ε,f − cε,s , ϕf )ξ − (∇c0,f , ∇ϕf )f

(6.55)

for all ϕf ∈ Cf in I almost everywhere with e⋄ε,f (0) = 0. Since eq. (6.55) has
the same form as the error identity for eε,f , eq. (6.44), and c∗ε,f has the same
stability properties as cε,f , we can repeat the arguments leading to ineq. (6.49)
for e⋄ε,f , implying that
ke⋄ε,f k2L∞ (I ,L2 (Ωf )) + k∇e⋄ε,f k2L2 (I ,L2 (Ωf )) + 1ε ke⋄ε,f k2L2 (I ,L2ν (Ωf ))

(6.56)

≲ ke⋄ε,f (0)k2f + ε 2+κ ≲ ε 2+κ
1

1

where now we used that e⋄ε,f (0) = 0. Since eε,f = e∗ε,f +e⋄ε,f we can combine the
⋄
estimates ineq. (6.54) for e∗ε,f and ineq. (6.56) for eε,f
to arrive at ineq. (6.41a)
and ineq. (6.41b).
To prove ineq. (6.41c) we first investigate the error equation eq. (6.46) for
eε,s at some τ ∈ (0, τ0 ). Proceeding just as for ineq. (6.47) we conclude that
Z τ
2
2
1
ke
(τ
)k
+
ke
k
≤
(eε,f , eε,s )ξ dτ̃.
(6.57)
ε,s
ε,s L2 (0,τ ;H 1 (Ωs ))
s
2
0

Using the interpolation-type trace ineq. (6.7), we have
1

1

keε,f kL2 (Γ) ≲ keε,f kf2 k∇eε,f kf2 ,

1

1

2
keε,s kL2 (Γ) ≲ keε,s ks2 keε,s kH
1 (Ω )
s

and thus pointwise in time for τ̃ ∈ (0, τ )
1

1

1

(eε,f , eε,s )ξ ≲ keε,f kf2 τ 4 k∇eε,f kf2



1
1
1
2
τ − 4 keε,s ks2 keε,s kH
1 (Ω ) .
s

Applying Young’s inequality to this estimate with 14 + 14 + 41 +
indicated grouping of the terms, we have for ineq. (6.57) that
2
1
2 keε,s (τ )ks
Z τ

≤C
Z

0

+

1
2

+ keε,s k2L2 (0,τ ;H 1 (Ωs ))
Z
Z τ
2
2
1 −1
keε,f kf dτ̃ + Cτ
k∇eε,f kf dτ̃ + 4 τ

0

0

1
4

= 1 to the

τ

keε,s k2s dτ̃

0

τ

keε,s k2H 1 (Ωs ) dτ̃.

For the first and second term on the right we use the established ineqs. (6.39a)
and (6.39b) from the low regularity case. The third term is estimated with the
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L∞ -in-time norm, while the fourth and final term on the right is moved to the
left. This yields
2
1
2 keε,s (τ )ks

2

+ 12 keε,s k2L2 (0,τ ;H 1 (Ωs )) ≤ Cε 2+κ + Cτ + 14 keε,s k2L∞ (0,τ ;L2 (Ωf )) .

Taking the essential supremum over τ ∈ (0, τ0 ) leads to
2

keε,s k2L∞ (0,τ0 ;L2 (Ωf )) + keε,s k2L2 (0,τ0 ;H 1 (Ωs )) ≲ ε 2+κ + τ0 .

(6.58)

By definition of τ0 from eq. (6.42) there holds
τ0 ≲ ε 2+κ (− ln ε) ≲ ε 2+κ −2η
2

2

for arbitrary 0 < η  1, with constant depending on η. Thus we can conclude
for ineq. (6.58) that
keε,s k2L∞ (0,τ0 ;L2 (Ωf )) + keε,s k2L2 (0,τ0 ;H 1 (Ωs )) ≲ ε 2+κ −2η .
2

(6.59)

This is ineq.(6.41b) on (0, τ0 ). Now if τ ∈ (τ0 , T ) we again start with ineq.(6.57)
and split the integral on the right-hand side into (0, τ0 ) and (τ0 , τ ), yielding
2
1
2 keε,s (τ )ks +
Z τ0

keε,s k2L2 (0,τ ;H 1 (Ωs ))
Z τ
(eε,f , eε,s )ξ dτ̃ +
(eε,f , eε,s )ξ dτ̃.

≤

0

(6.60)

τ0

For the first term on the right we repeat the arguments from the case τ ∈ (0, τ0 ),
but use the now established estimate for eε,s in L∞ from ineq. (6.59), yielding
Z τ0
Z τ0
2
(eε,f , eε,s )ξ dτ̃ ≤ Cε 2+κ −2η + 12
keε,s k2H 1 (Ωs ) dτ̃.
0

0

For the second term on the right of ineq. (6.60) we use the improved estimates
for eε,f from ineq. (6.41a) and ineq. (6.41b) just as in the proof of ineq. (6.39c),
implying that
Z τ
(eε,f , eε,s )ξ dτ̃
τ0
Z τ
1
1
2
≤ Ckeε,f kL2 2 (τ0 ,τ ;L2 (Ωf )) k∇eε,f kL2 2 (τ0 ,τ ;L2 (Ωf )) + 21
keε,s kH
1 (Ω ) dτ̃
s
τ0
Z τ
2
≤ Cε 2+κ + 12
keε,s k2H 1 (Ωs ) dτ̃.
τ0

Combining the two estimates for the right-hand side of ineq. (6.60) we conclude
Z τ
2
−2η
2
2
1
2+κ
keε,s (τ )ks + keε,s kL2 (0,τ ;H 1 (Ωs )) ≤ Cε
keε,s k2H 1 (Ωs ) dτ̃.
+2
0

Taking the essential supremum over τ ∈ (τ0 , T ) the claimed ineq.(6.41c) follows
on (τ0 , T ), and hence due to ineq. (6.59) on all of I .
□
Theorem 6.3.5 is only a first step in the analysis of problem occurring in the
model of Yang et. al. and further work is required to investigate the multiscale
behavior under assumptions of periodic advection velocities and permeabilities.
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6.4 Numerics
Discretization
We use a discontinuous Galerkin (dG) discretization in space. This is motivated
by the stability of this scheme for the advection dominated equation in the
fluid domain as ε → 0, but the use of discontinuous elements also allows the
use a single dG function to represent both lumen and wall concentrations.
Furthermore, the interface condition can be easily formulated in the framework
of dG jumps and averages, allowing a simple implementation in existing dG
code. We refer to [DE12] for an exhaustive introduction into discontinuous
Galerkin methods. A similar dG discretization is analyzed in [CGJ13; CGJ16]
with nonlinear coupling conditions. A conforming finite element discretization
of a similar equation is analyzed in [QVZ02b] using domain decomposition
methods to solve fluid and structure problems separately.
For simplicity we assume that Ωf and Ωs are polygonal domains using a
linear interpolation of the continuous deformation field for the interface, even
though e.g. isoparametric approaches would be better suited for the curved gethat Ωh,f consists
ometry [BS08]. Let Ωh,f be a triangulation of Ωf in the sense S
of disjoint, open, non-degenerate simplices K ∈ Ωh,f with K∈Ωh,f K = Ωf
and no vertex of any simplex lies in the interior of an edge of another simplex. Similarly Ωh,s denotes a triangulation of Ωs and Ωh := Ωh,f ∪ Ωh,s . The
triangulations are assumed to match at the permeable interface Γ.
We denote the set of all edges e ⊂ ∂K of all K ∈ Ωh,f by Eh,f and define
analogously Eh,s and write Eh for the set of edges in both Eh,f and Eh,s .
Edges shared by both Eh,f and Eh,s but not lying on the permeable part of
the interface are assumed to be distinct in the sense of a disjoint union. We
assume that any edge on the domain boundaries ∂Ωf and ∂Ωs lies entirely in
∂i Ωf , ∂o Ωf , ∂w Ωf , ∂Ωs \ Γ or Γ. We write Ehint for the set of interior edges
which excludes, by convention, interface edges which we denote by EhΓ . The
exterior edges are denoted by Ehext := Eh \ (Ehint ∪ EhΓ ) and subdivided into
in :=
inflow edges Eh,f
{e ∈ Eh,f | e ⊂ ∂i Ωf } and Neumann-type boundary edges
N :=
Eh,f
{e ∈ Eh,f | e ⊂ ∂o Ωf ∪ ∂w Ωf }. The set of exterior boundary edges of
N :=
N
N
Eh,s is denoted by Eh,s
{e ∈ Eh,s | e ⊂ ∂Ωs \Γ}. We write EhN := Eh,f
∪Eh,s
for the set of all Neumann-type boundary edges. Exterior edges may lie on
(∂Ωf ∩ ∂Ωs ) \ Γ but are, by the disjoint union construction mentioned above,
assumed to be adjacent only to one element. For every interior or interface edge
e ∈ Ehint ∪ EhΓ we choose an orientation by denoting the two elements sharing
that edge by K + and K − ∈ Ωh with outward normal unit vectors n := n+ and
n− , respectively. For exterior edges, n+ is the outward normal unit vector.
We write

Ch := {ch : Ωh → R | ch |K ∈ P 1 (K) ∀K ∈ Ωh }
for the space of dG functions of first order. As common for discontinuous
Galerkin methods we define average and jump of a dG function ch ∈ Ch over
−
edges. We write c+
h and ch for the continuous extension of ch |K + , respectively
ch |K − , to e. Jump and average of ch over e are then defined by
− −
+
Jch K := c+
h n + ch n ,

{ch } :=


1 +
ch + c−
h
2

on e ∈ Ehint ∪ EhΓ
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for interior and interface edges. For exterior edges we define

Jch K := ch n+ ,

{ch } := ch

on e ∈ Ehext .

The gradient of a dG function is not defined over the whole domain, but we use
the notation ∇h ch for the broken gradient defined as the L2 function satisfying
∇h ch |K := ∇(ch |K ) for each K ∈ Ωh . For vector-valued dG functions, such
as ∇h ch , the definition of jump and average are analogous, using the scalar
product with the normal vector for the definition of the jump.
With the notation for jumps and averages the condition on the permeable
interface can be formulated as

Jε∇cε K = 0,

{ε∇cε } + εξJcε K = 0

on Γ.

(6.61)

The discretization of the advection-diffusion equation in Ωf is standard
with a symmetric interior penalty Galerkin method and upwinding for the
advective term, see [DE12] for an introduction to these methods. A symmetric
interior penalty method is also employed for the diffusion-reaction equation in
Ωs . Using the representation from eqs. (6.61) of the interface condition it can
be checked by a lengthy but elementary calculation that the following equation
for the discrete solution ch,ε ∈ Ch is consistent:
Z

Z
ε∇h ch,ε · ∇h ϕh dx −

Ω

−

e

X

Γ ∪E in )
e∈Eh,f \(Eh
h,f

+

X Z

Γ
e∈Eh

=

εη
Jch,ε K · Jϕh K do
he

Z
e

{ch,ε } vf · Jϕh K + 12 |vf · n+ |Jch,ε K · Jϕh K do

εξJch,ε K · Jϕh K do

e

X Z

in
e∈Eh,f

ε ch,ε ϕh dx
Ωs

{ε∇h ch,ε } Jϕh K + Jch,ε K · {ε∇h ϕh } −

int ∪E in
e∈Eh
h,f

+

ch,ε vf · ∇h ϕh dx +
Ωf

Z

X

Z

e

+
+ in
−cin
f ε∇ϕ · n − vf · n cf ϕ +

ηε in
c ϕ do
he f

for all ϕh ∈ Ch where η > 0 is a penalty parameter and he := diam(e). The
inflow boundary condition is only enforced weakly. We refer to [CGJ13; CGJ16]
for theoretical results for a dG discretization of a similar nonlinear problem.
The discretization for the limit system is very similar, given as solution
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ch,0 ∈ Ch to
Z
Z
−
ch,0 vf · ∇h ϕh dx +
Ωf

−

Z

X

{∇h ch,0 } Jϕh K + Jch,0 K · {∇h ϕh } −

int \E
e∈Eh
h,f

e

X

+

Γ ∪E in )
e∈Eh,f \(Eh
h,f

+

X Z

Γ
e∈Eh

=

η
Jch,0 K · Jϕh K do
he

Z
e

{ch,0 } vf · Jϕh K + 12 |vf · n+ |Jch,0 K · Jϕh K do

ξJch,0 K · ns ϕh,s do

e

X Z

in
e∈Eh,f

∇h ch,0 · ∇h ϕh + ch,0 ϕh dx

Ωs

−vf · n+ cin
f ϕ do

e

for all ϕh ∈ Ch . Apart from the obvious changes due to the missing diffusion
in Ωf in the limit problem, note that the interface term only contains the test
function ϕh,s from the structure domain. The solution on Ωh,f is in particular
decoupled from Ωh,s , allowing a more eﬀicient numerical solution.
For the instationary problem an implicit Euler discretization was chosen
for both the ε and limit system for simplicity. An adaptive step size control as
discussed in [HV03] with fixed minimal step size was implemented to reduce
the cost after the transient initial phase. We remark that while κ denoted
the macro step size in Chapter 5 we will keep our notation from the previous
theoretical results and refer to the macro step size by name.
The following numerical calculations were carried out using EniCS v2018.1
[Aln+15; LWH12; Log+12; Aln+14; Kir04; ALM12].

Numerical Test Case
To observe the effect of increasing stenosis on the quality of the approximation
of cε by c0 we will use a family of 2D fluid domains as defined in Chapter 5, with
complementary structure domains, with a growth parameter q ∈ Q := [0, 1).
No growth actually occurs, so q is a fixed parameter.
For q = 0 both fluid and structure domains are rectangular and given by
Ω0,f := (− L2 , L2 ) × (0, 1),

Ω0,s := (− L2 , L2 ) × (−0.3, 0)

with L := 5. For q ∈ Q we define Ωq,f and Ωq,s through a transformation of
those rectangular domains, just as in Chapter 4 and Chapter 5. Let η be a
bump function as in Example 4.1.2, i.e.
( s2
e s2 −1 if |s| < 1,
η(s) :=
0
else
Then we defined the transformation
(
T
2x
x, y + qη( L
)(1 − y)
0
T
Φq (x, y) :=
y
2x
x, y + qη( L
)(1 + 0.3
)
0

if y ∈ (0, 1),
if y ∈ (−0.3, 0)
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1.2e-4
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3.7e-6
Figure 6.2: Area of triangles for a discretization of Ωq,f ∪ Ωq,s for q = 0.3.
Logarithmic color scale.

with plaque length L0 := 3.5. Φq is a linear interpolation in y between the
fixed boundary y = 1 in Ω0,f , respectively y = −0.3 in Ω0,s , and the graph of a
bump-shaped function at the interface y = 0. Then define fluid and structure
domains by
Ωq,f := Φq (Ω0,f ), Ωq,s := Φq (Ω0,s ).
Note that Ωf,q corresponds to Ωq as defined in Chapter 5. In the following there
will always hold Ωf = Ωq,f and Ωs = Ωq,s for some q ∈ Q. The boundaries
are just as shown in Figure 6.1 at the beginning of this section with permeable
interface Γ0 := (− L20 , L20 )×{0} spanning the whole section which gets deformed
and Γq := Φq (Γ0 ).
For q = 0 we will use the Poiseuille-like flow fields
v0 (x, y) = v0 (y κ (1 − y)κ , 0)T

in Ω0,f

with κ ∈ N0 as advection velocity, v = v0 . Such velocity fields were found
in Example 6.2.14 to satisfy Assumption 6.2.12 such that our theory with
vanishing velocities is applicable. The advection field for q ∈ Q is v = vq where
vq is the inverse Piola transformation of v0 from eq. (4.5), preserving the vector
field’s solenoidality and vanishing behavior near the interface, i.e.
vq (x, y) := (Pq−1 v0 )(x, y) in Ωq,f .
Following the model by Yang et. al. we assume that cin
f ≡ 1. As a consequence the fluid concentration in the limit solution is known a priori, c0,f ≡ 1,
such that only the structure concentration c0,s must be determined.
For the instationary problem we set c0ε,s := c0s := 0. On the fluid domain
we set either c0ε,f := 0 or c0ε,f := 1 to investigate the occurrence of boundary
layers if the initial value and c0,f disagrees, as predicted in Theorem 6.3.5.
The computational meshes were generated by triangulating the fluid and
structure domains, delimited by the exterior boundaries and ∂Ωq,f ∩∂Ωq,s using
Gmsh [GR09]. The triangulation was manually refined around the interface to
better resolve the boundary layer. This meshing approach guarantees an even
triangulation in both subdomains, in contrast to the method from Chapter 5
where a (structured) reference mesh for q = 0 was deformed by Φq . We present
results for q ∈ {0, 0.3, 0.6} with similar observed behavior for other values of
q. The size of mesh elements for q = 0.3 is displayed in Figure 6.2. This mesh
consisted of 438 390 degrees of freedom, 280 566 in the fluid and 157 824 in the
structure domain, the other meshes had a similar total number of degrees of
freedom with decomposition in fluid and structure nodes depending on q.
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Results for the Stationary Problem
Figure 6.3 shows the solution cε of the stationary problem for q = 0 and κ = 0.
For κ ∈ {0, . . . , 3} the error between cε and c0 is in good agreement with the
theoretical results from Theorem 6.2.11 for κ = 0 and Theorem 6.2.17 for κ > 0
as evident from Figure 6.4, noting that since c0,f ≡ 1 the improved estimates
from ineqs. (6.9), respectively ineqs. (6.25), hold. In Figure 6.4 and in the
following k · k2H 1 (Ωf ) = k∇ · k2L2 (Ωf ) . The numerical order of convergence is
0
directly compared to the theoretical predictions in Figure 6.4(b), showing only
slight under-estimation of the predicted order of convergence for the L2 (Ωf )
error for large κ.
For stenosed domains with q > 0 similar good agreement with the theoretical results was found, cf. Figure 6.6. Only for κ = 0 the H01 (Ωf ) errors
deviate from the predicted results, presumably due to numerical errors tangential to the permeable interface, most pronounced at the beginning and end of
the bump as shown in Figure 6.7. For κ = 0 the simulation was in general
most sensitive to the mesh refinement and quality near the interface, which is
unsurprising given that the advection is affecting the fluid concentration near
the interface with full force for κ = 0, an unrealistic configuration. Note that it
is not apparent that the discrete solution possesses the same H01 (Ωf ) stability
as the continuous solution, which rested on Assumption 6.2.2.

Results for the Instationary Problem
As mentioned above we use an implicit Euler discretization for the temporal
discretization of both ε and limit system on a time interval of I = (0, T ) with
T = 1. A step size control is employed to reduce the cost after the initial
transient phase, with a minimal macro step size of 0.1 · ε. For simplicity of
implementation the step size control is only employed for the ε system and the
solution of the limit equation which is compared to this solution employs the
same temporal discretization. This is not considered a problem since the step
size for the pure diffusion problem on Ωs in the limit equation is not a bottleneck
for the accuracy. Figure 6.8 shows the step sizes used for our computation.
The spatial discretization, including the underlying mesh, is identical to the
stationary problem but only the domain with q = 0 is investigated.
In Figure 6.9 the error for the instationary problem with κ = 0 and c0ε,f = 0,
i.e. an initial value not satisfying the stronger condition from ineq. (6.43), is
plotted in various space-time norms to test the results from Theorem 6.3.5.
These numerical results for the fully discrete equation mostly agree with the
predictions from Theorem 6.3.5, with the exception that the L2 (I , H01 (Ωf ))
error is of order ε1/4 even though the boundary layer is included, instead of
ε0 as predicted. Furthermore, the order of convergence for the norms in Ωs is
with approximately ε0.58 slightly better than the predicted ε1/2 .
The boundary layer estimates require knowledge of τ0 which by eq. (6.42)
depends on an unknown constant µ0 . The boundary layer behavior for the
L2 (Ωf ) norm for κ = 0 and c0ε,f ≡ 1 is depicted in Figure 6.10, making it
apparent that for ε = 0.1 the boundary layer with transient behavior spans
across the whole time interval. We set µ0 = 1/8 such that τ0 ≈ −2ε ln ε,
omitting η, lies behind the transient phase for ε < 0.1.
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(a) Solution cε for q = 0.
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ε = 10−3

(b) Solution cε for q = 0.3.

ε = 10−1
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ε = 10−3

(c) Solution cε for q = 0.6.

Figure 6.3: Solution cε of the stationary problem for κ = 0 and multiple
values of q and ε.
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(a) Errors for κ = 0.
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(b) Errors for κ ∈ {1, 2, 3}. Solid lines with the same meaning as in (a).

Figure 6.4: Error between the numerical approximations of cε and c0 for the
stationary problem on Ωq for q = 0 for different norms with
κ = 0, . . . , 3. The dashed lines show the predicted convergence
rates from ineqs. (6.9) in Theorem 6.2.11.
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Figure 6.5: Numerically determined order of convergence in ε from Figure 6.4
for q = 0 and different values of κ in comparison with the predicted orders from Theorem 6.2.17.

Figure 6.11 complements Figure 6.9 by showing the errors from Theorem 6.3.5 which exclude the boundary layer, with τ0 as specified above. In
contrast to the theoretical predictions the L∞ (I0 , L2 (Ωf )) error is of the same
order ε3/4 as the L2 (I0 , L2 (Ωf )) error, which itself is improved compared to
ε1/2 for L2 (I , L2 (Ωf )), cf. Figure 6.9, as predicted by the theory. The exclusion
of the boundary layer does not change the convergence for the H01 (Ωf ) error,
which was already better than expected in Figure 6.9, as remarked above, but
has the predicted order if the boundary layer is excluded. As mentioned in
the discussion of Figure 6.10 the behavior of the error at ε = 0.1 should be
ignored. Another choice of µ0 did not improve the convergence but the results
deteriorate as µ0 → ∞ to those on the whole interval I , as expected.
For the initial value c0ε,f ≡ 1, which is a plausible choice in the model
by Yang et. al., no boundary layer appears as predicted by the theory, cf.
Figure 6.12. The convergence behavior is as predicted in Theorem 6.3.5 with
the exception of the error in L∞ (I , L2 (Ωf )) which is of order ε3/4 just as
observed for c0ε,f ≡ 0. As expected the exclusion of a boundary layer in the
error norms does not improve the convergence in this case (not pictured).
For κ = 1 the discrepancies between numerical and theoretical results increase. As Figure 6.13(a) shows the error in L2 (I , L2 (Ωf )) converges with
rate ε0.47 instead of ε1/3 as predicted in Theorem 6.3.5, which is close to the
order of convergence ε3/6 = ε1/2 predicted if the boundary layer is excluded,
while the error in L2 (I , H01 (Ωf )) again behaves as predicted by our theory if
the boundary layer is excluded. The convergence for the errors in Ωs is again
slightly better than predicted with ε0.41 compared to ε1/3 . If the boundary
layer is excluded, Figure 6.13(b), the behavior is very similar to κ = 0, with
good agreement with the theoretical results except for the L∞ (I0 , L2 (Ωf )) error which converges with the same rate as the temporal L2 error. Similar mixed
agreement with the theoretical results was observed for κ > 1.
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Figure 6.6: Error between cε and c0 for the stationary problem for q ∈
{0.3, 0.6} and κ ∈ {0, 1, 2}. Compare with Figure 6.4 for q = 0.
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Figure 6.7: Plot of |cε − c0 | for q = 0.3, κ = 0 and ε = 10−5 with magnification of the error near the permeable interface. Colored by error
magnitude in logarithmic scale.
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Figure 6.8: Macro step size used for our multiscale convergence computations, as determined from the step size control.
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Figure 6.9: Error between cε and c0 for the instationary problem with κ = 0
and c0ε,f ≡ 0 for various norms including the boundary layer,
together with some convergence orders.
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Figure 6.10: Pointwise-in-time error between cε and c0 for the instationary
problem with κ = 0 and c0ε,f ≡ 0 for the L2 (Ωf ) norm. The
boundary layer time τ0 with µ0 := 1/8 for each ε is also plotted
(dashed lines).
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Figure 6.11: Error between cε and c0 for the instationary problem with κ = 0
and c0ε,f ≡ 0 for various norms excluding the boundary layer for
τ0 as depicted in Figure 6.10, together with some convergence
orders.
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Figure 6.12: Error between cε and c0 for the instationary problem with κ = 0
and c0ε,f ≡ 1 for various norms, together with some convergence
orders.
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Figure 6.13: Error between cε and c0 for the instationary problem with q =
0, κ = 1 and c0ε,f ≡ 0 for various norms, together with some
convergence orders.
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